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A SENSITIVITY ANALYSIS OF GIBBS SAMPLING FOR 3PNO IRT
MODELS: EFFECTS OF PRIOR SPECIFICATIONS ON
PARAMETER ESTIMATES

Yanyan Sheng*

The performance of the Gibbs sampling procedure for the three-parameter normal
ogive (3PNO) IRT model was investigated using Monte Carlo simulations. Model pa-
rameters were estimated for tests with 10, 20, and 40 items and samples of 100, 300,
500, and 1000 examinees, where different actual values and prior specifications were con-
sidered for the item parameters. Summary statistics showed that this procedure was
more affected by the choice of the prior distributions for the three-parameter model
than the two-parameter model. For the 3PNO model, appropriate informative priors
with relatively small spread should be adopted for the slope and intercept parameters
to obtain more efficient and accurate MCMC estimates when sample sizes are not large
and/or tests are not long enough. When it is not clear whether the prior information
is appropriate, informative priors with small prior variances are not recommended.

1. Introduction

With current enhanced computational technology and the emergence of Markov
chain Monte Carlo (MCMC) simulation techniques (e.g., Chib & Greenberg, 1995),
the methodology for parameter estimation with item response theory (IRT) models
has rapidly moved to a fully Bayesian approach. MCMC has been developed for vari-
ous unidimensional item response models (e.g., Albert, 1992; Johnson & Albert, 1999;
Patz & Junker, 1999a). However, it is not clear if the choice of the prior distributions
for item parameters affects the performance of the procedure. This study is hence
focusing on the impact of the prior specification on MCMC estimates of the model
parameters.

For years, the standard methodology for parameter estimation in the IRT literature
has been focusing on first calibrating item parameters by treating person parameters
as missing data, and then using the estimated item parameters when making infer-
ence on persons. This marginal maximum likelihood (MML) estimation or the later
emerged marginal Bayesian (MB; Mislevy, 1986) estimation, in spite of being less com-
putational demanding compared with the MCMC estimation, suffers from a crucial
drawback: it does not allow one to model the dependencies among parameters and
sources of uncertainty (Patz & Junker, 1999a; Tsutakawa & Johnson, 1990; Tsuta-
kawa & Soltys, 1988). Hence, MCMC methods present an alternative to MML or MB
and offer promise for IRT parameter estimation.

MCMC is powerful for complicated models where the probabilities or expectations
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are intractable by analytical methods or other numerical approaches. Its methods
have been influential in modern Bayesian analyses where they are used to summarize
the posterior distributions that arise in the context of the Bayesian prior-posterior
framework (e.g., Carlin & Louis, 2000; Chib & Greenberg, 1995; Gelfand & Smith,
1990; Gelman, Carlin, Stern, & Rubin, 2003; Tanner & Wong, 1987). MCMC methods
have proved useful in practically all aspects of Bayesian inference, such as parameter
estimation and model comparisons. A key reason for the widespread interest in the
MCMC method is that they are extremely general and flexible and hence can be used
to sample univariate and multivariate distributions when other methods (e.g., MML)
either fail or are difficult to implement. The rationale behind using MCMC has been
given by Hastings (1970) and Metropolis and Ulam (1949), and the empirical advan-
tage of using MCMC with IRT models has been provided by Wollack, Bolt, Cohen,
and Lee (2002), among others.

One of the simplest MCMC algorithms is Gibbs sampling (Casella & George, 1992;
Gelfand & Smith, 1990; Geman & Geman, 1984), which has very attractive theoretical
properties of being geometrically ergodic and converging very quickly relative to other
algorithms (e.g., Altman, Gill, & McDonald, 2004). The method is straightforward to
implement when each full conditional distribution associated with a particular mul-
tivariate posterior distribution is a known distribution that is easy to sample. Gibbs
sampling was first applied to IRT models by Albert (1992; see also Baker, 1998), who
worked out the full conditional distributions for a two-parameter normal ogive (2PNO;
e.g., Lord & Novick, 1968) model using the data augmentation idea of Tanner and
Wong (1987), which helps accelerate convergence and hence improves the efficiency of
the Gibbs sampler (e.g., Gelman et al., 2003). With no prior information concerning
the item parameters, non-informative priors were adopted in their implementation so
that inference was based solely on the data. Sahu (2002; see also Johnson & Albert,
1999) further generalized the approach to the three-parameter normal ogive (3PNO;
Lord, 1980) model. Recent studies have utilized this Bayesian procedure for 3PNO
models (e.g., Béguin & Glas, 2001; Glas & Meijer, 2003). In these applications, the
investigators switched to using informative priors for the item parameters. It is un-
derstood that with an additional parameter, the 3PNO model is more complex than
the 2PNO model, and hence suspected that the specification of prior distributions has
a relatively larger effect on the Gibbs sampling procedure for the 3PNO model.

In the IRT literature, it is well accepted that large sample sizes are needed to esti-
mate model parameters (e.g., Swaminathan & Gifford, 1983), which makes IRT less
applicable in small sample situations. However, a major characteristic of Bayesian
analysis is its ability to construct prior distributions for model parameters, which has
been particularly useful for small datasets. Imposing an informative prior distribution
on any parameter has the effect of constraining its estimate from assuming unrea-
sonable values. Indeed, studies on the performance of the MB or similar Bayesian
estimation have shown that by incorporating prior information about item parame-
ters, model parameters can be estimated more accurately with smaller sample sizes
(Lim & Drasgow, 1990; Mislevy, 1986; Swaminathan & Gifford, 1983, 1985, 1986).
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In particular, for the three-parameter model, the use of informative priors for item
parameters, especially those in the form of judge’s ratings, has been found to sub-
stantially improve parameter estimation in small sample situations (Swaminathan &
Gifford, 1986; Swaminathan et al., 2003).

With respect to informative priors, the variance of a prior distribution plays a
critical role in estimating parameters, as small prior variances result in Bayesian es-
timates that are closer to the mean of the prior distribution than do larger variances.
Hence, if the prior distribution is appropriately specified, the estimates will be less
likely to take unreasonable values. Research investigating parameter recovery for
two-parameter IRT models using the MB estimation suggests that prior variances
have little effect on accurate estimates of model parameters in large datasets (Baker,
1990). However, they do make a difference in small datasets, where larger prior vari-
ances lead to a less accurate parameter estimation (Harwell & Janosky, 1991). It has
to be emphasized that this property relies on the specification of appropriate prior
distributions, as inappropriate choices of priors can lead to biased estimates and con-
sequently incorrect inferences (Mislevy, 1986). However, little empirical evidence is
available on whether prior variances play a critical role in reducing bias introduced
by misspecificed priors on the quality of item parameter estimation.

In view of the above, this study is hence to investigate the impact of the choice
of informative and non-informative prior distributions on the 3PNO model param-
eter estimates using Gibbs sampling, the relationship between sample sizes and the
specification of prior distributions on the accuracy with which model parameters are
estimated, as well as the role of prior variances in the quality of MCMC estimates.
The results should help define limits on the appropriate use of the Gibbs sampler in
accurate estimation of the IRT model parameters.

