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INTRODUCTION

In this paper we find basis for a specific vector space that we will introduce later on.
In chapter 1, we make a general review of some abstract algebra and topology. In chapter
2, we define the absolute value on a field in general and we introduce a new type of absolute
values called the p— adic absolute value. In chapter 3 we define the vector space V' (x1, x2)
and we get a good understanding of its elements. Finally, in chapter four, we define the
subspace V (p, k) of the vector space V(x1, x2). The elements of the subspace V(p, k) are
called newforms and the least k such that the subspace V' (p, k) is not trivial is called the
conductor of p. In chapter 4, we find the conductor and the newforms of the subspace

Vip, k).



CHAPTER 1
REVIEW OF SOME NOTIONS OF TOPOLOGY AND ABSTRACT
ALGEBRA

1.1 SOME TOPOLOGY

In this section we shall introduce some topology background to understand what we

will do on the next chapter.

Definition. A topology on a set X is a collection 7 of subsets of X such that
(1) X,¢er,

(2) The union of elements of any sub-collection of 7 is back in 7,

(3) The intersection of the elements of any finite sub-collection of 7 is back in 7.

If 7 is a topology on a set X then we say that the pair (X, 7) is a topological space.

Definition. Let X be a set with topology 7 and let U be subset of X. Then U is said to
be open (with respect to the topology 7 as of course we might have more than one topology

defined on the same set) if U is an element of 7.

Definition. Let X be a set with topology 7. Then a neighborhood of an element x € X

is an open set U such that z € U.

Remark. In general a set X might have more that one topology defined on it, and hence,
whenever we mention that a set is open we should clarify with respect to which topology
it is open. However, for most of the cases, we will be having only one topology 7 on X,

and hence, open will mean 7-open (open with respect to the topology 7).

Definition. Given a set X. The discrete topology on X is defined to be the collection of
all subsets of the set X, i.e., the discrete topology on X is defined by letting every subset of
X be open and X is a discrete topological space if it is equipped with its discrete topology.
On the other hand, X is a non-discrete topological space if it is equipped with a topology

that is not discrete.



Definition. Let X be a set, a basis for a topology on X is a collection (8 of subsets of X
(called basis elements) such that:

(1) Vxe X 3 Befsuchthat z e B,

(2) If xe By () Bzthend Bssuch thatzeBs C B[ Bs.

Remark. Given a basis 3, we can define a topology 7 on X as follows:
The subset U is open in X if VxeU dBef such that xe B C U (note that the basis
elements themselves are open, i.e., they are elements of 7).

This topology is called the topology generated by (.

Lemma 1.1.1. Let X be any set, and let 5 be a basis for this topology. Then any open set

U in the topology generated by B can be written as union of some elements from (3.

Proof. Let U be an open set in this topology, then, Vx e U 4 B, such that x ¢ B, C Uwhich
implies x € U“UBm, therefore U C U“UBE. Now, since we have B, C U for each x,

then

U= UBm.

zelU
]
Definition. Let X and Y be two topological spaces, then a function f: X — Y is said to

be continuous if V open set V C Y we have f~!(V) is open in X.

Lemma 1.1.2. Let X and Y be topological spaces, then the function f : X — Y s
continuous if and only if YV x e X and each neighborhood V' of f(x)3 a neighborhood U of x
such that f(U) C V.

Proof. Let f: X — Y be continuous and let z be in X and let V' be an open set containing
f(x) in Y, now since f is continuous f~1(V) is open in X and we know from set theory
that f(f~%(V)) C V so let’s take our U to be the open set f~!(V) and then we are done.

Now suppose that Vz e X and each neighborhood V' of f(z)3 a neighborhood U of x such

3



that f(U) C V. We claim that if V is open then f~(V) is open as well. Let V be an
open set in Y then Vze f~1(V)3 U, open and containing x such that f(U,) € V. This
implies that f~1(f(U,)) € f~1(V). But we know from set theory that U, C f~!(f(U,))
or U, C f~4V) and this is true for each x, and it is obvious that f=1(V) C Uf(m)evUr-
This implies that f~1(V) = Uf(m)eV U, where each of those U, is open and so their union
and so f~1(V). O

Definition. A set GG is a topological group if GG is a group that is equipped with a topology
that makes the following functions continuous:

(1) f: G x G — G by f(a,b) = ab,

(2) 9:G— Gbygla)=a'.

It is not hard to see the following two remarks from the previous definition:
(1) Given a,be G and given V an open set that contains ab, then 3U; , U, open such that
(U1,Uy) = UhUs = {uqug | w1 €Uy, uge Uy} C V|
(2) If ae G and if V is any open set containing a~!, then 3U open containing a such that

g(U)=U"' t={ut|uelU} C V.

Definition. A metric d on a set is a function d : X x X — R such that:
(1) d(x,y) > 0 with equality if and only if x =y,

(2) d(z,y) = d(y, x),

(3) d(x,2) < d(x,y) + d(y, 2),

and that isV x,y,z € X.

Definition. The ¢ — ball centered at x with respect to the metric d is defined by:
By(z,e) ={y € X such that d(z,y) < €}.

Now, we can define a topology 7 on X by taking our basis to be the set of all € —ball’s,
ie.,

B ={Bi(x,€) such thate >0,z € X}.

4



Therefore, U C X is a 7-open set if and only if U can be written as a union of elements
in 4. And since we are almost always dealing with the same metric on the set, there is no

need to mention d all the time, we can just refer to the e — ball centered at x by B (x,¢€) or

B ().

Definition. Suppose that 7 and 7 are two topologies on a given set X. If 7 C 7, we
say that 7 is finer than 7; if 7 contains 7 properly, we say that 7 is strictly finer than
7. We also say that 7 is coarser that 7, or strictly coarser that 7, in these two respective

situations. We say that 7 is comparable with 7 if 7 C 7 or 7 C 7.

Definition. Let X be a topological space and let K C X. Then K is said to be compact
if every open cover containing K has a finite subcover that contains K. FExplicitly, this

means that for every arbitrary collection:

{Ua}aeA
of open subsets of X such that
K c U,
acA
there is a finite subset J of A such that
KclJu
icJ

1.2 SOME ABSTRACT ALGEBRA
In this section we shall introduce some abstract algebra background to understand

what we will do on the next chapter. This material is from [2] and [4].

Definition. Let G be a group. A subgroup N of G is said to be normal if Vg € G, we have
g 'NgeN.



Definition. An action of G on a set X is a mapping a : G x X — X that is compatible
with the group laws, in the sense that:

(1) algh, z) = alg, a(h, 7)),
(2) a(e,x) =z, for all g,h € G and = € X, where e is the identity element of G.

Definition. Let G be a group acting on a set X. Let x € X be given, we define the
stabilizer of x in G by:
G, ={9€G|gr=ux}.

Definition. Let G be a group acting on a set X, and suppose x € X. Then, z is said to

be invariant by H C G if H C G, i.e., if
alh,z)=2 VheHCAG.
Definition. Let G be a group acting on a set X, then the set X% is defined to be:
XC={zeX | gr=u1 Vge G}

Definition. Let H;, Hy be subgroups of a group G. For g € GG. Define the double coset
by:
ngHg = {hlghg | hi € Hi hy € Hg}

Lemma 1.2.1. Let Hy, Hy be subgroups of a given group G. And let g, ¢ € G, then
HygH, = Hig' H, if and only if g € Hig Ho>.

Proof. As Hy, Hy are subgroups, we have e € Hy and e € Hy. Then, g = ege € HigHy =
H,g H,. Conversely, suppose that g € Hi;g Hy. This implies ¢ = hi1g'hy where h; €
Hi, hy € Hy. Now, let © € HygH,, then « = h\gh, where h, € Hy h, € H,. Hence,
T = h;gh; = h;hlg/hgh; where hllhl € H, and hghl2 € H, (since Hy; and H, are subgroups).

Therefore, z € Hig Hy. As x is arbitrary, we have

HygH, C Hyg H,.



Now, the other inclusion is satisfied by symmetry. Hence
Hig Hy, C HigHs,

SO

HygHy = Hyg Hy.

O

Definition. Let H, H, subgroups of a given group G, then the set of all double cosets is
defined to be the set
H1 \G/Hg = {ngHg | g € G}

Lemma 1.2.2. Let Hy, Hy subgroups of a given group G, and let g, g € G, then

HigHy (\Hig'Hy =0 or HigHz = Hig Hy.

Proof. Assume that HygH> ﬂng/Hg # (), then 32 = highy = hllg/hlz. Hence,
hi'hig hohy' = g ie., g € Hyg Hy. Therefore, by lemma 1.2.1, we have HigH, =
Hyg H,. O

One of the obvious results of this lemma is that the group G is equal to a disjoint

union of elements from H; \ G/Hs.



