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PHYSICAL REVIEW E 66, 061303 (2002
Statistics of the contact network in frictional and frictionless granular packings

Leonardo E. Silbert, Gary S. Grest, and James W. Landry
Sandia National Laboratories, Albuquerque, New Mexico 87185
(Received 20 August 2002; published 10 December 2002

Simulated granular packings with different particle friction coefficignare examined. The distribution of
the particle-particle and particle-wall normal and tangential contact fd?¢é€p are computed and compared
with existing experimental data. Hefe= F/F is the contact forc& normalized by the average valGe P(f)
exhibits exponential-like decay at large forces, a plateau/peakfredr with additional features at forces
smaller than the average that dependonAdditional information beyond the one-point force distribution
functions is provided in the form of the force-force spatial distribution function and the contact point radial
distribution function. These quantities indicate that correlations between forces are only weakly dependent on
friction and decay rapidly beyond approximately three particle diameters. Distributions of particle-particle
contact angles show that the contact network is not isotropic and only weakly dependent on friction. High
force-bearing structures, or force chains, do not play a dominant role in these three-dimensional, unloaded
packings.

DOI: 10.1103/PhysReVvE.66.061303 PACS nuni)erd5.70.Cc, 46.25:y, 83.80.Fg

[. INTRODUCTION measured(f) for amorphous and ordered granular packings
for particles with different values oft, which varied by a
The properties of granular materials, even static sandpilegactor of approximately three. These experiments demon-
continue to perplex engineers and physicists alike Pro-  strated thaP(f) is indiscriminate towards the effects of par-
cessing of granular materials play a central role in the pharticle friction and structure of the packing, and the general
maceuticals industry as well as engineering communitiesform of P(f) remained robust within the resolution of the
such as ceramic component design. For example, one ma&xperiment.
wish to evenly distribute the ingredients in a tablet or pill, or  In & different experimental setup/\oll et al.[8] used a
reduce the likelihood of component failure. However, as yeressure transducer device to meade(e) at the bottom of
there is no clear indication of how the individual particle " unloaded granular packing under its own weight, on a
properties determine the final state of the system. fixed substrate of particles glued to the supporting basga. This
Although packings of frictionless, monodisperse, cohe-EXperiment was able to resolve forces down to_the \_/vel_ght_of
sionless, hard spheres have been well stufi®d little is a few grain masses and showed that the spatial distribution

: i . o of contact forces were correlated over a few particle diam-
known about the effect of including particle friction. Recent . e
eters. Using a novel modification of the carbon paper tech-

%ique, Tsounguét al. [9] actually measure®(f) inside the
%bulk of a 2D packing. Despite the poorer statistics of this
study, the results agreed well with Blat al.[6] and Lovoll

Yet al. [8]. Experimental studies on static granular packings
show thatP(f) exhibits several generic features; an approxi-
nately exponential tail at largeand a plateau or peak near

packings were generated for particles for different static ¢
efficients of friction u between individual particle pairs,
showed that the local particle coordination of the packin
varied strongly as a function of frictiogf8]. From a different
perspective, experimental studies of static granular asse
blies have shown many interesting facets of the stress state or 4 Incidentally, a recent application of confocal micros-
these systems. One method of analysis appears to domin ) ;

in describing the statistics of granular packings: computa- Spy techniques to dense emulsions, which can be consid-
tions of the probability distributions of normal forces ate ered to be jammed frictionless packings, provided force dis-

rigeur tribution data from within the bulk of 3D samples that share

. . . . .th m litative featur tRéf tained from
Experimental studies on granular packings use a variet e same qualitative features as th¢f) obtained fro