It has to be noted that when the full conditional distributions cannot be obtained in
closed form, more complicated MCMC procedures have to be adopted. For example,
Patz and Junker (1999a, 1999b) adopted Metropolis-Hastings within Gibbs (Chib &
Greenberg, 1995) for the two-parameter logistic (2PL) and the three-parameter logis-
tic (3PL) models. As Gibbs sampling is relatively easier to implement compared with
other MCMC algorithms (Gelman et al., 2003), and the logistic and normal ogive
models are identical in model fit or parameter estimates (Birnbaum, 1968; Embretson
& Reise, 2000), the MCMC procedures for logistic models are not considered in this
study.

The remainder of the paper is organized as follows. The 3SPNO IRT model, as well
as the 2PNO model, is briefly outlined in Section 2, with a description of the Gibbs
sampler and prior specifications for the model parameters. Section 3 presents a simu-
lation study on the sensitivity analysis with the SPNO model where sample sizes, test
lengths, choices of the prior distributions for item parameters, and distances between
item parameters and their prior means are taken into consideration. For the purpose
of comparisons, a similar simulation study is presented in Section 4 pertaining to the
sensitivity analysis with the simpler 2PNO model. Finally, a few summary remarks
are provided in Section 5.
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2. Model and the Gibbs sampling procedure

The unidimensional IRT model provides a fundamental framework in modeling the
person-item interaction by assuming one ability dimension. The conventional 2PNO
model and the 3PNO model are defined as

| 2

= dt, 1
= T (1)

P(yij = 110;,a, 5;) = ®(;0; — B;) =

and
P(yi; = 1105, 0, 85,7;) = v; + (1 = ;) @(e;6; — 53;)
= ®(a;b; — Bj) + (1 — D(y6; — 35)), 0<v; <1
respectively, where «; is the slope parameter describing the item discrimination, [3; is
the intercept parameter that is associated with item difficulty 37 such that 8; = a;(;,
7;, is the pseudo-chance-level parameter, and 0; is a scalar ability parameter. The

(2)

three-parameter model is theoretically more appealing and is applicable to a variety of
testing situations where the one- or two-parameter models may be inadequate. How-
ever, it leads to estimation problems especially when using the maximum likelihood
method (cf. Embretson & Reise, 2000).

Gibbs sampling is one member of a class of MCMC methods that may be used
to obtain item and person parameter estimates simultaneously. It is applicable when
the joint distribution is not known explicitly, but the conditional distribution of each
variable is known. Its general underlying strategy is to iteratively sample each item
parameter, e.g., §;, where §; = («;, 5;)’, and person parameter, 6;, from its own pos-
terior distribution, conditional on the sampled values of all other person and item
parameters, with starting values 51(0) and 9,,;(0). This iterative process continues for a
sufficient number of samples after the posterior distributions converge to stationary
distributions (a phase referred to as burn-in). As with standard Monte Carlo, the
posterior means of all the samples collected after burn-in are considered as estimates
of the true parameters &; and 0;.

For a detailed illustration of the Gibbs sampling procedure for the 3PNO model, see
Béguin and Glas (2001) or Glas and Meijer (2003).This procedure was implemented
using MATLAB (Mathworks, Inc., 2005) in this study.

A prior distribution has to be imposed on each model parameter to implement the
Gibbs sampler. In the literature, before the fully Bayesian method was developed
for IRT models in the 1990s, the MB or similar Bayesian estimation has been the
standard estimation method, in which the logistic form is mathematically easier with
respect to numerical integration involved in the procedure. Hence, specifications of
the prior distributions for item parameters in the logistic IRT model as well as their
effect have been well studied (e.g., Gifford & Swaminathan, 1990; Harwell & Janosky,
1991; Lim & Drasgow, 1990; Mislevy, 1986; Swaminathan & Gifford, 1982, 1985,
1986; Swaminathan et al., 2003). The choice of prior distributions for a particular
parameter is arbitrary. However, only a limited number have been used in practice
and investigated in the simulation studies. With prior information, a lognormal prior
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is usually chosen for a; as the theory assumes an increasing probability function, and
normal priors with specific location and scale parameters are considered for 6; and
B; in the logistic model (Baker, 1990; Harwell & Janosky, 1991; Lim & Drasgow,
1990; Yen, 1987). Moreover, since «y; ranges from 0 to 1, a beta prior is recommended
(Swaminathan & Gifford, 1986).

As logistic and normal ogive models are essentially indistinguishable given proper
scaling, their prior specifications are not supposed to differ much. Indeed, for normal
ogive models, a standard normal prior is commonly adopted for the person parameter
0; (Albert, 1992; Baker, 1998; Béguin & Glas, 2001; Glas & Meijer, 2003; Johnson
& Albert, 1999) so that unique scaling is ensured and hence a particular identifica-
tion problem in the 2PNO or 3PNO model can be resolved (see e.g. Albert 1992 for
a description of the problem). With prior information, a beta prior distribution is
usually assumed for 7; and a normal prior is assumed for 3; (Béguin & Glas, 2001,
Glas & Meijer, 2003; Johnson & Albert, 1999; Sahu, 2002). For «;, Béguin and Glas
(2001) and Glas and Meijer (2003) adopted a lognormal prior in their applications
of MCMC for the 3PNO model. However, this prior specification would fail to lead
to closed-form full conditional distributions, which makes it impossible to implement
the Gibbs sampler. For this particular reason, Sahu (2002) considered a truncated
normal prior for «j, which is “advantageous to work on because of conjugacy” (p.220).
Conjugate priors, in spite of being occasionally criticized as being too restrictive, are
computationally convenient, interpretable as additional data, and flexible enough in
the highly parameterized model setting (e.g., Berger, 1985; Carlin, 1996; Carlin &
Louis, 2000; Gelman et al., 2003).

Therefore, due to the reasons that they result in closed-form full conditional dis-
tributions and that the focus of this study is on the Gibbs sampler, certain conjugate
priors are considered in this study for item parameters in the 2PNO and 3PNO mod-
els when there is prior information so that a; ~ N(g o) (tta; o) (a truncated normal),
B ~ N(ug,aﬁ), and ; ~ Beta(a,b). Values of the hyperparameters in the prior
distributions are specified differently given the prior information. It is noted that
smaller values of o2 and 0’%, while larger values of a and b lead to more precise prior

. . . . a .
information. In practice, a and b can be chosen in a way that E(v;) = —— is some

a+b
pre-specified value, such as 1/M, where M denotes the number of alternatives in a

multiple-choice test (Swaminathan & Gifford, 1986). Alternatively, it is possible to
estimate the hyperparameters if they are unknown, in which case, suitable prior dis-
tributions have to be specified for them (see e.g., Swaminathan & Gifford, 1982, 1985,
1986). This approach, however, has not been pursued in this study.

3. Simulation 1
3.1 Method

To investigate the impact of the choice of the prior distributions on the 3PNO
model parameter estimates using Gibbs sampling, a simulation study was carried out,
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where four factors were manipulated, namely, sample sizes, test lengths, specifications
of prior distributions for the item parameters, and distances between true item pa-
rameters and their prior means. Item responses for n individuals (n = 100, 300, 500,
1000) and k items (k = 10, 20, 40) were generated according to the 3PNO model, as
defined in (2), where ability parameters were generated as samples from a standard
normal distribution, and item parameters were generated from uniform distributions
as described on the following page.