CHAPTER 2
ABSOLUTE VALUE ON A FIELD AND P-ADIC NUMBERS

2.1 ABSOLUTE VALUES ON A FIELD
Definition. Let F be any field. Then an absolute value on F is a non-negative function | |

such that:

(1) |z| = 0 if and only if x = 0,
(2) lzyl = |=llyl .V, y €T,

3) |z +y| <l|z|+|y|,Vx, yeF.

Remark. If an absolute value satisfies the additional condition |z +y| <max(|z|, |y|), then

it is called a non-archimedean absolute value.

Definition. The trivial absolute value on any field F is defined by the following:

|fE | trivial —

Lemma 2.1.1. Let F be a field. Then |1] = 1.

Proof. |1| = |1.1] = |1].|1], and since 1 # 0, |1| # 0. By dividing both of the sides by |1|

we have |1| = 1. O
Lemma 2.1.2. Let F be a finite field, then if a # 0, a€F, then a™ = 1 for some neN.

Proof. Let F be finite field, and let a # 0, a ¢ F then consider the sequence a, a?, a®, ..., da’, ...
we must have a' = a/ for some i # j (without loss of generality say ¢ > j) since otherwise
this sequence will be infinite. Now, we have a’ = a’ for some i > j and since any nonzero
element has an inverse, then we have a'~/ = 1. Now, take n =i — j. Then we have a™ = 1

and we are done. O



Lemma 2.1.3. The only possible absolute value on a finite field F is the trivial one.

Proof. Let F be a finite field. Let || be an absolute value on F. We should prove that|| is
the trivial absolute value. First note that |0] = 0 since || is an absolute value. Let a # 0 be
in F. Then by the previous lemma, we have a” = 1 for some neN. Now, by lemma 2.1.1,
we have [1| = 1. Therefore, we have 1 = |1| = |a"| = |a.a....a| n — times = |a|™ and hence
we have |a|® = 1. Since || is non-negative, then the only possible solution for |a|” =1 is

la] = 1. Because a is arbitrary, we have

|a | trivial —

which is the trivial absolute value. O

Definition. Let Q be the field of rational numbers, let z ¢ Q and define the infinity abso-

lute value by the following:

|0 =
—x, x<0.
Fix a prime p. We will introduce a new type of absolute value on @Q which is called
the p absolute value and we denote it by ||,. Given a nonzero a € Q, we can write a as

a = p*™ where m,n,k € Z, n # 0 and p doesn’t divide mn. Then, |a|, = p* and |0], = 0.
Lemma 2.1.4. Fiz a prime p. Then ||, on Q is an absolute value.

Proof. (1) We have |0] = 0 by definition. Conversely, 0 is the only element with |0] = 0
since if any other nonzero = € Q satisfies |x|, = 0 then p' = 0 for some i € Z which is not
possible.

2) Let z,y be elements of Q, then z = p'™ and y = p’ ™2 where my, ma, 11, N2, 4, j € Q and
ni n2



p doesn’t divide mimaning. Then, zy = p**7 721;”22 and hence |xy|, = p~*) = p~ip7 =

|5l ylp-

(3) Let z,y be elements of Q. Then, x = p””1 and y = p’ 2 where mq, mo,ny,n9,2,7 € Q
and p doesn’t divide mymaning. Now, if i = j then we have |z + y|, = |p’ |;,,||mn2 |p-|mang +
nima|,. Now, ming +ni1ms is an element of Z and so ming +nimse = pFm where k > 0 and
ged(m, p) = 1, therefore, |miny + nima|, = p~* and hence |z + y|, = |p’ |;,,||mn2 |p-|mang +
nimal, = p~ip™" < p~ = |z|,. Now, if i # j, then without loss of generality say i < j
(which is equivalent to saying |z|, > |y|,) and then |z+y]|, = [p’ |;,,||n1n2 |p-ming+nimop’ ™,
where |ming + nlmgpj‘ﬂp = 1, since otherwise, we will have p divides miny + nymeop’
and so p divides miny which is not possible. Therefore, |z + y|, = |pi|p||7;72|p.|m1n2 +

nimep’ !, = p. 1.1 = p7t = |x],. O

Remark. Part 3 proves that ||, is a non-archimedean absolute value as well. In particular,
it proves that if z, y € Q such that |z|, > |y|,, then |z + y|, = |z|,. In other words, the

stronger wins.

Definition. The numbers 2,3,5,7,11,... are called finite primes and oo is called the infinite

prime.

Theorem 2.1.5. Let x € Q be a nonzero element, then

H|I|v = 17

v

where the product is taken over all the finite and the infinite primes.

Proof. Let x be a nonzero element in Q. If x is positive, then v = = with ged(m,n) = 1.
Then, from number theory we can write m = p{'p5?...pj" and n = q1 q2 . q,f’“ where p;’s

and ¢;’s are finite primes and the o’s and the (3’s are positive integers. Then, we have

oyt
- 9
@2 .q)

10



or

O
x = pps? . pitgn gy gy

o = ¢7 and |z|, = 1 provided that p doesn’t divide mn. Since

and then |z|,, = p; “, |z

x >0, we have |z|, = x. Therefore,
-1, —a —ay B B2 Bk 1
H [zlp = pr M Py M gt = P
Allfinite primesp
and || = x as & > 0. This implies that

I =

v such that v is prime

.x = 1.

SHE

If x < 0, then —z > 0. Now, for each prime p, the highest power of p that divided z
is the same as the highest power of p that divides —z (if z = _n—”flp7 then —x = f—fp’)
Hence, for any prime p, we have |z|, = | — z|,. Now, as —z € N, we can write it as

B2

—x = ppst. it Py ...qk_ﬁ’“, where p;’s and ¢;’s are finite primes and the a’s and the

(’s are positive integers. Hence,

1
—a1, — - B B
H ||, = H | =l =P '™y QZQI61Q22---qkk -
All finite primesp Allfinite primes p
Now, as = < 0, then we have |z|, = —z. This implies that

11 |:c|v=_%.—z:1.

v such that v is prime

Example 2.1.1. Finding a sequence that converges to zero in the 7-adic.

Take

T, =T",

then

|£L’n|7 =7"—=0.

11



Example 2.1.2. Finding a sequence that converges to 32 in the 7-adic.
We want |z, — 32|; — 0. Hence, a smart choice of z, will do it. Choose x,, = 32(7" + 1)

and then
|z, — 32|7 = [32.7" 4+ 32 — 32|, = [32.7"|; = [32]7|]T"|; = 1.77" — 0.

The previous two examples are taken from [2].

2.2 COMPLETION AND P-ADIC NUMBERS

Once one has an absolute value on a field F, one has a metric d(z,y) = |z — y|..
Hence, one may start thinking of convergence of sequences. Considering this, the notion of
a Cauchy sequence arise, these are the sequences were their terms are getting "closer and
closer" to each others with respect to a given absolute value. The process of extending the
field so that every Cauchy sequence converge is called completion of the field. The material

in the section is taken from [6].

Definition. Let [ be a field, and let x,, with n € N be a sequence in [, then this sequence

is called Cauchy sequence provided that

Ve >0 dk € Nsuch thatVm, n > k we have |z, — x| < €.

In other words, that means as n gets larger, the sequence terms get closer and closer to

each other with respect to the absolute value defined on that field.

Definition. The field F is called complete if every cauchy sequence converges to an element

in the field.
Lemma 2.2.1. The field of rational numbers with the p absolute value is not complete.

Proof. We know from number theory that for each ¢ € N, there is a natural number n;

such that 6 = n? mod 5'. Now, define the sequence z; := n; and assume for the sake

12



of contradiction that z; — x € Q in the 5-absolute value, and then we have |6 — z?%|5 =
lim; o |6 — n?|5. Since 5° divides 6 — n? for each i € N, then |6 — n?| <57 — 0 for each i

in N. Hence, |6 — 2|5 = 0 or 6 = 2% a contradiction as z € Q. O

Definition. Let F be field with an absolute value | | defined on it. The following process
is defined to be the completion of the field F with respect to the given absolute value | |.
Let X be the set of all Cauchy sequences in the field F. Define a relation R on X by the
following:

xn Ry, if and only if lim |z, — y,| = 0.

Now, let M denote the set of all these equivalence classes arising from the relation R where
the equivalence of a sequence x,, € F is denoted by [z,]. Then, M is the completion of
the field F and the original elements a € F, can be realized in M as the equivalence class
represented by the constant sequence a, a, a, ... . In the new field M, addition, subtraction

and multiplication are defined as following
[£n] + [yn] = [2n + yn],

(0] — [yn] = [Tn — yn),
() [Yn] = [T0-Yn),

for all Cauchy sequences x,,y, € F. Now, let z, be a nonzero Cauchy sequence in I, then

division is defined as following
1/[z] = [1/ 2],

here we should be a little aware as even if the sequence z, is non-zero, some of its terms
might still be zeros, however, any non-zero Cauchy sequence is related (under the previous
relation) to some Cauchy sequence where none of its terms is zero, hence z, can be replaced

with a representative with no zero terms.