. e T ranular packing$10].
of techniques to measure the distribution of normal contac . . . .
forces P(f) between particles and container wajl—9], Computational studies of compressed packings provide

g good comparison with the experimental datad,12. How-
where f=F/F—all measured normal forces are normal-  eyer, there has been no systematic study of the effects of
ized with respect to the average foffee The Chicago group particle friction on the force distributions within a granular
[4-7] utilized carbon paper to measup¢f) at the base and assembly. Here we show how the effects of friction change
sides of a cylindrical container packed with glass spherethe behavior ofP(f) in the small force region but only
with a normal load applied at the top of the packing. Forcesveakly affect the largd-region. We show that the local con-
several times the average force were observed, with resoltact geometry of the packing is not isotropic and only weakly
tion down to the weight of a few particles. Blagt al. [6]  influenced by friction. We also go beyond the one-point force
distribution function and compute spatial force-force corre-
lations functions and the contact point radial distribution
*Present address: James Franck Institute, University of Chicagdunction. We also discuss aspects of the force network
Chicago, IL 60637. Email address: Isilbert@uchicago.edu whereby high force-bearing structures, or force chains, do
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not seem to be a dominant feature of these unloaded packcient was also set to 0.88. We chose a time st#p
ings. =10"“7, wherer=\/d/g andg is the gravitational accelera-
We computedP(f) in the bulk of various packings tion.
(which is presently inaccessible in 3D experimerttat had Amorphous packinggwith packing fraction ¢~ 0.60)
settled onto either a rough bed or a planar base. We conwere generated by allowing an initially dilute system to settle
pared these results wit(f) for particles in contact with the under gravity acting in the vertical direction. Particles settled
flat base(similar to experimentof a periodic packing and onto a bottom wall that was either a planar base or a bumpy
with the P(f) generated at the side walls of a cylindrical bed of particles frozen into a close packed random configu-
packing. We resolve the components of the contact force thattion. This process was run until the kinetic energy of the
are normal(n) and tangentialt) to the line of centers be- system was much smaller than the potential en¢8jyThe
tween two particles in contact. base had the same frictional and elastic properties as the
In the next section we briefly describe the model, thougtparticles being poured.
a more thorough description of the technique is available Most of our results are for packings that are spatially pe-
elsewherd3,13. In Sec. lll, we present results for the force riodic in the horizontal plane, i.e., we ignored the effects of
distributions, force correlations, and the contact geometrysidewalls. Because of this, the pressure in a packing does not
We also discuss some aspects of the force network with resaturate with depth. Therefore, to make a direct comparison
spect to a force cutoff scheme, highlighting some pros anavith experiment, our definition of the average forég,
cons of this method. In Sec. IV we summarize and conclude- Fnt/F(2)n:, was normalized byF(z),:, the average

this work. contact force at a depthin the packing. The generation of
these packings is fully discussed in RE3]. We also com-
Il. MODEL AND METHOD pared results for packings poured into a cylindrical container
_ ) with “flat” walls and the same properties as the particles. In
~ We performed three dimensionedD) molecular dynam-  his case, there is no need for depth-average normalization,
ics S|mulat|on§ withN monodisperse, cohgsmnlessz inelasticyg the walls carry a significant fraction of the weight of the
spheres that interact only on contact via a Hodkeean  gystem(provided >0 [17]). Results for the periodic pack-
spring or a Hertz contact law and static frictidt,19. Con-  jngs with depth-average normalization are consistent with
tacting particled andj positioned at; andr; experience @ he cylindrically confined packings. Therefore, depth-
relative normal compressions=|r;; —d|, where r;=r;  ayerage normalization proves to be the correct method for
—rj, which results in a forcé; =F,+F,. The normal and  comparing periodic packings with confined systems. Pack-
tangential contact forces are given by ings without depth normalization are equivalent to free-
standing sandpiles with a hydrostatic head.

m
Fn=f(5/d)<kn5nij_§7nvn)’ 1) Ill. RESULTS

A. Force distributions

m
Fe=1( 5/d)( —kAs— 5 v v Force distributions in all granular packings exhibit several
general features. Measurements of the distribution of normal
contact forcesP(f,), for granular packings that are either

wheren;; =r;; /rj; , With ry;=|r;;|, Vo andv; are the normal free-standing under the influence of grai8} (as we simu-
and tangential components of the relative surface velocity, ) . :
late herg, confined packings that have been loaded in

andk, ; andy,  are elastic and viscoelastic constants respec- . . .
. ' ' . ments [4,6,9], or axially compressed tentas in
tively. f(x)=1 for Hookean springs anf{x) =X for Hert- expen 51 ), or axially pressed systentas |