When implementing Sahu’s (2002) Gibbs sampling procedure, three prior dis-
tributions were considered for ; (prior,). They were (1) Beta(1,1), a flat prior;
(2) Beta(2,7), with a mean of approximately 0.22 (corresponding to an examinee’s
choosing one of the four options in a multiple choice item randomly) and a standard
deviation of about 0.131; and (3) Beta(5,17), following Zimowski, Muraki, Mislevy
and Bock (2003), which has a similar mean as Beta(2,7) but a smaller variability.
In addition, four ways of setting the prior distributions for «; (prior,) or f; (priors)
were considered such that each had

1. a non-informative uniform prior, i.e., p(a;) > 0 or p(G;) o 1;
a non-informative proper prior with a large prior variance, i.e., a; ~ N )
(0,10'%) or B; ~ N(0,10%);

3. an informative prior with o2 or 0‘?); being 4, i.e., aj ~ Ng)(0,4) or B; ~ N(0,4);

2 or o, ie, aj ~ N(0,00)(0,1) or

4. an informative prior with a much smaller ¢}

B; ~ N(0,1).

It’s noted that only uniform and conjugate normal priors were considered for a; and
B;. In addition, the last three prior specifications differ only in the value of the scale
hyperparameters, as a major focus of this study was on the effect of prior variances on
the quality of posterior estimates.The effect of prior specification was investigated in-
dependently for each item parameter, holding prior densities for the other parameters
constant so that a; ~ N )(0,1), 85 ~ N(0,1), and/or v; ~ Beta(1,1).

For generating item responses, the true item parameters were set to be about
—1,0,2,4 and 6 standard deviations away from the center location of their last prior
specification illustrated previously. In particular, the prior density a; ~ N(g)(0,1)
centers at about .80 with a standard deviation of about .603, 5; ~ N(0,1) centers
at 0 with a standard deviation of 1, and 7; ~ Beta(5,17) centers at about .23 with
a standard deviation of about .087. The actual «; values considered in this study
were thus generated from five uniform distributions U(.1,.3), U(.7,.9), U(1.9,2.1),
U(3.1,3.3) and U(4.3,4.5), corresponding to the five distances relative to the prior
mean. Similarly, the actual 3; values were generated from U(—1.1,-.9), U(-.1,.1),
U(1.9,2.1), U(3.9,4.1), U(5.9,6.1), and the actual ~; values were generated from
U(.13,.15), U(.22,.24), U(.39, .41), U(.57,.59), U(.74,.76). It is noted that when the
true parameters are —1, 0, or 2 standard deviations away from their prior mean, the
corresponding informative prior specification is appropriate as the true parameters
are within its range, whereas when the true parameters are 4 or 6 standard devi-
ations away, the corresponding prior is misspecified. Again, the effect of distances
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Figure 1: Trace plots (left) and running mean plots (right) of «, 3, and « for one item.

between true parameters and their prior means was investigated independently for
each item parameter so that the others were generated as samples from o ~ U(0,2),
B; ~U(-2,2), and/or v; ~ U(.05,.25).

The Gibbs sampling procedure was implemented where 10,000 to 50,000 iterations
were obtained with the first half set as burn-in. Convergence was evaluated using the
Gelman-Rubin R (Gelman & Rubin, 1992) statistic. The usual practice is using mul-
tiple Markov chains from different starting points. Alternatively, a single chain can
be divided into sub-chains so that convergence is assessed by comparing the between
and within sub-chain variance (Fox, 2007). Since a single chain is less wasteful in
the number of iterations needed, the latter approach was adopted. For each Markov
chain, the initial values were set to be a; = 1, 8; = 0, and 7; = .2 for all items j
and #; = 0 for all persons i. After discarding the burn-in samples, the chain was
then separated into five sub-chains of equal length and the R statistic was calculated
following the procedure by Gelman and Rubin (1992). Convergence can also be mon-
itored visually using time series graphs of the simulated sequence, such as the trace
plot and the running mean plot shown in Figure 1 for one item. However, inspection
of such plots has been criticized for being unreliable and unwieldy in the presence of
a large number of model parameters (Gelman et al., 2003; Nylander, Wilgenbusch,
Warren, & Swofford, 2008). The R statistic obtained from using a single chain was
hence the major approach for assessing convergence in this study.

For each simulated scenario, 100 replications were conducted to avoid erroneous re-
sults in estimation due to sampling error. The accuracy of item parameter estimates
was evaluated using the root mean square error (RMSE) and bias. Let 7 denote the
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true value of a parameter (o, 5;, or 7;) and ¢, its estimate in the rth replication
(r=1,...,R). The RMSE is defined as

RMSE, =

and the bias is defined as

R
PICERY

BIA _. 4
5 == @)

These quantities were averaged over items to provide summary indices.

3.2 Results

It is noted that when imposing an informative prior on «; or (3;, all the chains
converged to their stationary distributions within 10,000 to 50,000 iterations. Specif-
ically, when the prior variance for a; or 3; was small, e.g., 1, all the Markov chains
reached stationarity with a run length of 10,000 to 30,000 iterations. It is when «; or
B; was imposed with a larger prior variance, i.e., 4, that substantially more iterations
were needed for the chains to converge. On the other hand, with non-informative
priors (either uniform priors or conjugate normal priors with a large variance), sta-
tionarity was not reached even with a run length of 50,000 iterations when k < 40
and n < 1000, and hence their results are not reported. A close examination of the
Gelman-Rubin R statistic at each replication indicates that with larger n and/or k,
the Markov chains were more likely to reach stationarity. Hence, convergence can be
improved by increasing the numbers of participants (n) and items (k).

The average Gelman-Rubin R statistics as well as the average RMSFE and bias val-
ues for estimating «;, 3; and v; are summarized in Tables 1, 2 and 3, respectively,
where those associated with non-informative prior, and priors are not displayed. A
close examination of these values in Tables 1 and 2 leads to the following observations:

1). With a non-informative uniform prior specified for «; or (3;, convergence was
not observed in the Markov chains regardless of sample sizes, test lengths, or
the actual values of these parameters. This is not surprising, as improper non-
informative prior specifications lead to an improper joint posterior distribution
for this model (Albert & Ghosh, 2000). On the other hand, imposing a proper
non-informative prior, or priorg with a large variance did not seem to improve
convergence.

2). Setting the prior variance for a; or (3; to be relatively small helped with con-
vergence, although it has to be noted that when f; took values of (3.9,4.1)
and (5.9,6.1), the Markov chains displayed relatively worse convergence within
the simulated iterations using the second specification of priors where the prior
variance was 4.
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3). Increased sample sizes (n) consistently resulted in smaller average RMSE and
bias for estimating «; but not necessarily for 3;. On the other hand, increased
test lengths (k) did not necessarily result in reduced RMSE or bias in estimating
aj or f3;.