Remark. The completion of the field Q with respect to | |« is the field of real number R.

13



Definition. The field Q, is defined to be the field resulted from completing the field Q

with respect to the p-absolute value | |,.

Definition. The set Z, is defined to be the set of all elements of the form:

Zp,={r€Q, | |z|, <1}

Remark. Note that the elements in QQ, are represented by sequences, and then, when
we say that an element z,, of Q, satisfies |z,|, < 1 we mean by that 3 & € N such that

|z,], < 1 for all n > k.

Lemma 2.2.2. The set Z, is actually an integral domain, and each element contains a

unique Cauchy sequence of the form:

Z aipi = (Z aipi)fzozu
i=0 i=0

where a; € {0,1,2,....,p — 1}. FEach element of the field Q, contains a unique Cauchy

sequence of the form.:

Z aipi = (Z aipi)fzozu

i=—k i=—k
with k € N,a; € {0,1,2,...,p — 1}.

Remark. From the previous lemma we can see that if x € Q, such that x = Y o= , a;p’

with k € N,a; € {0,1,2,...,p — 1}, then the p-absolute value of this element is |z|, = p~¢
where a4 is the first nonzero term in the sum (d might be positive or negative). Hence, if
x € Z, such that © = "2, a;p’, with a; € {0,1,2,...,p — 1}, then |z|, = 1 if and only if

agp 7é 0.
Lemma 2.2.3. Define the set pZ, by:
pZy =A{pr | x € Zp}.

Then we have

pZ, = {x € Z, suchthat |z|, < 1}.

14



Proof. Let x € pZ,. Then x = py, where y € Z, which implies |z|, = |pyl, = |plplyl, <
%.1 < 1. Conversely, let © € Z, such that |z|, < 1, then the possibilities for the absolute

value are -, =, ..—..., hence, x = 7% a;p’ with ag = 0 (since otherwise |z], = 1),

1

p’p
Now, let j be the first index where a; # 0, then z = a;p’ + a;p’™' + ..., where j > 1.
Therefore, © = p(a;p"~' + aj1p’ + ...), where |a;p7 " + ajp’ + ..., = p'™7 < 1. Thus,
y = a;p" ' + aj1p’ + ... € Z, which implies z = py, where y € Z,. We conclude that

T € ply. O
Lemma 2.2.4. The units in Z, are
Ly ={x €Ly | |z[, = 1}.

Proof. Let x € Z, such that 7! € Z,, then 1 = |1], = |zz~!|, = |z|p|x™|,. Therefore,

1

|z, = ——. Now, since both z and x~! are in Z,, we have |z|, < 1 and |z7!, < 1 or

1
|z|p
|z, < 1 and ﬁ < 1 and hence |z|, < 1 and |z|, > 1 which can’t be true unless |z|, = 1.
Conversely, let € Z, be such that |z|, = 1. Now, we have z € Q, which is a field and
so Jy € Q, such that zy = 1. Then, 1 = |1|, = |zy|, = |z|,|lyl, = 1.ly|, = |y|, and so

lyl, = 1 < 1. This implies that y € Z,, hence x is a unit in Z,. O

Lemma 2.2.5. Any nonzero element x € Z, can be written as v = ply, where y € 7y,

and d is a non-negative integer.

Proof. Let x be a nonzero element of Z,. Then, x = Y ;= a;p', where a; € {0,1,2,...,p—1}.
Let d be the least non-negative integer such that a; # 0 ( such a number exists as x # 0
). Then, z = p?(ag +ad+ 1p + ...). Now, as aq # 0, we have x € Z) which completes the

proof. O

Lemma 2.2.6. We have the inclusion

15



Proof. We have to show that p* L, C pk? Z,, whenever k; > k, are nonnegative integers. Let
x € p"7Z,, then, x = p"a where a € Z,. Hence, x = pF2pF1=*2q, where p"~*2q € Z,(since

ki1 > ke and a € Z,) which completes the proof. O
Lemma 2.2.7. Let I be an ideal of Z,. Then

I =p'Z,,
where d is a nonnegative integer.

Proof. Let I be an ideal of Z,. By lemma 2.2.5, for each nonzero element x of I, x can be
written as z = p?y, where y € Z, , and d is a non-negative integer. Let a = p?b, where b is
a unit, be an element of I with the minimum non-negative integer d. Now, as I is an ideal
and b is a unit, we have

12 aZ, = p'bZy, = p'Zy,
Conversely, let y € I, then, y = p'c, where [ > d and c is a unit. Then, by previous lemma,
we have y = plc € p'Z, C p?Z, . Hence, y € p?Z, which completes the proof. O

Corollary 2.2.8. The unique mazimal ideal in Z, is m = p.Z,.

Proof. As any ideal I in Z, is of the form I = p?Z,, and as we have the inclusion Z, 2

pZy 2 p*Z,... , one can easily see that the unique maximal ideal is T = p.Z,,. O

Remark. We have
Zy = 7 | JpZ,.

Example 2.2.1. Fix a prime p. Then ﬁ is an element of Z,. Note that

1 2
=14 p+pi ...
L—p
Hence, 1%, is an element of Z,,.
P
Example 2.2.2. Fix a prime p. Then —1 is an element of Z,. Note that
“l=p-D+@-Dp+@@-1p"+.. .

Therefore —1 is an element of Z,.
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2.3 TOPOLOGY OF Qp

As a field with an absolute value forms a metric space, we can talk about the topology
of this field. Particularly, we have an absolute value on the field Q,, and then we can
consider the topological properties for Q,. In particular, the open balls in @, are defined
to be:

B(a) ={r € Q, : |z —al < €}.

Similarly, the closed balls are defined to be:
Ba)={r€Q,:|r—al <e}.
The material in this section is taken from [2].

Remark. As we have |z —y|, = p* provided z,y € Q,, then, it is enough to consider these

balls of the form B,k (a), where k € Z, a € Q.

Lemma 2.3.1. Let Q, be the field of p-adic fractions, and let § = {Bpr(x) : x € Q,andk €
Z} be the collection of all balls in Q, then:

(1) If b € Br(a) then Byr(a) = B, (b),

(2) All the balls in [ are open and closed at the same time,

(8) Two elements in the collection [3 intersect if and only if one of them contains the other.
Proof. (1) If b € Byi(a) then |a — b|, < p*. Let « € B,x(a), hence |z — al, < p*. Now
@ —bl, = |z — a+a—bl, < max(jz - al,, [a — b],) < p",

therefore z € B, (b). For the other inclusion, let x € B (b), hence |z — b|, < p*. Which
implies that
@ —al, = |z —b+b—al, < max(|z —bl,, [b—al,) <p",
and so x € Bpi(a).
(2) This actually comes from the fact that the absolute value on Q, takes discrete values,

in other words, if z € Q, such that |z|, < p*, then |z|, < p"'. Now, Bu(a) = {z €
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Q, such that |z — a|, < p*} = {x € Q,such that |z — al, < pF~1}.
(3) Let Bk (a)() By (b) # 0. In other words, dc € By (a) () By (b). Without loss of

generality, assume that k; > ko, then by (1) we have
Bpkl (a) — Bpkl (C),

and
Bpkz (b) = Bpkz (C),
hence,

B ko (a) =B ko (C) Q Bpkl (C) =B k1 (b)

p p p

The other inclusion is obvious as if there is two non-empty set such that one of them

contains the other then they do intersect. O

Now, lets consider the collection
B = {B,-»(x)such that z € Q,andn € N},

we claim that this collection is a actually a basis for a topology on the field Q,, and that
is obvious, since
(1) Vz € Q, we have x € B,—«(x)Vn € N,

(2) If x € B,-n1(y) () B,-n2(2) then by previous lemma we have
By (y) = By (2)

p

and

Now, take n > max(ny, ny), then

2 € Byn(x) € By () (| Byra (2) = By (y) [ | Bypra(2)
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The topology on Q, is the topology induced by this basis, and so the set U is open in Q,

if and only if U is equal to a union of some elements in (.

Lemma 2.3.2. Let a be an element of Q, and n € N, then
Bya-w(a) = a+ p"Zy.

Proof. v € a+p"Z, <= x —a € p"Z,
|z —al, <p™

|z —al, <p™

€ Bp(fnm(a).

Hence,

B,a-n (@) =a+p"Z,.

Lemma 2.3.3. The ball B,a-n (1) = 1+ p"Z, is a subgroup of Zy.

Proof. Let’s first prove that 1 + p"Z, is closed under multiplication. Let x,y € 1 + p"Z,,

which implies that x = 1 + p"m; and y = 1 + p"mg, where m;, mg € Z,. Then,

xy = 14p"(mi+ ma)+ p"p "mims

= 1+p"(my+me+p'mims)

where my +mg + p"mims is in Z, (since each single term is, and Z, is an integral domain).