) iactsAs is the elastic t ial displ ‘b previous simulation studies and experimefit1,18,19, as
zlan contactsas 1s the elastic tangential displacement be-\ o a5 5 |attice mode]5], all purport exponential tails in

tween spheres, obtained by integrating surface relativ%(fn) at large forcestypically for f,>1). Muethet al. [4]

vequUes durmg. elastic deformation of the CO!“aCt- Theused an empirical fit to their experimental data of the form
magnitude ofAs is truncated as necessary to satisfy a local

Coulomb vyield criterionF,< uF,, whereF,=|F| and F, P(f)=a(l—be e A 3

=|F,|, andu is the particle-particle friction coefficient. For (fn)=a( V) K ©)
the present simulations we sleft=2><105mg/d, ktf%kn: and founda=3.0, b=0.75, and3=1.5=0.1 for loaded
¥n="50vyg/d. For Hookean springs we set=0 while for  glass spheres confined in a cylindrical container.

Hertzian springs,y;= v,. For Hookean springs the coeffi-  |n Fig. 1 we show our computations of the force distribu-
cient of restitutione,, ¢, is related toy, ; through tions for the normal contact fordg, for different systems. In
Fig. 1(a) we see that the form d?(f,) is the same for both

€n,t=XP(— Ynteol/ 2), Hookean or Hertzian contact force laws. Varying the system

size has no effedfother than improving the statistics of the
where the collision timet, is determined by the contact data. Similarly, in Fig. 1b) computations ofP(f,) in the
frequency between two particles. For the parameters chosebulk of a periodic or confined system, at the base of the
€,=0.88 for Hookean springs. For Hertzian contaetés  periodic system, or at the sidewalls of the cylinder are indis-
velocity dependenfl6], but the equivalent restitution coef- tinguishable. Recent 2D simulations have shown t,)
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FIG. 1. Distribution ofnormalcontact force$(f,) for packings ofN monodisperse spheres of diametemd particle friction coefficient
n=0.5. (a) Comparison between a spatially periodic Hertzian packing with a square base of dimehsi@0d < 20d and a Hookean
packing withA=40d X 40d. System sizes are indicated in the legefig. Comparison between two Hookean packings, one a spatially
periodic system witiN=128 000 andA=40d X 40d, the other a confined, cylindrical packing of diamebe+20d and N=50 000.

at the base can depend on the properties and geometry of the=2.55, b=0.65, andB=1.35, is in moderate agreement
base[20]. Computations oP(f,,) for those particles in con- with Eq.(3) up tof~2, but falling off more quickly than Eq.
tact with the flat base and at the side walls also show th¢g) for largef. We find a better fit to Eq(3) if we filter out
generic form seen in the other data although the statisticthe data forF,<mg, essentially mimicking the finite reso-
here are poor due to the number of contacts in the planeytion in experiment. This alters the average value such that
(=10%) compared with the number of particle-particle con- our original data set has now been “squeezed” together. We
tacts in the bulk £10°—1¢°). . denote this data as thmrtial set in Fig. 2. The fit to Eq(3)

To compare with existing experimental data, we fit B]._ with a=3.1, b=0.78, and8=1.55, is much better than
to our data for the largest system. We show this comparisofyhen, data for small forces is included. Our simulation data is
in Fig. 2. The P(ft‘) c'ompu'ted over "’.1" contac;t forces is in good qualitative and quantitative agreement with previous
denoted by the solid circles in Fig. 2 with best fit parametersexperimental resultg4] and similar to Radjaét al. [11].

] The empirical fit of Eq(3) is poor for the total bulle(f,,)

10 over a large range of the data and we only achieve agreement
10° ] by filtering out very small forces in the partial data set in Fig.
2. We also note that on closer inspection of existing simula-
107 tion and experimental data, whether the tailsRiff,) are
truly exponential or not is questionable and may be an indi-
1072 cation of the averaging technique used in computational
P(f,) studies[21].
107 e Full i The distribution of tangential forceB(f;) is shown in
_ Fig. 3. In comparison with the normal forcd3(f,) decays
10 L o Partial more slowly thanP(f,,). Fitting Eq.(3) to the bulk data for
— Fit the largest systemN=128000), we find good agreement
10° ] with a=2.5,b=0.7, and3=1.4.
* While there is clearly some agreement on the behavior of
107° : . : P(f,) for large f,, the characteristic nature of the small
0 2 f4 6 8 force region ofP(f,)) remains in dispute. Experimental data
n show thatP(f,) approaches a finite value 4s—0. How-