4). Compared with the specification where 02 or o2 was 4, the last specification
where 02 or 02 was 1 tended to result in smaller average RMSE and bias in
estimating «; or (3; when the true parameters were about —1, 0, or 2 stan-
dard deviations away from the prior mean of this specification, but it tended
to result in consistently larger average RMSE and bias when the true param-
eters were about 4 or 6 standard deviations away. It is noted that the true
parameters that are about 4 or 6 standard deviations away from the mean of
a;j ~ N(,x)(0,1) or B; ~ N(0,1) are 2 or 3 standard deviations away from the
mean of a; ~ Ng)(0,4) or 3; ~ N(0,4).

5). When «a; or f; took values of (1.9,2.1), which were about 1 standard deviation
away from the prior mean of a; ~ N(g)(0,4) or 3; ~ N(0,4), but 2 standard
deviations away from the prior mean of a; ~ N(g)(0,1) or 3; ~ N(0,1), the
former prior specification resulted in positive average bias, whereas the latter
resulted in negative average bias. Further, both specifications resulted in neg-
ative bias when the true parameters were greater than 3, indicating that they
tended to underestimate «; or (3; when these parameters were large (i.e., 2 or
more standard deviations away from their prior means).

6). A comparison among the five ranges of true parameters indicates that 3; ~
N(0,4) consistently resulted in smaller average RMSE and bias when [3; took
values of (1.9,2.1), whereas 3; ~ N(0,1) consistently resulted in smaller RMSE
and bias when 3; were (—.1,.1). On the other hand, a; ~ N(g)(0,4) tended
to result in smaller RMSE when «; were (.1,.3) and smaller bias when the true
parameters were (1.9,2.1), whereas a;j ~ N(g (0, 1) tended to result in smaller
RMSE and bias when «; were (.7,.9). Hence, these two prior specifications
tended to perform better when «; or 3; were within £ 1 standard deviation
away from their prior means.

In general, sample sizes, test lengths, prior specifications, and distances between
true parameters and prior means are the four key factors in the recovery of «; or
Bj. When sample sizes and/or test lengths are not large enough, less informative
priors either fail to converge or require an extremely long chain to converge, which
is computational demanding. Alternatively, when actual item parameters are not far
from their prior means, informative prior, and priorg, especially those with relatively
smaller spread, help accelerate convergence of Markov chains and consequently result
in a more efficient and accurate estimation of the slope and intercept parameters. On
the other hand, the non-convergence problem resulted from non-informative priors
is less serious with increased sample sizes and/or test lengths, as the likelihood gets
more informative. Hence, the choice of non-informative versus informative prior, or
priors does make a difference in the quality of o; or 3; estimates. Since informative
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Figure 2: Prior, likelihood and posterior densities of 8 for an item with various sample sizes
(n=100, 300, 500, and 1000).

priors are recommended to be adopted for ; or 3; to improve convergence, care has
to be taken in noting whether the true parameters are within the range of the prior
distribution. If not, the prior densities are inappropriate and tend to result in in-
creased bias and error in estimation. It is noted that bias is relatively small when
true parameters are close to (i.e., within + 2 standard deviations away from) their
prior means, but it increases when these parameters are farther away from their prior
means.

For situations where stationarity has been reached for o; or 3;, sample sizes play an
important role in improving the accuracy of their posterior estimates. Indeed, Figure
2 displays the prior, likelihood and posterior density plots for an item parameter un-
der various sample size conditions. It is clear from the figure that with small sample
sizes, the posterior estimate is more affected by the prior specification, as less infor-
mation can be drawn from the data (the likelihood). Additional data provide more
information concerning the value of this parameter and hence the posterior estimate
can be more accurate given an increased sample size.

Slightly different results were obtained regarding the recovery of the guessing or
the chance level parameter (v;). Specifically, with either a non-informative or an
informative prior,, the Gibbs sampler gave rise to Gelman-Rubin R statistics close
to 1 regardless of sample sizes or test lengths, indicating that convergence had been
reached within 30,000 iterations. This is different from the previous finding with es-
timating a; or (3;. With respect to the posterior estimates of v;, increased n or k
tended to, though not always, decrease the average RMSE and bias. A comparison
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among the five ranges of true parameters indicates that with the flat prior, Beta(1, 1),
smaller average RMSE and bias were obtained when 7; were about .4 or larger, where
the posterior estimates tended to underestimate v; with a negative bias. On the other
hand, with informative prior,, smaller RMSE and bias were obtained when ~y; were
about .23, at which point, bias started to be negative. Among the two informative
priors, Beta(2,7) and Beta(5,17), the latter has a smaller spread and performed bet-
ter when 7; were close to zero, but when 7; were about .4 and larger, the former was
preferred. This agrees with the finding with «; or §; in that Beta(5,17) was less
appropriate than Beta(2,7) for the last three ranges of true parameters, as they were
farther away from the mean of Beta(5,17) than that of Beta(2,7). Further, com-
pared with the flat prior,, the two informative priors performed better in recovering
v; when the true parameters were close to zero, but worse when the true parameters
were away from zero. Comparing Table 3 with Table 1 or Table 2, one may note that
various levels of prior specifications, actual values, sample sizes, or test lengths did
not seem to result in RMSE or bias values for v; as large or different as those for «;
or 3;. However, this does not imply that these factors have considerably less effect on
the accurate estimation of 7; than the other item parameters. The smaller RMSE or
bias values and hence differences are largely due to the fact that the full conditional
distribution of v; is a beta distribution, which prevents their posterior samples from
assuming values beyond the range of 0 and 1.

Hence, in general, relatively informative priors are suggested for item slope and
intercept parameters in the 3PNO model particularly when sample sizes and/or test
lengths are not very large. For the guessing parameter, both non-informative and
informative priors can be adopted, with the latter being recommended for true pa-
rameters being close to zero, and the former being recommended for true parameters
being relatively large. When specifying informative priors, one has to make sure that
a small spread is only adopted when the true parameters are close to their prior
means. If they are away from their prior means, small prior variances are more likely
to result in biased MCMC estimates, as the posterior samples are restricted to take
on values closer to the prior means. In this case, a relatively larger spread will need
to be adopted to reduce bias and improve the accuracy of the posterior estimates.
Furthermore, the bias introduced by prior means that are not close to actual item
parameters may be lessened by increasing sample sizes so that the likelihood becomes
more informative. One shall note that these findings on the use of informative pri-
ors agree with what is offered by the existing literature in Bayesian statistics (e.g.,
Gelman, Carlin, Stern, & Rubin, 2003).

4. Simulation 2
4.1 Method

For the purpose of comparisons, a similar simulation was carried out with the Gibbs
sampling procedure for the 2PNO model, where four sample sizes (n = 100, 300, 500,
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1000), three test lengths (k = 10, 20, 40), four prior distributions for «; (prior,) or f;
(priorg), as listed in the previous section, and five distances (—1, 0, 2, 4, and 6 stan-
dard deviations) between true item parameters and the center location of their last
prior specifications were considered. Item responses were generated using the 2PNO
model, as is shown in (1), where ability parameters were generated as samples from a
standard normal distribution. For each item parameter under investigation, the other
parameter was generated as samples from a uniform distribution so that a; ~ U(0, 2)
or 3; ~ U(-2,2), and was specified to assume a prior density of a; ~ N )(0,1) or
Bj ~ N(0,1). The initial values used in the Gibbs sampling procedure were a; = 1
and B; = 0 for all items and 0; = 0 for all persons. 10,000 to 50,000 iterations of
the Gibbs sampling were obtained with the first half set as burn-in and the posterior
expectations of the Gibbs samples were obtained as the posterior estimates. With
100 replications, the accuracy of parameter estimates was evaluated using the RMSE
and bias, as defined in (3) and (4). Their values were averaged over items to provide
summary indices.