Now, let z = my + mgy + p"myms, then

ry=1+p"z,
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where z € Z,. Therefore, zy € 1+ p"Z,. Now, w € 1 4+ p"Z, if and only if w =1+ p"m,

where m € Z, if and only if

SN

14+ p™"m

14+ p"m —p*m
14 p"m
p"(=m)
1+p'm

= 1+

We want to show that{—5t— € Z,. We have [Z5[, = | — mlp|mm

1+p m |p> but |1+p | =1 as

1+p”m

|1+ p"m| = 1. Hence, |{5-[p = | — m[, = |m|, <1 as m € Z,. Therefore € Zy

>1+n

€ ZLy. Thus, w™? € ZLy. O

which implies that 1+ p" =5
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CHAPTER 3
ACTION OF GL(2,Qp) ON V(x1, x2)

3.1 CHARACTERS OF Q3

Definition. Let G be a topological group, then a quasi character is a continuous homo-

morphism from G to C*.

Definition. Let G be a topological group, then a character is a continuous homomorphism

from G to S' = {z € Csuch that |z|. = 1}.

Remark. Given z = a + bi € C, then |z|. is defined by
|2]e i= Va2 + b2

Theorem 3.1.1. Let pu: Q5 — C be a quasi character, then 3n € N such that
p(1+p"Zy) = 1.

Proof. First note that u(1) # 0 since p(1) € C*. Now, we have u(1) = u(1.1) = p(1)p(1)
and so u(1) = 1. Now, (1) = 1 and p is continuous (since it is a quasi character). Let V
be a neighborhood of 1, then by the continuity of u, there exists an open set U containing
1 such that p(U) €V € C*. Now, since U is open, we have U = | J,.; B, (a;) for some
n;s € Nand a;s € Q, and as 1 € U, then 1 € By, (a;) € U for some 7 € I. By lemma

2.3.1 , we know that since 1 € Bi-n(a), then
Bplfni (1) - Bplfni (a)

Now, we know by previous lemma that B,1-»,(1) is a subgroup and we know that j is a
homomorphism. Hence, p (B,i-n; (1)) C V is a subgroup as well. Assume for the sake of
contradiction that there is some u € i (B,i-», (1)) such that u # 1. We can choose the open

set V to be very small from the beginning so that some powers of any nontrivial element
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in V' will go out of V| which contradicts the fact that (Bplfni(l)) is a subgroup. Hence,
t (Bpr-n; (1)) = 1. But
B a-ny(l) =1+ p"Z,,

P

and so

p(L+p"Zy) = 1.

Remark. From lemma 2.2.6, we have
Zy 2 pZy D p*Zp.... ,

and hence

1+Z, 21+ pZ, 21+ p*Z,.... ,

S0, it is reasonable to define the least integer n € N such that
p(1+p"Z,) = 1.

Let’s first note that 1+ Z, = Z,. Then, if u|z,—{oy) is trivial then p(p™) = 1 for all positive
integers n. Now, if 2 € QX then |z, = p* where k € Z. Let m > |k|, then p™ and y := p™x
are elements of Z,. Then we have 1 = u(y) = pu(pmz) = p(P™)u(z) = Lu(z) = p(x).

Hence, if pt|(z,—f03) = 1 then p is trivial.

Definition. Let y be a quasi character. Then the conductor of u, denoted by cond(u) is
defined to be zero if ,u|Z§ is trivial. Otherwise, it is defined to be the least element n € N
such that

nw(1+p"Z,) = 1.

Corollary 3.1.2. Let 1, po be quasi characters. Then there exists n € N such that

(14 p"Zy) = po(1 + p"Zy) = 1.
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Proof. First, if pu1, po are both trivial on Z) then Vn € N we have
(1 +p"Zp) = pa(1+ p"Zy) = 1.

Now assume that one of the quasi characters is non-trivial on Z; and the other is

trivial on Z,

say ,u1|Z; # 1 but ,u1|Z; = 1. Let n; € N denote the conductor of yy, then
,u1|1+pnlzp = 1and as 1 +p"Z, C Z; then /,L2|1+pnlzp = 1. Hence Let uy, pus be quasi

characters. Then there exists n € N such that
pa(1+p"Zy) = po(1+p"Zy) = 1.

Now assume that both of the quasi characters p1, 2 are non-trivial on Z; and let ny,ng
be the conductors of pi, po respectively. Then (14 p™Z,) = 1 and ps(1 + p™7Z,) = 1.

Choose n = max(n,ng). Therefore, by lemma 2.2.6, we have
1+p"Z, C1+p"7Zy,

and

1+p"Z, C1+p™Z,.

Hence p1(1 4 p"Zy) = x1(1 + p™Zy)=1, and po(1 + p"Zy) = po(1 + p™Zy) = 1. O

3.2 STUDY OF GL(2,Qp) AND ITS TOPOLOGY

As we have a topology on Q,, We can define a topology on the set GL(2,Q,) which
is the set of all invertible matrices over Q,. Indeed, the topology of GL(2,Q,) will be
very similar to the one of Q,, in other words, GL(2,Q,) will inherit the structure of the
topological group Q,. And then, most of the topological properties that we have in Q,,
will be satisfied on GL(2,Q,).

Definition. Let R be a commutative ring with unity, then we define

a b
GL(2,R) to be the set of all elements A = with a,b,c,d € R, such that

c d

there exists a 2 x 2 matrix B with entries from R satisfying AB = I.
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Definition. Let R be a commutative ring with unity and let A = be a matrix
over R. Then, the determinant of A is defined to be
det(A) = ad — be.

Lemma 3.2.1. Let R be a commutative ring with unity and let A, B be any 2 X 2 matrices

over a R, then

det(AB) = det(A)det(B).

a b e f ae+bg af + bh
Proof. Let A = , B = . Then, AB = . Hence,

c d g h ce+dg cf +dh
det(AB) = (ae+ bg)(cf + dh) — (ce + dg)(af + bh) = aecf + aedh + bgcf + bgdh — a fce —

afdg — bhce — bhdg = ad(eh — fg) — cb(eh — fg) = (eh — fg)(ad — cb) = det(A)det(B). O
Lemma 3.2.2. Let R be a commutative ring with unity, then

a b
GL(2,R) = with a,b,c,d € R and ad — bc € R*

c d
Proof. Suppose that A € GL(2,Q,), then by definition, 3 a 2 x 2 matrix B over R such
that AB = I. Now, from the previous lemma we have det(A)det(B) = det(l) = 1. Hence,

det(A), det(B) are both units.

a b
Conversely, let A € witha,b,c,d € R and ad — bc € R* ;. First we show that

c d

= b < d_ ¢ R. Now, since ad — cb € R*, we have

ad—cb’ ad—cb’ ad—cb’ ad—cb

1

——— € R and since R

a b c d
ad—cb’ ad—cb’ ad—cb’ ad—cb

is a ring, each of € R. Now, it is easy to check that the matrix
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d __b
B=| “= 1 satisfies AB = I. This implies that A € GL(2, R). Hence,
_adicb adicb

a b
witha,b,c,d € R and ad —bc € R* » C GL(2, R).

c d

Then, we conclude that

GL(2,R) = with a,b,¢,d € Rand ad — bc € R*

Remark. In particular, we have

a b
GL(2,Z,) = suchthat a,b,c,d € Z,and ad — cb € Z; ¢ ,
c d
and we have
a b
GL(2,Q,) = suchthat a,b,c,d € Q,and ad — cb € Q, orad —cb # 0
c d
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Lets now define some sets that are important for our work:

) -
a b
(1) B(Q,) = such that a,d € Q,,b € Q,
0 d
\ .
Pl E
a b a b
(2) K(p™) = such that = I mod(p"™)
c d c d
\ L m
= -
a b
(3) B(Zy) = such that a,d € Z;,b € Z,
0 d
\ L .

It is easy to check that all the previous subsets are actually subgroups of GL(2,Q,).

Now, we want to define a metric d on

a b
GL(2,Q,) = with a,b,¢,d € Rand ad — bc € R*

c d

Define d : GL(2,Q,) x GL(2,Q,) — R by the following :

aq bl a9 bg
d ; = max(|ar — azlp, [b1 — bafp, [c1 — c2fp, |di — dap).

a dy cy dy
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1 T2

Let z = € GL(2,Q,), then
T3 X4
. -
xr1 T2 Y1 Y2 T1 T2 Y1 Y2
B, = € GL(2,Q,) such that d( , ) <e€
T3 T4 \ Ys Ya T3 T4 Ys Ya
p= :
Y1 Yo
= € GL(2,Q,) such that maxi<;<4(|z; — vilp) < €
Y3z Ya
\ L .
p :
Y1 Y2 .
= € GL(2,Q,) such that V1 <i <4 |z; —y|, <e€
Y3z Ya
\ L .
p :
Y1 Y2 .
= € GL(2,Q,) such that V1 <i <4 y; € B(x;)
Ys Ya

Now, since the only possible results from the absolute values are p* for some k € Z. It is

enough to consider the balls B, o such that k € Z. Furthermore, it is easy
T3 X4
to check that the collection
Ty X2 Ty X2
B =1 By such that n € N and € GL(2,Q,) ¢,
T3 X4 T3 T4

is a basis and then, the topology on GL(2,Q,) is the topology generated by these basis,
i.e., the set U C GL(2,Q,) is open if and only if it can be written as union of elements

from S.
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Lemma 3.2.3. Let n € N, then

Bpi-n(I2) = K(p").