FIG. 2. Distribution of normal contact forcesP(f,) for ever, some numerlc_al works have suggested H(dt])—_>0
Hookean packings ofN=128000 monodisperse spheres aad for smallf, [22]'. In Fig. 4 we show the small force region of
=0.5, on a flat base of dimensionsd#040d. Thefull P(f,) (solid  (fn) for packings identically prepared but with different
circles includes normal forces for all contacting particles and we fitParticle friction coefficients. We do not show the f&(f,)
to Eq.(3) (solid line) usinga=2.55,b=0.65, and3=1.32. Forthe Curve as friction only weakly influences the behavior of the
partial P(f,) (open circles we have excluded all forces less than largef region. However, our large system size data suggests
the weight of one grain and recomputedinding a better fit to Eq.  that the exponential tail becomes slightly steeper with de-
(3) with a=3.1, b=0.78, andB=1.55. We have arbitrarily shifted creasing friction, i.e. increases ag decreases. The defin-
the curve for thepartial P(f,,) for clarity. ing feature of these packings is that for purely frictionless
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FIG. 3. Distribution oftangentialcontact forced(f,) for pack- FIG. 5. P(f,) at small forces for packings with different particle

ings of N monodisperse spheres of diamedewith particle friction  friction coefficientu. Results are for Hookean packings with peri-
coefficientu=0.5. System size is shown in the legend. The line isodic boundary conditions fal =20 000 andA=20d < 20d.
fit to Eq. (3) for the largest system.

studies: the fraction of particle-particle contacts,bands

systems,P(f,) shows a well-defined peak at small forces’experiencing small forces increases with increas,titr_wgv_en
while for 4>0, P(f,) develops an upturn at very small though the total number of contacts decreases with increas-
’ n

forces. The amplitude of this upturn increases with increasind # [3]- Further study shows that the fraction of particles
ing friction coefficient. that are close to the Coulomb yield criteriép~ uF,, i.e.,
The Chicago groupé] studied different particle packings those particle pairs 'that are most likely to undergo local plas-
where 1 varied by a factor of approximately three. Within tiC réarrangement, increases @s- 0. Indeed, we have pre-
the resolution of their experiment they did not find any sys-viously reported3] that frictionless packings are always iso-
tematic trend with friction. Because of the higher resolutionStatic, whereas frictional packings are hyperstatic and this

in simulation, the following comments are relevant to suchMay be related to the behavior B(f,) at smallf, . o
For completeness we show the corresponding distribu-

tions P(f,), for the tangential forces in Fig. 5. In this case,
we do not find any significant systematic trend wjith The
role of u in the determination oP(f,,), is subtle. In fric-
tionless packingsP(f,,) does not show an upturn at small
f,, therefore the generation of this upturn in frictional pack-
ings comes from the very presence of the frictional forfges
which influence the nature of particle contacts such that
P(f,) itself observes an upturn at small forces.

log,, P(f)

B. Force correlations

The spatial force-force correlation functiof(r) mea-
sures spatial correlations between forces separated by a dis-
tancer. We use the same definition as in Rg#%,8],

» 2 2 8yl =nfif,
Fr)= , @

Ei E 8(|rij|—r)

=1

FIG. 4. P(f,) at small forces for packings with different particle
friction coefficientu. Frictionless packingsy(=0) exhibit a well- . . ) . .
defined peak irP(f,) nearf,=1, whereas even for low frictional Whererj; is the distance between particle contaicsnd j,
packings, an upturn appears R(f,) at very small forces. The andfi_ls the normallzed contact force acting at contadh
amplitude of this upturn increases with increasing friction coeffi-€Xperiment, spatial force correlations can, at present, only be
cient and the position of the peak also shifts to larfier Results ~ measured at container walls: the points of force contact co-
are for Hookean packings with periodic boundary conditions in theincide with particle contacts at the container surface lying in
horizontal plane, foilN=20000 on a rough, particle base with ~ a 2D plane. The minimum separation between measurements
=20d X 20d. in experiment is coincident with the particle sizg,,~d. In
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1.4 : : : P
14 : =l ] 12
1.0 Hifv 10
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; 0.6 20 a(r)
F) 10t
4t _
o8t | 21 1
0 L
0 1 2
0.6 : : - r/d
0 1 2 3 4 e . .
r/d FIG. 7. Radial distribution functiog(r) of the contact points