4.2 Results

For each implementation of the Gibbs sampler involved in this simulation study,
convergence was assessed using the Gelman-Rubin R statistic via the single chain
approach.The average Gelman-Rubin R statistic, together with the average RMSE
and bias values for a; and (3; are displayed in Tables 4 and 5. From the results, the
following remarks can be made concerning the recovery of «; and 3; in the 2PNO
model using Gibbs sampling:

1). When f; took values of (3.9,4.1) and (5.9,6.1), improper or proper non-
informative priorg did not give rise to converged Markov chains within 50,000
iterations and hence their results are not reported in Table 4. Further, the av-
erage Gelman-Rubin R statistics for posterior samples of o; with n = 100 and
k = 40 were somewhat large when o took values of (3.1, 3.3) and (4.3,4.5) (see
Table 3), indicating that the Markov chains did not converge within 50,000 iter-
ations. Stationarity had been reached under the other scenarios, although it has
to be noted that with smaller sample sizes or test lengths, the Markov chains
required more iterations to reach convergence.

2). Increased sample sizes (n), though not necessarily increased test lengths (k)
tended to reduce bias and hence improve the accuracy of the estimation of «;
or 3;. Sample sizes seemed to play a bigger role. This is consistent with the
findings from the 3PNO model.

3). Regardless of prior specifications, relatively smaller average RMSE and bias were
obtained when «; were about (.1,.3) and 3; were about (—.1,.1), i.e., when they
were close to zero. This is slightly different from what was observed with the
3PNO model.

4). The two non-informative priors performed fairly similarly in estimating a; or 3;.
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It is noted that among them, the proper prior a; ~ N )(0,10'%) was slightly
better in estimating «; when the actual parameters were close to zero, and the
improper prior p(c;) > 0 was slightly better when «; were large. This general
pattern was not observed for 3; given that convergence was not reached when g;
were large.

5). Among the two informative priors considered for a; or 3;, the one with a smaller
spread tended to perform better only when the true parameters were within the
range of its distribution and sample sizes were not large. When sample sizes
increased, non-informative priors tended to result in RMSE and bias closer to
those resulted from appropriately specified informative priors. It is noted that
the two informative priors tended to underestimate a; with a negative bias when
they were large. This was, however, not observed with the non-informative pri-
ors, indicating that they allow occasionally large values for «;.

6). Comparing among the four prior specifications, we see that when sample sizes
were small, informative priors were preferred provided that the true parameters
were within the range of its distribution; when sample sizes increased, the differ-
ence between appropriate informative priors and non-informative priors became
negligible. These results agree with the findings by Baker (1992) and Harwell and
Janosky (1991) on the use of the MB estimation for the two-parameter model.
Further, when true parameters were outside of the range of the prior density, the
estimates tended to have a large bias and estimation error.

7). As was expected, o; and 3; are estimated more accurately in the 2PNO model
than in the more complex 3PNO model.

A comparison of Tables 1 and 2 vs. Tables 4 and 5 suggests that when true param-
eters of a; or ; were four or six standard deviations away from their prior means,
the quality of parameter estimates in the 3PNO model was affected more than that in
the 2PNO model. Furthermore, large values of f3;, e.g., (3.9,4.1) and (5.9,6.1), had
a considerably greater effect on their posterior estimates in the 3PNO model than in
the 2PNO model, particularly when sample sizes were large.

Consequently, similar yet slightly different conclusions can be drawn regarding the
effects of sample sizes, test lengths, prior specifications, and distances between true
parameters and prior means on parameter estimation in the 2PNO model. Specifi-
cally, non-informative priors can be specified for item slope and intercept parameters
provided that the true intercept parameters are not very far from zero. With no prior
information, specifying proper or improper prior densities does not result in much
different estimates of the 2PNO model. When sample sizes are small and the true
item parameters are close to the prior mean, a relatively small spread tends to help
with convergence of the Markov chain and accuracy in estimating item parameters.
However, when the true parameters are far away from the prior mean, small prior
variances tend to result in biased and inaccurate MCMC estimates. In addition, with
the same test length, the effect of misspecified priors can be offset by increasing sample
sizes.
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Table 4: Average Gelman—Rubin R, RMSE and bias for recovering the discrimination parameter
(«) in the 2PNO model.

prior

k=10
Unif (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)
N0,00)(0,10'°) (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)
N(0,00)(0,4) (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)
N0,5(0,1) (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)

k=20
Unif (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)
Ni0,00)(0,10*) (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)
N0,00)(0,4) (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)
Ni0,)(0,1) (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)

k=40
Unif (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)
N0,00)(0,10) (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)
N0,00)(0,4) (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)
Nio,00)(0,1) (0.1,0.3)
(0.7,0.9)
(1.9,2.1)
(3.1,3.3)
(4.3,4.5)

true n=100 n=300 n=>500 n=1000

RMSE
n=100 n=300 n=>500 n=1000 n=100 n=300 n=>500 n=1000

bias

1.012
1.031
1.070
1.102
1.130
1.012
1.034
1.080
1.111
1.110
1.003
1.010
1.030
1.037
1.046
1.002
1.007
1.013
1.017
1.020

1.006
1.019
1.048
1.133
1.101
1.006
1.020
1.066
1.112
1.092
1.003
1.008
1.024
1.034
1.045
1.002
1.006
1.013
1.018
1.020

1.004
1.015
1.042
1.421
1.705
1.005
1.017
1.042
1.420
1.740
1.003
1.007
1.018
1.032
1.045
1.002
1.005
1.011
1.018
1.023

1.004
1.015
1.087
1.095
1.136
1.003
1.014
1.086
1.098
1.128
1.003
1.009
1.054
1.055
1.082
1.003
1.008
1.027
1.031
1.039

1.003
1.007
1.035
1.094
1.140
1.003
1.007
1.037
1.103
1.121
1.003
1.007
1.030
1.055
1.079
1.003
1.006
1.018
1.029
1.040

1.003
1.009
1.028
1.108
1.105
1.003
1.009
1.029
1.111
1.147
1.002
1.007
1.024
1.048
1.077
1.002
1.006
1.018
1.031
1.042

1.002
1.007
1.072
1.097
1.139
1.002
1.008
1.073
1.093
1.132
1.002
1.008
1.057
1.056
1.101
1.002
1.007
1.033
1.041
1.055

1.002
1.007
1.028
1.092
1.136
1.002
1.008
1.028
1.092
1.134
1.002
1.007
1.025
1.065
1.096
1.002
1.006
1.019
1.038
1.053

1.003
1.012
1.038
1.120
1.144
1.004
1.014
1.042
1.108
1.141
1.003
1.011
1.034
1.059
1.091
1.003
1.011
1.031
1.039
1.056

1.003
1.011
1.078
1.087
1.150
1.003
1.010
1.079
1.085
1.150
1.004
1.009
1.087
1.071
1.136
1.003
1.009
1.056
1.046
1.080