Proof.
- -
a b a b
K(p") = € GL(2,7Z,) such that = [, mod(p")
c d c d
\ L .
( 7] 3
a b a—1=Fkp",d—1=kyp", c=kyp",
= € GL(2,7Z,) such that
c d b = ksp™ where k; € Z,
TR :
a b
= € GL(2,Zp) such that |a— 1y, [d—1], <p™", |b]p, |c[, <p™"
c d
\ L . Vs
i :
a b
= € GL(2,Z,) such that |a — 1, |[d = 1], <p'™", [b]p, ], < p'™"
c d
\ L .
i :
a b
= € GL(2,Z,) such that a,d € Byu-n(1) b,c € Byi-«(0)
c d
\ L .
- Bplfn(lz).

O

After this lemma, it is easy for us to see the relation between the sets K(p™)’s for
different n’s€ N which is

Kip)DK(®*)DK®*) D ... .

Remark. Notice that
Bpfn(lg) — Bplfn(lg) — K(pn)
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Lemma 3.2.4. Let n € N and let A, B be in GL(2,Qp) such that B € B,-n(A), then

a,  as bi by
Proof. Let A = , B= be two matrices in GL(2,Q,). Then, we have
as a4 bz by
ay Gz Y1 Y2
B-n = € GL(2,Q,) such that y; € By-n(a;) V1<i<4
as Qq Yz Ya
by be ay az
Now, since € By , then we have b; € B,-n(a;) V1 < i < 4.
bs by asz a4

Now, by lemma 2.3.1, we conclude that

Therefore,
ay a2 Y1 Y2
B,-n = € GL(2,Q,) such that y; € By-n(b;)) V1 <i<A4
as aq Ys Ya
by by
= Bp,n
by by

O

Lemma 3.2.5. The set GL(2,Q,) is a topological group with respect to the topology T

generated by the basis
1 T2 xr1 T2

B =< Byn( ) such that n € N and e GL(2,Qp)

T3 X4 T3 X4
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Proof. See some reference. O

Lemma 3.2.6. For each open set U containing g € GL(2,Q,), U contains gK(p"™) for

somen € N,

Proof. Since the set GL(2,Q,) is a topological group, then the function

f:GL(2,Q,) x GL(2,Q,) — GL(2,Q,),
by
f(91792) = 0192,

is continuous. Note that f(g,I) = g, and so if U is an open set containing g then 3 Uy, Us
open sets containing g, I respectively such that f(U;,U;) C U or equivalently U;Us; C U.
Now, U, is a union of some balls of the form B,-»(a) for some n's € N and a's € GL(2,Q,).
Since I € U, then I € By-n(a) for some n € N and a € GL(2,Q,). Hence, by lemma 3.2.4,

we have

Now, we have B,-«(I) C U, and g € Uy, therefore gB,--(I) C U;U; = U. But by lemma
3.2.3, we know that

Byn(I) = Byi-n (I) = K(p™*),
therefore gK (p"*t) C U. O
Lemma 3.2.7. The collection

B = {g(Kp™) such that g € GL(2,Q,) and m € N},

1s actually a basis.

Proof. (1) Suppose that g € GL(2,Q,), then obviously, g is contained in gK (p™) Vm € N.

(2) Assume g € g1 K(p™) () g2 K (p™). Without loss of generality, assume that m > n, then,
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since K (p™) and K (p™) are subgroups, we have:

gK (™) = g K(p™),

and

and hence

O

We now have two different topologies on the topological group GL(2,Q,) the one
generated by
3 = {gK(p™) such that g € GL(2,Q,) and m € N},

and the one generated by

1 T2 1 T2

B =1 Byn such that n € N and € GL(2,Q,

X3 T4 xr3 T4

Then it is rational to ask whether these two topologies comparable, and if yes, whether
either of them finer than the other or they are the same. The following lemma will actually

answer this question.

Lemma 3.2.8. The topology T generated by the basis § = {gK(p™) such that g €

GL(2,Q,) and m € N} and the topology T generated by the basis [ =

Tr1 X2 1 T2
By such thatn € N and € GL(2,Q, are actually the

T3 X4 T3 X4

Proof. Let U € 7, then U is a union of some balls of the form B,-»(x) for some 2's €
GL(2,Q,) and some n’s € N. But each of B,-«(x) is a T—open set. Now, according to

lemma 3.2.7, for each g € B,-n(x), B,-n(x) contains gK (p™) for some m, € N. Hence,
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By-n(x) = UgeBp,n(m) gK (p*) for some k’'s € N. Since this is true for all the balls where U
is written as union of, then U itself is a union of some elements of the form gK (p™) for all
¢'s € U and some m's € N. Therefore, U is a 7 —open set, or, U € 7.

Conversely, let gK(p") € 8'. Now, as g € GL(2,Q,) 3¢~ € GL(2,Q,) such that g~'g = I.
Now, as K(p") € 3, then it is open. We know that I € K(p"). As by lemma (3.2.5)
we have that GL(2,Q,) is a topological group with respect to the topology 7 generated

Tr1 X2 1 T2
by the basis 3 = ¢ B, such that n € N and € GL(2,Q, ¢,

T3 X4 T3 X4

then the multiplication is continuous, and so there exists two 7—open sets U, V' containing
g, 9! respectively such that VU € K(p"). Now, as g~1 € V, we have ¢~ 'U C K(p"). This
implies that U C gK(p"). Now, as K(p") is subgroup, then we have h € gK(p") if and
only if hK (p™) = gK(p"). Hence, for each h € gK(p"), we have an open set W containing
h such that W C gK(p™). This implies that g/ (p") can be written as union of 7-open sets
(sets that are open in the topology 7), hence g K (p") is open in 7, i.e., gK(p") € 7. Now,

as every U € 7 is a union of elements of the form gk (p"), then we have U’ € 7. O]
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3.3 LOCALLY CONSTANT FUNCTIONS FROM GL(2,Qp) TO C
Definition. A function f : GL(2,Q,) — C is locally constant if Vg € GL(2,Q,) 3 an open

set U containing g such that:
fu)=f(g) Yuel.

Lemma 3.3.1. A function f : GL(2,Q,) — C is locally constant if and only if Vg €

GL(2,Q,) In € N such that f|yx ) is constant.

Proof. Suppose f: GL(2,Q,) — C is locally constant. Let g € GL(2,Q,), then 3 an open
set U such that ¢ € U and f(u) = f(g9) Yu € U. Now, by lemma 3.2.6, we have that

3 n € N such that gK (p") C U. Therefore, f is constant on gK (p").

Conversely, suppose Vg € GL(2,Q,) 3 n € N such that f|,x(n) is constant. Now, the
set gK (p") is open itself. Therefore, take U := gK(p"), then f|y is constant and hence f

is locally constant. 0
Lemma 3.3.2. The subgroup K(p™) is normal in Z,.

Proof. Consider f: GL(2,Z,) — GL(2,7Z,/p"Z,) defined by the following

F Z;')io a;p' Z;')io bip' Z?:o a;p' Z?:O bip'
Z(i)io cip' Z(i)io dip* Z?:o cip' Z?:O dip'
g 92 g1 92 10
Now, let g = € GL(2,7Z,), then f = if and only if
93 9a 93 ga 01

91,94 = 1 mod(p"),

and

92,93 = 0 mod(p"),
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if and only if

g1 92 .
g= € K(p"),
g3 ga
therefore
ker(f) = K(p"),
and so K (p") is normal in GL(2,7Z,). O

Lemma 3.3.3. The group GL(2,Z,) is compact.
Proof. See [4]. O

Theorem 3.3.4. Let f : GL(2,7Z,) — C be a locally constant function then 3 n € N such

that flgrpn) is constant for all g € GL(2,7Zy).

Proof. Suppose that f : GL(2,Z,) — C is a locally constant function, then by lemma 3.3.1,

Vg e GL(2,Z,) 3 n € Nsuch that f|yxpn is constant. Now, as we have the inclusion
K(p) 2 K(p*) 2 K(p°)... ,

then the n we for each g is not unique ( for example if you get an m such that f|gxm) is

constant then V& > m we have f|,x,» is constant). Hence, given g € GL(2,Z,), let
m = min{n € N such that f|;xn)is constant}.