within the bulk of a frictionless (circles and frictional
FIG. 6. Spatial force-force correlation functidf(r) for normal (n=0.5-line) packing.
contact forces as defined in E@) computed within the bulk of a

frictionless(circles and frictional (w=0.5—solid ling packing. The points are stronger in the case of the zero friction packing

dotted line shows the corresponding correlation for the tangentiaﬁlndicating a more ordered distribution of contact points in the
forces whenu=0.5. The inset shows that correlations do not system

reemerge at larger distances, for the cell she 128000, A
=40d X 40d. Data foru=0.5 only are shown for clarity.
C. Contact geometry

a 3D packing, contact forces transmitted at the points of We have so far shown that computationsPgf) for vari-
particle-particle contacts are only restricted by excluded volous particle parameters yield essentially the same data, ex-
ume effects. For monodisperse spheres in 3D the minimurgept for smallf. It is ironic then, that although the generic
separation ,~d/2. A locally four-particle pyramid con- features ofP(f) are a signature of the granularity of the
figuration would give this minimum separation. Muethal. ~ System, it offers little distinctive information on the grain-
[4] found no evidence for spatial correlations between thdevel properties of the packing. Keeping in the spirit of par-

contact forces within the resolution of their measurementsticle pair information, in Fig. 8 we show the probability dis-
Lévoll et al. [8], using a different measuring technique, re- tributions for particle-particle contact angles defined in the

solved their force data showing weak force correlations a[ocaltipht(ra]rical c;pordinat”e Is%/stem t.?ag'bont(.js rrllal;e_ Wgh re-
the base of their packings which extend out to approximatel pect to the verticalparallel to gravity directiop In Fig.

. . . . e compare packings with different(=0,0.1,0.5) and
five _part|cle diameter$8]. This may only come about from found that the distribution of contact angles has only a weak
the induced order of the sample at the container wall.

Because of the restricted geometry of experimental mea-

surements, we found it instructive to compare our computa- 0.02 ' '
tions of #(r) for the normal contact forces within the bulk of
amorphous packings, and see how these might depend on 0.015

For comparison we also computed the correlation function
between tangential contact forces for=0.5. In Fig. 6 we

present the spatial force correlation function for a frictionless P(6)
packing (w=0) and a frictional packing=0.50). Within 0.01 r
the bulk of the packing, forces are correlated, but only over
short distances, extending to less than three particle diam:

eters in the bulk, indicative of the diffuse nature of the force 0.005 — n=0.5 1
transmission network. However, the effect of friction on
these correlations is very weak, with the frictional packing
exhibiting only a very slight increase in local correlation. 0 L '
0 30 60 90

Similar to Muethet al. [4], in Fig. 7 we also show the
radial distribution functiorg(r), betweencontact pointan- 0
side the bulk of a frictionlessi(=0) and a frictional pack- FIG. 8. Probability distribution function®(¢) for particle-
ing (u=0.50). Clearly, the frictionless packing has a higherparticle contact angles, wherg is defined in the local spherical
first peak, representative of the higher coordination of thewoordinate system as the angle the particle pair makes with the
frictionless packing compared with the frictional di83, and  vertical. #=0 is a vertical contact anéi=90° a horizontal contact.
also local correlations between the positions of the contaabackings withu=0,0.1,0.5 are shown.
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FIG. 9. Distribution of contact angle®(#6) of particles in con- FIG. 10. Frictional packing £=0.5) contribution to the bulk

tact for a packing with. = 0.5. We distinguish betweeR(#) com- ~ average normal contact force and the fraction of particle contacts
puted between all pairs in contaslid line), and a subset of par- that make up this contribution, as a function of the imposed contact
ticle pairs whose contact force is greater than some cutoff thresholfprce threshold,,. Solid lines are the contributions from normal
f ¢ (dashed ling Heref = 2T, i.e., all contacting particles whose Contact forces, larger than the thresholtt,, and dashed lines are