1.003
1.011
1.043
1.126
1.173
1.003
1.009
1.039
1.139
1.176
1.003
1.010
1.039
1.105
1.173
1.003
1.008
1.035
1.074
1.111

1.003
1.013
1.038
1.148
1.204
1.003
1.012
1.039
1.154
1.186
1.003
1.013
1.039
1.115
1.184
1.003
1.012
1.035
1.087
1.126

0.209
0.372
0.953
1.209
1.111
0.207
0.367
0.935
1.413
1.341
0.193
0.329
0.557
0.662
1.134
0.166
0.257
0.423
1.221
2.094

0.207
0.406
1.630
1.818
1.337
0.205
0.403
1.309
1.755
1.539
0.179
0.313
0.639
0.766
1.252
0.148
0.236
0.367
1.350
2.225

0.243
0.461
1.425
n.c.
n.c.
0.243
0.463
1.485
n.c.
n.c.
0.180
0.276
0.584
0.866
1.357
0.134
0.200
0.409
1.495
2.362

0.117
0.176
0.555
0.809
0.999
0.117
0.178
0.534
0.821
0.892
0.115
0.170
0.479
0.473
0.719
0.110
0.155
0.307
0.795
1.470

0.125
0.173
0.449
0.851
1.229
0.127
0.173
0.464
0.844
1.060
0.122
0.163
0.344
0.499
0.792
0.112
0.144
0.263
0.954
1.624

0.110
0.170
0.465
1.084
1.218
0.110
0.170
0.463
1.055
2.082
0.103
0.150
0.335
0.548
0.881
0.091
0.131
0.254
1.127
1.800

0.068
0.125
0.433
0.509
0.765
0.068
0.126
0.408
0.514
0.735
0.068
0.124
0.359
0.331
0.570
0.067
0.117
0.256
0.603
1.176

0.075
0.119
0.319
0.556
0.642
0.075
0.119
0.319
0.543
0.716
0.074
0.114
0.273
0.383
0.629
0.072
0.107
0.222
0.770
1.361

0.083
0.121
0.304
0.657
0.950
0.083
0.121
0.304
0.664
0.975
0.081
0.113
0.250
0.462
0.710
0.076
0.102
0.200
0.965
1.541

0.052
0.087
0.280
0.347
0.574
0.053
0.087
0.285
0.346
0.568
0.052
0.086
0.275
0.285
0.454
0.052
0.084
0.220
0.449
0.844

0.069
0.081
0.209
0.285
0.467
0.069
0.081
0.207
0.296
0.394
0.068
0.080
0.191
0.277
0.450
0.067
0.078
0.177
0.569
0.974

0.055
0.084
0.183
0.351
0.412
0.055
0.084
0.182
0.357
0.460
0.054
0.080
0.166
0.317
0.490
0.053
0.075
0.149
0.730
1.164

0.118
0.172
0.416
0.716
0.929
0.118
0.166
0.469
0.834
1.274
0.107
0.130 0.041 0.026
0.168 0.120 0.095
—0.425 —0.160 —0.090
—1.000 —0.473 —0.296
0.087 0.043 0.005
0.046 0.017 0.014
—0.318 —0.136 —0.064
—1.194 —0.749 —0.561
—2.080 —1.446 —1.148

0.050
0.048
0.205
0.432
0.468
0.050
0.048
0.184
0.417
0.296
0.048

0.008
0.030
0.167
0.290
0.356
0.009
0.031
0.158
0.292
0.302
0.008

0.118
0.214
0.900
1.371
0.755
0.116
0.210
0.906
1.246
1.381
0.092
0.116  0.045 0.029
0.329 0.103 0.074
—0.563 —0.307 —0.216
—1.129 —0.608 —0.469
0.062 0.035 0.005
0.004 0.006 0.005
—0.208 —0.105 —0.057
—1.324 —0.921 —0.737
—2.212 —-1.601 —1.338

0.049
0.063
0.215
0.551
0.958
0.050
0.062
0.218
0.539
0.471
0.045

0.012
0.039
0.130
0.622
0.274
0.013
0.039
0.130
0.321
0.369
0.011

0.161  0.046
0.329 0.078
1.130 0.293

n.c. 0.866
n.c. 0.912
0.161 0.046
0.331  0.079
1.165 0.293
n.c. 0.832
n.c. 1.276
0.100  0.037
0.121 0.044 0.031
0.291 0.145 0.103

—0.702 —0.438 —0.348

—1.245 —0.741 —0.573
0.052 0.019 0.008

—0.042 —0.022 —0.011

—0.288 —0.114 —0.063

—1.472 —1.107 —0.942

—2.349 —1.781 —1.521

0.023
0.048
0.174
0.460
0.676
0.023
0.048
0.176
0.459
0.681
0.019

0.009
0.019
0.056
0.121
0.188
0.009
0.019
0.063
0.118
0.155
0.008
0.017
0.034
—0.070
—0.156
0.007
0.011
—0.052
—0.396
—0.801

0.013
0.015
0.058
0.107
0.156
0.013
0.016
0.055
0.121
0.114
0.012
0.011
0.031
—0.153
—0.263
0.010
0.000
—0.035
—0.539
—0.940

0.007
0.030
0.079
0.208
0.123
0.007
0.030
0.079
0.198
0.400
0.005
0.021
0.047
—-0.223
—0.352
0.000
—0.001
—0.038
—0.710
—1.141
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Table 5: Average Gelman-Rubin R, RMSE and bias for recovering the intercept parameter (3)
in the 2PNO model.
R RMSE bias

prior true n=100 n=300 n=>500 n=1000 n=100 n=300 n=500 n=1000 n=100 n=300 n=500 n=1000
k=10

Unif (-1.1,-0.9) 1.010 1.012 1.011 1.018 0.268 0.154 0.110  0.083 —0.057 —0.025 0.000 —0.015
(-0.1,0.1)  1.006 1.007 1.007 1.009  0.191 0.106 0.080  0.066 —0.007 —0.005 0.006 —0.015
(1.9,2.1) 1.058 1.043 1.041 1.060 2.173 0.374 0.243  0.159 0.531 0.136 0.070  0.002