Now, do the same thing for each ¢ € GL(2,Z,) and then consider the collection of sets
B = {gK(p™) such that ¢ € GL(2,Z,)and m is that minimum m such that
flgxpm)is constant}. Now, obviously, this collection is a cover of GL(2,Z,) and since

GL(2,Z,) is compact, there should be a finite sub-cover, say
glK(pm1)> g2K(pm2)> EREE) glK(pml)
Now, assume without loss of generality that

my = max{my, ma, ..., My},
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then for each i = 1,2, ..., the function f restricted on the coset g;K(p™!) is equal to some

constant ¢;, hence

f|g1K(p’”1) = (1,

f|92K(Pm1) = G2,

f |glK(pm1) = constant = ¢,
but
GL(2,Zp) = 1 K(p™) U g K(p™?)... UglK(pml).

Now, if ¢ € GL(2,Z,) then g € ¢;K(p™) for some i € {1,2,...,1} and since K(p™) is a

subgroup, we have gK (p™) = ¢; K (p™) and then

gK (™) C gK(p™) = g:K(p™),

and so

flgK (™) = ¢;.

3.4 IWASAWA’S THEOREM

Our main concern in this section is to understand and give a detailed proof of Iwa-
sawa’s theorem, which says that given an element g € GL(2,Q,), then g can be decomposed
as, g = bk, such that b € B(Q,) and k € GL(2,Z,), where this decomposition is unique up
to certain conditions. Now, in order to prove this theorem, we have to prove some lemmas

first.
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Lemma 3.4.1. Given u,v € Z,, then 3r,s € Z, such that

g= € GL(2,Z,),

if and only if at least one of u,v € Z,.

ros

Proof. Suppose that g = € GL(2,7Z,) which implies that rv — us € Z), or
u v

equivalently |rv — us|, = 1. Now, 1 = |rv — us|, < max(|rv|,, |us|,). Without loss of

generality, assume that max(|rv|,, |us|,) = |rv|,, then we have |rv|, > 1 or |r|,|v], > 1.

But 1 > |r|, since r € Z,. This implies that |v|, = 1.|v|, > |r|p|v]|, > 1. Since we know
that v € Z,, we get |v|, <1, and so |v|, = 1, which is equivalent to saying that v € Z).
Conversely, suppose (without loss of generality) that v € Z) and u € Z,. We should show

ros
that 3Jr, s € Z, such that € GL(2,7Z,).

u v

As u,v € Zy and v € Z*, we have v~ € ZX C Z,. Choose

r = v '4u, and
s = v,
then
r—us = (v +u)v—uv
= 14w —uwv
= 1,
and hence

rv —usl, = |1], = 1,
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or

X
v —us € Z,,

ros
and so € GL(2,Z,).
u v
U
g1 92
Lemma 3.4.2. If g = € GL(2,Q,) then 3k € GL(2,Z,) such that
93 94

for some a,d € Q5 and b € Q, if and only if Ik € GL(2,Z,) such that the bottom row is

a scalar multiple of the bottom row of g.

g1 9o
Proof. Suppose that g = € GL(2,Q,) and k € GL(2,Z,) such that
g3 9a

a b
9= k,
0 d
a b k‘l k‘g * *
with a,d € Q; and b € Q, . Now, we have g = =
0 d k‘g k‘4 dk‘g dk4

which implies that
(95 91) = (dks dks).

As d € Q), we conclude that
(ks ka) = (d7'gs d'ga).
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g1 92

Conversely, given k € GL(2,Z,) and g € GL(2,Q,) such that g = €
93 94
ki ko
GL(2,Q,) and k = € GL(2,Z,) where a € Q, then
ags Qga
94 —ks
-l — k1ga—gsks  a(kiga—kags)

—9g3 k1
k1ga—gska  a(kiga—kag3)

which implies that
9194=9293
g1 92 /{,‘_1 k1g4a—kag3 *

k19a—kag3

g3 9a 0 a(kigs—kags)

9194—9g29s %
k1g4a—kag3

0 a~t

Note that since k € GL(2,Z,) and g € GL(2,Q,), we have g1g4 — gag3 € Q,

oz(k‘lg4 — k‘ggg) € Z;;, hence « 7é 0, kigs — kogs 7é 0. U
Now, we will state and prove Iwasawa’s theorem.

Theorem 3.4.3. Let g € GL(2,Q,), then da,d € Q) ,b € Q andk € GL(2,7Z,) such that

where this factorization is unique in the following sense if

ai bl as b2
g = kl - k27

0d1 0d2
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where ay, az,dy, dy € Qp ,b1,ba € Q, and ki, ks € GL(2,Z,), then

|a1|p = |a2|p and |d1|p = |d2|p-

g1 9o
Proof. Suppose that g = € GL(2,Q,), hence
g3 94

93|, = p" and |ga|p, = P,

where n, m € Z. Assume without loss of generality that n > m, then

p"gsl, = p"p"

= 1l=p'gs€Z;, C7L,.

P"galp, = p"p

= = p"gs € Zy.

By lemma 3.4.1, as we have p"g3 € Z; and p"g4 € Z,, then 37, s € Z, such that

T S
€ GL(2,7Z,).
P93 P"ga
Take
T S
k= € GL(2,Z,).
P93 P"ga

We have that the bottom row of k is a p™ multiple of the bottom row of g which by the

previous lemma implies that



where a,d € Q) and b € Q.

Now for the uniqueness part, assume that

ai bl as b2
g = kl - k27

0 d1 0 d2
where ay, as, dy,dy € @; ,b1,b2 € Q, and ki, ko € GL(2,7Z,). We should prove that

|a1|p = |a2|p and |d1|p = |d2|p-

We have
ai bl as b2
0 d1 0 d2
This implies that
- -1
aq bl a9 bg
kikyt =
0 d1 0 d2
d —b
. alill aldll az bg
0 |0
al_lag *
= € GL(2,7Z,).
0 di'dy

Therefore, aflag, dl_ldg € Z,, and aflagdfldg € Z;
— |ay asl, < 1, |dida|, < 1, and |ay agd; M da|, = 1
= |a1_1a2|p = |d1d2_1|p-

But since |d;'dy|, < 1, it follows that |didy '], > 1
— 1> oy agly = |drdy |, > 1

= |a1_1a2|p = |d1d2_1|p =1

= |a1|p = |a2|p and |d1|p = |d2|p-
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3.5 THE SPACE V (x1, x2)
Given two quasi characters x1, x2, the space V (1, x2) is defined to be the space of all
locally functions f : GL(2,Q,) — C satisfying some certain condition. In this section, we

will introduce the space V' (x1, x2) and see how its elements look like.

Definition. Fix s1,s9 € C, then the space of functions V,(s1, s2) is defined to be all the

functions f : GL(2,Q,) — C that satisty

a b
f k| = laldl;? f(k)
0 d

where a,d € Q5 ,b€Q, .k € GL(2,Q,).
Lemma 3.5.1. The space V,(s1, s2) is not empty.

Proof. We claim that f° defined by

. a b
f k| =lal|dly,
0 d

where a,d € QF ,b € Q, ,k € GL(2,7Z,), is a well defined function in V,(s1, s2).

Assume

where a1, dy, az,dy € Q),b1,02 € Qp, k1, ke € GL(2,7Z,). Then, by Iwasawa’s theorem, we
have

|a1|p = |a2|p and |d1|p = |d2|p-

Hence,

a3t di]y? = laal) [ daly,
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therefore

O

Let x1 x2 be two quasi characters. Now, we want to generalize the space of functions

V(s1, $2).

Definition. The space of function V' (x1, x2) is defined to be all the locally constant func-
tions f : GL(2,Q,) — C satistying

f k| =xi(a)x2(d)f(k), wherea,dec Q) ,beQ, ke GL(2,Q,).

Remark. One could try to generalize f° above, however, f° here is not well defined.

a b
f° k| = xi(a)xa(d),
0 d

where a,d € Q) ,b € Q, ,k € GL(2,Q,)

f? is not well defined. Note that f° will be well defined if

x1(a1) = xi(az),

and
x2(a1) = x2(az),
whenever |a;|, = |aa|,. In other words, f© will be well defined if x1, x2 send all elements

that have the same absolute value to the same element in C.