normal contact force is greater than twice the average contact forc.gc.’r the forces t_hat are smaller than the threshold. Thick solid line:
Packings for allu exhibit similar behavior. fractional contribution to the average normal contact force for con-

tacts withf,>f. ;. Thin solid line: the fraction of contacts with

dependence on friction indicating that all the systems locallyfn™ feur- Thick dashed line: percentage contribution to the force

appear similar. In all cases, the majority of contact angles |i&°mMing from contacts witfi,<fc,.. Thin dashed line: the fraction
in the range 45 #<<90° of contacts withf ,<f.,;. The arrow indicates the example where

0, i i 0,
It is a simple exercise to further compu® ) only be- 50% of particle contacts contribute to 80% of the bulk average

tween particles that carry a large force, i.e., to identify Orcontact force. Packings for gll exhibit similar behavior.
distinguish between “weak” and “strong” forces, as Radjai
and co-workers have done for compressed sys{dra23.
In Fig. 9, we compar®(6) computed between all contacting
particle pairs and®(#) computed for the subset of particles
in contact whose normal contact fortg>f ., wheref is

To investigate the relative importance of the force net-
works, we computed the normal force that subnetworks of
force chains contribute to the bulk average contact normal
force. In Fig. 10, we varied,; and then computed the frac-

. ) tion of bonds remaining in the force network whose contact
some given threshold value. Here we $gf;=2.0, i.e., all g

articles whose normal contact force is greater than twice thiy, ¢ Was greater thaf, ("strong” force network, and
P g . gomputed the contribution that this network made to the av-

etween the “strong” force network for particle contacts
with f,=2, and a weak force network with,<2, say.
Therefore it is questionable whether the so-called strong net-
D. Contact network work actually does carry most, if not all, of the stress in the
The existence of heterogeneous force networks is supsystem. For example, by going from one curve to the other as
ported by experimental visualization. Photoelastic particlgndicated by the arrow in Fig. 10, we find 50% of contacts
packings[24] or piles subject to local force perturbations contribute approximately 80% to the average contact force.
[25,26], demonstrate inhomogeneity in the magnitude of theThis is a small distinction, and not nearly an order of mag-
forces propagating through granular assemblies— “forcenitude difference between the two networks that one might
chains.” However, it is still not clear how relevant these expect if the strong forces dominated the weak phase.
structures are in determining the stress state of the system. A related question is the stability of the relative force
The 2D simulations of Radjait al. [12] suggested for com- networks. One of the simplifying assumptions of fragility in
pressed granular packings, a distinction can be made bgranular material§28] suggests that the strong-force net-
tween the “strong” force network, those particles in contactwork is minimally coordinated. For a 3D frictional packing
that carry a force greater than the average normal contathis gives a coordination number=4 [29]. To calculate the
force, and the “weak” force network, the network of par- network-averaged coordination number of a subset of par-
ticles that experience a force smaller than the average. liicles, the contacting neighbors of the chosen network need
some theoretical approaches, the strong force network is abe included. In Fig. 11 we draw a schematic for determining
sumed to support all the stress in the system, with the weathe coordination number given a subnetwork of parti¢ties
force network acting merely as a supporting framework tonoted by the gray particlgsknowing the list of network
this which can essentially be neglec{&¥]. neighbors(white particle.

increasingf .,; (not shown herge

061303-6



STATISTICS OF THE CONTACT NETWORK IN . .. PHYSICAL REVIEW 6, 061303 (2002

TN

)

6 T T T T

FIG. 12. Coordination numberfor packings with differenfu,
of particle networks as a function of the force cutbff,; that de-
termines whether they belong to the network or not.

number of large forces increases with depth giving a clear
indication of the propagation of weight down the pile.
Figure 13b) is the force network for the depth-

normalized normal contact forcdswith f.,,=2f. We find
similar configurations for the cylindrically confined packing.
Therefore this is the equivalent force network for a confined,
FIG. 11. Schematic for computing the coordination number of affictional, unloaded packing. Because the weight of the par-
subset network of particles. ff,,, determines the gray particles to ticles have been normalized out of the for@eimicking
belong to the force network, then to compute the coordination numwalls that support forcgsforces of all magnitudes are seen
ber of this network we need to knoa¥l contact neighborégray and  throughout the pack. In both cases, we find that extended
white particles of the given subnetwork. force-bearing structures exist over a range of length scales,
but do not necessarily transmit the largest forces only.