N(0,10') (-1.1,-0.9) 1.009 1.011 1.014 1.020 0.271 0.157 0.108  0.084 —0.058 —0.026 0.000 —0.015
(-0.1,0.1)  1.006 1.007 1.007 1.010 0.192 0.105 0.080  0.065 —0.007 —0.006 0.007 —0.015
(1.9,2.1) 1.051 1.040 1.035 1.052  2.565 0.367 0.237  0.160 0.590 0.134 0.069  0.000
N(0,4) (-1.1,-0.9) 1.009 1.011 1.011 1.018 0.252 0.151 0.108  0.083 —0.045 —0.023 0.001 —0.015
(-0.1,0.1)  1.006 1.007 1.007 1.010 0.188 0.106 0.081 0.066 —0.015 —0.009 0.003 —0.016
(1.9,2.1) 1.029 1.034 1.033 1.048  0.429 0.299 0.216 0.154 0.108 0.075 0.039 -0.010
(3.9,4.1) 1.046 1.136 1.164 1.205 0.859 0.674 0.671 0.559 —0.718 —0.441 —0.391 —0.191
(5.9,6.1) 1.050 1.113 1.150 1.219 2410 2.110 1.931 1.841 —2.406 —2.094 —1.915 -—1.807
N(0,1) (-1.1,-0.9) 1.007 1.009 1.009 1.016 0.222 0.144 0.103  0.081 —0.008 —0.016 0.005 —0.012
(=0.1,0.1)  1.005 1.006 1.006 1.010 0.181 0.106 0.081 0.067 —0.021 —0.015 —0.002 —0.018
(1.9,2.1) 1.010 1.018 1.022 1.041  0.314 0.224 0.187  0.148 —0.147 —0.043 —0.031 —0.046
(3.9,4.1) 1.014 1.034 1.060 1.112  1.563 1.237 1.137  0.908 —1.546 —1.208 —1.100 —0.866
(5.9,6.1) 1.012  1.029 1.049 1.088  3.399 3.034 2.862 2.683 —3.399 —3.032 —2.861 —2.681
k=20

Unif (-1.1,-0.9) 1.008 1.009 1.012 1.012  0.211 0.142 0.089  0.073 —0.004 —0.040 —0.008 —0.003
(-0.1,0.1)  1.007 1.006 1.009 1.010 0.194 0.116 0.078  0.058 —0.002 —0.014 —0.001 —0.003
(1.9,2.1) 1.057 1.027 1.031 1.032  2.807 0.505 0.210 0.141 0.634 0.112 0.041 0.007

N(0,10') (-1.1,—0.9) 1.008 1.009 1.012 1.011  0.209 0.141 0.090  0.073 —0.002 —0.040 —0.007 —0.003
(-0.1,0.1)  1.006 1.007 1.010 1.010 0.194 0.116 0.079  0.058 —0.001 —0.014 0.000 —0.003
(1.9,2.1) 1.070 1.056 1.032 1.030  2.454 0.622 0.206 0.140 0.589 0.128 0.039  0.006

N(0,4) (-1.1,-0.9) 1.007 1.009 1.013 1.012  0.201 0.138 0.089  0.073 —0.006 —0.040 —0.009 —0.003
(-0.1,0.1)  1.005 1.006 1.009 1.010 0.188 0.114 0.078  0.059 —0.017 —0.020 —0.004 —0.004
(1.9,2.1) 1.018 1.022 1.028 1.028 0.441 0.270 0.196  0.138  0.089 0.038 0.019 —0.002
(3.9,4.1) 1.046 1.116 1.150 1.179  0.832 0.623 0.545 0.524 -0.712 —0.418 —0.310 —0.088
(5.9,6.1) 1.047 1.116 1.151 1.215  2.439 2.085 1.956 1.795 —2.434 —2.074 —1.941 —1.761
N(0,1) (-1.1,-0.9) 1.006 1.008 1.012 1.013  0.181 0.131 0.086  0.073  0.014 —0.038 —0.010 —0.004
(-0.1,0.1)  1.006 1.005 1.010 1.010 0.179 0.116 0.078  0.059 —0.035 —0.031 —0.012 —0.009
(1.9,2.1) 1.010 1.015 1.024 1.027  0.315 0.219 0.179  0.135 —0.141 —0.059 —0.039 —0.033
(3.9,4.1) 1.015 1.036 1.056 1.098  1.583 1.197 1.043 0.826 —1.568 —1.178 —1.022 —0.800
(5.9,6.1) 1.014 1.030 1.045 1.086  3.440 3.029 2.871 2.667 —3.439 —3.028 —2.870 —2.664

Unif (-1.1,-0.9) 1.010 1.009 1.013 1.013  0.243 0.139 0.102  0.072 -0.047 —0.016 —0.010 —0.008
(-0.1,0.1)  1.008 1.009 1.011 1.013  0.203 0.116 0.082  0.058 —0.023 —0.012 —0.003 —0.006
(1.9,2.1) 1.046 1.018 1.027  1.026 1.703 0.260 0.190 0.128 0.408 0.059 0.046  0.016

N(0,10'%) (-1.1,—0.9) 1.009 1.009 1.014 1.013 0.245 0.138 0.103  0.072 —0.049 —0.015 —0.012 —0.007
(-0.1,0.1)  1.008 1.008 1.012 1.012  0.204 0.116 0.083  0.057 —0.025 —0.011 —0.004 —0.005
(1.9,2.1) 1.060 1.019 1.028 1.025 2.489 0.262 0.188 0.127  0.526 0.061 0.044  0.018

N(04) (-1.1,-0.9) 1.008 1.008 1.014 1.013 0.236 0.137 0.102 0.072 —0.063 —0.024 —0.016 —0.009
(-0.1,0.1)  1.008 1.008 1.012 1.012  0.200 0.114 0.082  0.058 —0.052 —0.023 —0.010 —0.008
(1.9,2.1) 1.017 1.017 1.027 1.026 0.423 0.235 0.176 0.124  0.043 0.015 0.020  0.005
(3.9,4.1) 1.048 1.110 1.137  1.207 0.866 0.601 0.536  0.513 —0.751 —0.422 —0.274 —0.180
(5.9,6.1) 1.048 1.123 1.149 1.242 2491 2111 1.968 1.794 —2.487 —2.101 —-1.953 —1.765
N(0,1) (—1.1,-0.9) 1.006 1.007 1.011 1.014  0.209 0.133 0.100  0.073 —0.051 —0.033 —0.024 —0.016
(-0.1,0.1) 1.005 1.006 1.010 1.013 0.198 0.119 0.083  0.060 —0.080 —0.044 —0.025 —0.018
(1.9,2.1) 1.009 1.013 1.021 1.024 0.334 0.216 0.163 0.122 —0.181 —0.078 —0.040 —0.029
(3.9,4.1) 1.020 1.036 1.053 1.093  1.958 1.206 1.028  0.834 -1.933 —1.190 —1.009 —0.810
(5.9,6.1) 1.019 1.032 1.049 1.085 3.743 3.054 2877 2.663 —3.742 —3.053 —2.876 —2.661