Computation of the coordination numberfor packings
with different ., over a range of cutoff valuefg,,; is shown IV. CONCLUSIONS
in F.ig. 12. The network-averaged coordination number of \\e have demonstrated that large scale simulations of
particle clusters, based on the forces that they carry, degranular packings offer insight into the effects of particle
creases monotonically from the bulk averaged coordinatiofriction on measurements of the distribution of particle-
(fcu=0) to approximatelyz=1. It appears thafc,~2,  particle and particle-wall contact forcé(f). Our detailed
represents some limit in the system in the sense that fqfomparison between simulation and empirical fits, obtained
f.u>2, the average size of particle clusters contributing argyom experimentg 4], showed moderate agreement. How-
particle pairs, i.e., the largest cluster that propagates larggyer, we were only able to fit our data over the full range in
forces is only of size two. f after filtering out the smallest forces in the systémsing
~ Additionally, we provide examples of force network real- the partial data sptWe reason that this is an appropriate way
izations. In Fig. 13 we show two force network configura- 1o account for the limited resolution in experiment. We also
tions of a slice approximately four particle diameters thickreiterate the fact that many simulation and numerical, as well
taken from the center of the large, frictional, periodic systemys some experimental, studies of force distributions do not
(N=128000 and+=0.5). We only show bonds whose force show a clear exponential tail at largeand we believe this
is greater than twice the average. Figurdal3s the force  may partly be due to the resolution of very small forces that
network for the absolute normal contact forces F withoutaffect the total normalization parameters.
depth normalization foF . ;= 2F. This correspondsto a sec-  We were able to discern the influence that friction plays
tion through the middle of a wide sandpile. Figurgd3an on P(f) in the small force region. The fraction of particle-
be compared to the 2D experimental realization in Refsparticle contacts that experience very small forces increases
[24,30. If we show all bonds, the force network is densewith friction even though the total number of contacts de-
with many weak forces. This may be an indication of thecreases with increasing. Excluded volume effects rather
relative sensitivity of the experimental visualization tech-than the functional form of the force law appear to dominate
nique which clearly cannot resolve the smallest forces. Thehe bulk behavior of the system for dense packings. Our
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FIG. 13. Configurations of force networks f@eft pane) the absolute forces with>2F, and(right) the depth-normalized forces with
f>2f. Gray(color) scale is used to indicate the relative magnitude of the forces with light(gedycorresponding to forces closest to the
lower threshold and dark gray/bla¢klue) are the largest forces. Results for periodic packings with0.5 andN=128000. Networks for
different u appear very similar. The black frame denotes the size of the simulation cell.

studies of very large systems show that the tailsP¢f) likely that particle properties play a much more significant
become marginally steeper with decreasing friction, e~ role in the response of a granular system than in the static
Eq. (3) increases ag decreases. Our ongoing work on simu- State. Some theoretical treatmeh®7,32 on force chain
lating confined packings will investigate some of these issuegnalysis may benefit from the information of this unper-
further[17]. turbed system when calculating the resulti_ng response of
The force-force spatial distribution function and contactSuch a system under some force perturbation. In fact, the
point radial distribution function indicate that spatial corre- Contact angle distribution in Fig. 8 suggests that the “split-
lations between the contact forces and positions of the corfind @ngle” 6s=90°—#, in the language of Re{32], does

tacts extend out only to approximately three particle diam-S€eM t0 lie predominantly in the range:@s< 30°. Compar-

eters. This shows that force correlations dissipate quickly ind the experlr_‘nental visualisation in R@E’] and the theo-
the bulk and that the force transmission network propagate tical model in Ref[32], _the force chain ?”a'ys's can be
locally but becomes diffuse rapidly. On introducing a force! ought of as a superposition of force chains on top of the
cutoff scheme to analyze force-bearing structures, we foungackground force network.
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