5. Discussion

In summary, the simulation studies on the performance of Gibbs sampling proce-
dures do suggest that with the introduction of the pseudo-chance level parameter, the
3PNO model is more affected by the choice of the prior distributions, especially those
for the slope (or discrimination) and intercept parameters, than the 2PNO model
using the Gibbs sampler. For the 2PNO model, parameter estimation is not sensitive
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to the choice of the prior distributions when sample sizes are relatively large (e.g.,
1000 or more subjects). To make prior densities to be not informative, one can choose
uniform priors or set prior variances to be extremely large. These priors, however,
create problem in convergence when the intercept parameters are outside of (—4,4)
regardless of sample sizes, and are therefore not recommended in such situations for
the 2PNO model. On the other hand, nonconvergence poses a critical issue for the
3PNO model if non-informative prior densities are adopted for the item slope and
intercept parameters even for large datasets. Improper priors have to be avoided
for these parameters, as the 3PNO model, defined in (2), can be viewed as a mix-
ture model with two components, i.e., 1 and ®(«a;,6; — 3;), so the probability of an
observation coming from a component is y; or 1 — «y;. It is said that the prior for
the non-component parameter of the mixture (y; in this context) can be chosen in
a typical fashion (Richardson & Green, 1997), and further that improper priors for
component specific parameters (e.g., a;, ;) are not recommended, as the joint poste-
rior distribution is not defined and parameter estimates are likely to be unstable (see
Diebolt & Robert, 1994; Mengersen & Robert, 1996; and Roeder & Wasserman, 1997
for discussion of choice of priors for mixture model problems). This is in accordance
with the empirical results obtained from the first simulation study, where unstable
estimates resulted from specifying non-informative uniform priors for the slope and
intercept parameters but not from specifying flat priors for the chance level parame-
ter. Moreover, the simulation study indicates that even proper non-informative priors
with o2 = 10'° or 0/23 = 10'° do not help with convergence. For the 3PNO model, it
is hence recommended that informative priors be adopted for the slope and intercept
parameters to ensure convergence of the Markov chains and consequently to obtain
valid and accurate posterior estimates. With respect to the chance level parameters,
although the choice between non-informative vs. informative priors has relatively
little impact on their posterior estimates, informative priors, such as Beta(2,7) or
Beta(5,17), are suggested if the true parameters are close to 0 and a flat Beta(1,1)
prior shall be adopted if the true parameters are away from O.

For both 2PNO and 3PNO models, sample sizes play a more important role than
test lengths, though it has to be pointed out that increased sample sizes tend to have
a relatively larger effect on the posterior estimates of slope parameters than those of
intercept parameters in the 3SPNO model. The informative priors considered in this
study result in relatively smaller bias and error when the actual parameters in the
2PNO model are close to 0 and when the actual parameters in the 3PNO models are
within +1 standard deviations away from their means. Further, with these priors,
the Gibbs sampler for the 3PNO model with n = 1000 performs even worse than
the that for the 2PNO model with n = 100, indicating that the complexity of the
3PNO model may not be offset by increasing sample sizes and/or test lengths. In
spite of that, similar conclusions are drawn with respect to the use of informative
priors for both models. That is, when true item parameters are close to their prior
means, prior distributions with small variances do improve estimation accuracy no
matter how large the dataset is; and they have an added advantage of enhancing
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computational efficiency when sample sizes are small, as considerably fewer iterations
are needed for the Markov chains to converge.However, when they are away from
their prior means, small prior variances are more likely to give rise to biased posterior
estimates and hence should be avoided. As noted earlier, the results pertaining to
the effect of the distance between true item parameters and prior means shed lights
on situations where informative priors are correctly or incorrectly specified. Hence,
these conclusions echo with what has been documented in the literature.

Given the fact that appropriate specifications can be sometimes tricky in the pres-
ence of various prior distributions, care has to be taken in specifying prior information
for the item parameters in an IRT model. The choice of prior distributions has been
an important consideration in Bayesian statistics (e.g., Robert, 2001). Often, the
choice is between informative and non-informative priors. Using informative prior
distributions allows the incorporation of information available to practitioners from
the literature and in light of their experience with other test items. On the other
hand, using non-informative priors implies that no information from the test theory
is relevant to the parameter in question. For small datasets, the likelihood is not
very informative relative to the prior information. Hence, the use of non-informative
priors can lead to an extremely long computing time when using the Gibbs sampler to
obtain posterior estimates. Alternatively, appropriately specified informative priors
help improve computational efficiency and reduce uncertainty considerably. Conse-
quently, carefully thought out informative priors, such as those in the form of judge’s
ratings adopted in Swaminathan et al. (2003), are recommended provided that one
can afford the time and cost for the procedure.

With regard to the choice among a large class of prior distributions, it is desirable if
one considers proper prior distributions that reflect vague prior beliefs but regularize
the posterior distribution and make the Markov chain more stable (Johnson & Albert,
1999), such as the third specification for item slope or intercept parameters consid-
ered in the simulations. Appropriate specifications of the prior distributions require
an intimate understanding of both the test instrument and the group examinees. In
certain applications, prior information about specific values of the item parameters
may be available from previous experiments, such as the actual testing situations
where items are selected from an item bank or they are used more than once for
longitudinal studies. If such prior information is available, it should be incorporated
using a suitable prior distribution for the item parameters. For example, if there is
an interval (—B, B) in which most of the intercept parameters are expected to fall,
one can represent this prior constraint by imposing a N (0, U%) on (3; by matching 205
to the upper limit of the target interval, B. In some applications, however, the prior
information is not readily available. One useful approach is to implement the MML
or MB estimation, which has been found to be robust when sample sizes are large
(n > 1000), to obtain a baseline set of item parameter estimates so that the prior
distribution can be specified accordingly (Baker, 1992). If one is not certain about
the appropriateness of the priors adopted for the item parameters, prior variances are
not suggested to be set too small in small samples. With large datasets, however, it
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is preferable to test the sensitivity of MCMC estimates to non-informative and infor-
mative priors than to choose an arbitrary informative prior that perhaps markedly
biases the results.

One needs to note that there are a large number of choices for prior distributions
for the IRT model parameters. This paper only considers a small class of informa-
tive priors, namely, the conjugate prior where the hyperparameters are specified. It
is possible to adopt non-conjugate priors with the use of more complicated MCMC
algorithms. Prior information can also be specified in a hierarchical fashion so that
the hyperparameters for the item parameters are unknown and have their own prior
distributions (e.g., Swaminathan & Gifford, 1982, 1985, 1986). This kind of hierar-
chical modeling actually estimates the hyperparameters instead of specifying them
and shall offer advantages when prior information regarding item parameters is not
available. Along similar lines, a hierarchical normal prior for the person parameter,
such as that in Lindley and Smith (1972), can be adopted. In addition, this paper as-
sumes that the parameters of a given type, e.g., 7;, in the IRT model are exchangeable
(Swaminathan & Gifford, 1985) and are independently and identically distributed. It
is possible that they are interrelated and hence a multivariate prior can be specified
to model the dependency among item parameters. Alternatively, one can consider
adopting a different prior distribution for each parameter if exchangeability is ques-
tionable. There is, unfortunately, little research investigating the effect of these prior
specifications on the quality of MCMC estimates for IRT models. Hence, additional
simulation studies are needed to provide a set of guidelines for the choice of such a
wide class of prior distributions for the item parameters.

It has to be pointed out that the RMSE or bias criterion provides one way to eval-
uate the accuracy of parameter estimates. Other criteria can be considered, such as
the one based on the item response function, which takes into consideration the inter-
action among parameters. This study, however, only employed the RMSFE criterion
because its focus was mainly on item parameter recovery using the Gibbs sampler
with the two IRT models, and hence the discrepancy between the true and estimated
parameters was of primary concern. Furthermore, the RMSE is said to be the most
stringent criterion because “it looks at the error in estimation in each parameter sep-
arately without compensating for the other parameters” (Swaminathan et al., 2003,
p.50).

Finally, it is noted that the analysis of variance approach for evaluating the impact
of the different factors (see e.g. Harwell, Stone, Hsu, & Kirisci, 1996) was not adopted
in this study due to the non-convergence problem resulted from using non-informative
priors with 3PNO models. Future studies can use it as another summative method.
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