Lemma 3.5.2. Let f € V (x1,x2), then 3m € N such that f|,xqm) is constant Vg €
GL(2,Q,).
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Proof. Let f € V (x1,x2). Then f:GL(2,Q,) — C is locally constant and

f k| =xa(a)xa(d) f(k),

where a,d € Q) ,b € Q, ,k € GL(2,Q,). Now, since f is locally constant, then by
lemma 3.3.4, there exists an m € N such that f|yxm) is constant Vg € GL(2,Z,). Now,

from Iwasawa’s theorem, we have that for all ¢ € GL(2,Q,) g can be decomposed as

b
g = ‘ k, where a,d € Q;, b € Q, and k € GL(2,Z,). Now, let k' € K(p™) then
0 d
/ a b / / a b
flgk) = f( kk') = x1(a)x2(d) f(kk) = xa(a)x2(d) f(k) = f( k) = f(g)-
0 d 0 d

Hence, we conclude that
flgrpm)is constant Vg € GL(2,Qy).
O

Lemma 3.5.3. Let f € V(x1,X2), then f is completely determined by its restriction on
GL(2,Zy).

Proof. Let fi, fo € V(x1, x2) such that

S |GL(2,Z,,) = f2|GL(2,Zp)'

We have to show that
fi(g) = fa(9).

Vg e GL(2,Q,). Let g € GL(2,Q,), then by Iwasawa’s theorem, we have g = k,

0
a b
where a,d € Q), d € Q, and k € GL(2,Z,). Now, fi(g) = fi k|l =
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x1(a)xa(d) f1(k) = x1(a)xa(d) f2(k) = fo k| = fag). O
0 d

Lemma 3.5.4. Let x1, x2 be quasi characters and let n = max(cond(x1), cond(xz)). Then,
the formula f defined by

a b xi1(a)xa(d) : ke K(p")
0 d 0 ck & K(p")

gives a well-defined element of V(x1, X2)-

Proof. We should show that f is well defined. Assume

ai bl as b2
g: k‘l g k2)
0 d1 0 d2
which implies that
- -1
aq bl a9 bg
kiky' =
0 d1 0 d2
d —b
_ ﬁ a1d11 a2 bg
KRR
al 1a2 *
= € K(p")
0 di'dy

Hence, aja;' = 1mod(p”) and did;' = 1mod(p™). This implies that aja;’ = 1 + kip”
and did;' = 1+ kop”, where ky, ko € Z,. Therefore, xi1(aiay') = x1(1+ k1p") = 1 and so

x1(aia;') = 1 and as x; is a homomorphism we have 1 = x;(a1a5") = x1(a1)x1(az) ™t =

EEZS, we conclude that yi(a;) = xi1(a2). Similarly, we get x2(d;) = x2(dz2), which com-
pletes the proof. O
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Now, let the group GL(2,Q,) act on the space V (x1, x2), by:

[p(9)-fl(x) = f(zg).

Lets now check that it is an action:

(1) [p(1)-f1(g) = f(gI) = f(9),
(2) [p(k1)[p(k2)-f1](g) = [p(ka) f1(gk1) = f(ghkik2)) = [p(k1k2).f](g).

Remark.
Let m € N. The space V(Xl,xg)K(‘”m) = {f € V(x1,x2) such that [p(k).f](g) =

flgk) = f(g9), Vg € GL(2,Q,)} = {f € V(x1,x2) such that p(k).f = f}. Since we
have K(p) D K(p*) D K(p®) D ..., then it follows that

2
V (x1, x2)*® c V (x1, x2) ¥ c ..
Theorem 3.5.5. We have V (x1,x2) = U, V (xa, Xz)K(pm) .

Proof. Let f e U,V (x1, x2) 5™ then f € V (x1, x2)"" for some n € N, and hence

f €V (x1,x2) and so

V(x1:x2) 2 U V (x1,x2) .

m=1

Let f € V(xi1,x2), then by lemma 3.5.2 3n € N such that f(kg) = f(g9) Vg €
GL(2,Q,), Yk € K(p"). Therefore, f € V(Xl,xg)K(pn) which implies f €

Ur_, v (x1, x2)X®"). This implies that

m=1

and hence



Let ¢ € GL(2,Z,), and let n = max (cond(x1), cond(xz)). For all g € GL(2,Q,), b

a b
Iwasawa’s theorem g can be decomposed as g = k, where a,d € Q) ,c € Qp, k €

0 d
GL(2,Z,). Then, define the mapping f. : GL(2,Q,) — C by

xi1(a)xz(d) g € B(Qp)(K(p")

0 9 ¢ B(Qp)CK(p")

felg) =

Lemma 3.5.6. The function f defined as above is an element of V(x1, x2)-

Proof. Let
ai bl as b2
9= Chy = Cho,
0 d1 0 d2
then
= Chaky ¢
dy
The element kyk; ' € since K (p") is subgroup, and the element ((kyk;)¢™! is an

element of K (p") as well (since K(p™) is normal subgroup in GL(2,Z,) by lemma 3.3.2).
Hence, we have

alaz_l,dldz_l = 1 mod (p"),

thus

alaz_l, d1d2_1 el+ anp.

Therefore, x1(aiay") = 1, and so xi1(a1) = xi(az) and ya(did,') = 1, and so xa(d;) =

x2(dz), we conclude that f is well defined and therefore f; is an element of V'(x1,x2). O

Remark. Consider the set of all double cosets B(Q,)\GL(2,Q,)/K(p™) = {B(Q,)(K(p™)

such that ¢ € GL(2,Q,)}. Note that since we have

B(Q,)CK (p") = B(Q,)EK (") or B(Q)CK (") () BIQ)EK (1) =
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then it is enough to choose one representative ( for each double coset. Furthermore, we
can choose this representative to be from GL(2,Z,) because for each g € GL(2,Q,), by
Iwasawa’s theorem, g can be written as g = ¢r, where ¢ € B(Q,), r € GL(2,7Z,). Then, the
double coset B(Q,)gK (p") = B(Q,)rK(p"). Hence, let & denote a set of representatives
for the set of double cosets B(Q,)\GL(2,Q,)/K(p™), where the elements of & are chosen

to be from GL(2,Z,).

Lemma 3.5.7. Let & be defined as in the previous remark and let n =

mazx (cond (x1) , cond (x2)), then

Ko™ IS| :m>n
dim(V (x1, x2) P ) = )
0 m<n

where || denotes the number of elements in the set .

Proof. Let m > n and let & be defined as in the previous remark, we will prove that the

set { f¢ such that ¢ € J} is a basis for V' (x1, XQ)K(‘”M) and then we are done.

Let f €V (x1,x2)*®"). Define

Let g € GL(2,Qp), then as GL(2,Qp) = Uceq B(Qp)CK (p™) we have g € B(Q,)CK (p™)

a b
for some ( € & Therefore g = Ck where a,d € Q5,b € Q, and k € K(p™).

0 d
Hence, f(g) = x1(a)xa(d)f(Ck) = xi(a)xa(d)f(C)- On the other hand, we have h(g) =

des (&) fe(g). But by definition of f¢

xi(a)xz(d) :§=¢

fe(g) = :
0 E#C
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Now, all the terms in this sum are zeros, except for the term f(()f:(g) =

f(Q)x1(a)xa(d). Hence, h(g) = f({)xi(a)x2(d) = f(g), and as g is arbitrarily chosen
from GL(2,Q,), we have f = h. Now, since f is arbitrarily chosen from V' (Xl,xg)K(‘”m),
that is also true for any f € V (x1, XQ)K(pm), we conclude that the set { f; such that ¢ € S}
is a spanning set for V' (Xl,xg)K(‘”m). Now, we should prove that the set {f; such that
¢ € §} is linearly independent. Let

> ccfe=0.

CES
We should show that ¢, = 0 V¢ € 3. Now, let £ be given and let’s substitute this value
into the sum de% ccfe = 0. Then fe(§) = 0if ¢ # £ It follows that cefe(§) = 0. But we
have fe(§) = fe(LI€) = 1, we conclude that ¢ = 0 and as ¢ is arbitrarily chosen from the
set &, then we have ¢ = 0 for each £ € .
Now, to prove the case where m < n, I want to prove first that given m € N and
fe Vix,x2) ¥ then f(kz) = f(z) for all k € K(p™), = € GL(2,Z,). Let
e Vix,x2) P then f(zk) = f(z) for all k € K(p™), z € GL(2,Q,). Now, let
r € GL(2,Z,), k € K(p™), then f(kx) = f(za"'kz) = f(xz(x 'kx)) = f(z) (since by
lemma 3.3.2 K (p™) is normal in GL(2,Z,) and hence z~'kz € K(p™)). Now, suppose that

m < n, we want to show that V (x1, x2)X®™) = 0. I will split the proof into two cases:

Case(a): If max(nq, n2)=n; then m < n;, and hence there is some a € 1 + p™Z, such that

a 0
x1(a) # 1 and therefore note that € K(p™). Therefore, given f € V(x1, x2)5®™)
0 1
a 0
x1(a)x2(1)f(g) = f( g9) = f(g) for all g € GL(2,Zy), thus x1(a)f(g) = f(g) for
0 1

all g € GL(2,Z,) and xi(a) # 1, hence f(g) = 0 for all g € GL(2,Z,), then for any

a b
g € GL(2,Q,) by Iwasawa’s theorem, we can decompose g as g = g where

0 d
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a b a b
€ B(Qy), g € GL(2,Zp), and then f(g') = f( 9) = xa(a)x2(d) f(g) =
0 d 0 d

x1(a)x2(d).0 = 0. We conclude that f(g) = 0 for all g € GL(2,Q,), and as f is chosen
arbitrarily from V (x1, x2)%®™), then V(x1, x2)5®™ = 0.
Case(b): If max(ni,ng) is ng then m < ny. Hence, there is some a € 1+ p™Z, such that

10

x2(a) # 1 and as a result note that € K(p™), and so given f € V(x1, x2)%®™)
0 a
1 0
x1(Dxa(a)f(g) = f( g) = f(g) for all ¢ € GL(2,Z,). Therefore,
0 a

x2(a)f(g) = f(g) for all ¢ € GL(2,Z,), where x2(a) # 1. So, f(g) = 0 for all

g € GL(2,7Z,) and then for any ¢ € GL(2,Q,) by Iwasawa’s theorem, we can de-

a b a b
compose ¢ as ¢ = g where € B(Qy), g € GL(2,Z,). Then,
0 d 0 d
/ a b
flg) = f( g9) = xi(a)x2(d)f(g) = xi(a)x2(d).0 = 0. We conclude that
0 d

f(g) = 0 for all ¢ € GL(2,Q,) and as f is chosen arbitrarily from V(x1, x2)5®™), we

have V (x1, x2)%®™) = 0. O
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CHAPTER 4
NEWFORMS OF V(x1, x2)

Our main concern in this chapter is to find the newforms V' (x1, x2). Indeed, casselman
tells us how to do that. We will follow his proof to find the newforms of V(x1,x2). The

material in this chapter is taken from [1] and [5].

Definition. If V' is a vector space over the field I, the general linear group of V, written
GL(V) or Aut(V), is the group of all automorphisms of V, i.e., the set of all bijective linear
transformations V' to V, together with functional composition as group operation. If V' has

finite dimension n, then GL(V') and GL(n,F) are isomorphic.

Definition. A representation of a group G on a vector space V over a field K is a group

homomorphism p from G to GL(V'). That is, a representation is a map:
p:G— GL(V),

such that
p(g192) = p(g91)p(g2)-
Here, V is called the representation space, and dimension of V' is called the dimension of

the representation.

Remark. It is common to refer to V itself as the representation if the homomorphism p

is clear from the context.

Definition. Let (p, V') be a representation of G. A subspace W C V' is said to be stable

or G-invariant if p(g)(w) € W Vg € G, Yw € W.

Remark. If we have W C V' which is stable, then (p|,, W) is a representation of G, or, a

sub-representation.
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Definition. A representation V' # 0 of G is said to be irreducible if the only sub-
representations of it are 0 and V. In other words, if V' and 0 are the only stable subspaces

of V.

Definition. The topological field is defined to be a field where the addition, the product

and the inverse functions are continuous.

Definition. Let X be a topological space and let U be an open set, then the closure of the

set U denoted by U, is defined to be the intersection of all closed sets containing U.

Definition. A locally compact field F is a topological field where every element x € F has

a neighborhood U whose closure U’ is compact.

Definition. A local field is a locally compact topological field with respect to a non-discrete

topology.

Theorem 4.0.8. Suppose that F is a local field, then, we can construct an absolute value

on it such that this absolute value induces the topology on FF.

Definition. There are two basic types of local field, those in which the absolute value is
archimedean and those in which it is not. In the first case, one calls the local field an

archimedean local field, in the second case, one calls it a non-archimedean local field.

Definition. Let k be a non-archimedean local field. Then a (complex) admissible repre-
sentation of GL, (k) is a complex vector space V' equipped with an action of GL(n, K) (
which of course means a group homomorphism p : GL(n, k) — GL(V)) such that:

(1) If U € GL(n, k) is an open subgroup then
VU = {v € V such that p(u)(v) = v,Vu € U},

is finite dimensional,

(2) If v € V then
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stab(v) = {u € GL(n, k) such that p(u)(v) = v},
is open subgroup in GL(n, k).

Remark. In the previous definition, there are two relevant fields, the field K where the

matrices are taken over, and the field C where the representation space V' is over.

Definition. Let £ be a local field with an absolute value | |. Then, we define the ring of
integers by

Oy = {x € k such that |z| < 1}.

Definition. Let k£ be locally compact non-archimedean field, a quasi character of k* is

defined to be a continuous homomorphism ¢ : £* — C.

Definition. Let k£ be a locally compact non-archimedean field and let Oy be its ring of

integers and for any ideal b define the the subgroup:

Co(b) = € GLy(O)|ec =0 (mod b)

Definition. A scalar matrix, is a diagonal matrix in which all the diagonal elements are

equal.

Now, we will state Casselman’s theorem.

Theorem 4.0.9. Let k be a non-archimedean local field and let p be irreducible admaissible
infinite dimensional representation of GL(2,k) and let W be the representation space. De-
fine € to be the quasi character of k* such that p = € on the scalar matrices. Let ¢(p) be

the largest ideal of Oy such that the space of vectors:

1s not trivial. Then this space has dimension one.
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Definition. The ideal ¢(p) in the previous theorem is called the conductor of p.
Definition. The elements of the space V(p, ¢(p)), are called newforms.

In this paper, we are interested in the special case where we have, k = Q,, Oy = Z,,

and the representation space is W = V' (x1, x2), with the representation map p is

p: GLy(Q,) — GL(V (x1, x2))

by
p(g)(f(z)) = f(zg).

Note that from lemma 2.2.7, as ¢(p) is an ideal in Z,, then we have we ¢(p) = p*Z, for

some k € Z.

Remark. Now, since we have the inclusion Z, D pZ, D p?Z, D ... then saying that the
conductor ¢(p) = p*Z, is the largest ideal such that V(p,p*Z,) # 0 is equivalent to saying
that k is the smallest integer where the space V(p,p*Z,) # 0, and so from now and on,
I will be denoting the space V(p,c(p)) = V(p, p*Z,) simply by V(p,k). In general, given
k € N, T will denote To(p*Z,) simply by (k).

Remark. Let V' be a vector space over C. Then, a non-zero element z € C can be thought
of as a 1-1 onto function from V to V' (we consider the mapping z : V. — V by z(v) = zv

which is just a scalar multiplication by z).

Lemma 4.0.10. In the special case where k = Q,, Oy = Z,, the representation space W =
V(x1,x2), and the representation map is p : GL(2,Q,) — GL(V (x1,x2)) by p(g9)(f(x)) =

f(zg), we have the space V (p, k) is the set of all elements of the form

V(p> k) =

feVixnxe) [f(x ) = xaxz(a) f(z) where x € GL(2,Qp), e Lo(K)
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Proof. Since the vector space W in this case is V(x1, x2), and the representation map is
p:GL(2,Q,) — GL(V(x1,x2)) by p(9)(f(x)) = f(xzg), then the space we are seeking to

determine is actually

V(p> k) =

b b
Feviae i@ | )= @i where e aL@ @), | | eTo®)

c d c d
We have that € = p on the scaler matrix, which implies that Va € Q; the following

functions are equal, i.e., we have

(where €(a) is considered as function from V' (x1, x2) to V(x1, x2), like I have mentioned
in the previous remark). As these two functions are equal, they should be equal on each

single element f € V(x1, x2). Hence

a 0
p (f(z)) = ea) f(2),
0 a
a 0 a 0 a 0
but p (f(x)) = f(z )= f( z) = x1(a)xz(a) f(x). Therefore,
0 a 0 a 0 a

where this equation is true for all f € V(x1, x2). By what we have done in the previous
chapter, we know that the space V(x1, x2) # 0. We can pick a nonzero f € V(x1, x2), and
then pick an element x, where f(z) # 0. Then, we can cancel f(z) from the two sides to

have
e(a) = x1(a)xa(a).
We conclude that
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V(p> k) =
feVix,xe) |f(z ) = xaxz(a)f(x) where v € GL(2,Qp), € T'o(k)

O

Definition. Let py, o be two quasi characters, the space B(puy, u2) is defined to be the

space of all locally functions f : GL(2,Q,) — C satistying

a

bll/zf(g)-

f g | = m(a)ua(b)]

a x
where € B(Qy), g € GL(2,Qy).

0 b

Definition. Let py, o be two quasi characters, the space B(puy, u2) is defined to be the

space of all locally functions f : GL(2,Q,) — C satisfying

a x a
f g | = m(@)uz®)l7177f(9)-
0 b
a x
where € B(Qy), g € GL(2,Q,).
0 o
Remark. Given the quasi characters yi,x2. Define pi(z) = |z|7"2x1(2), po(z) =

xa()|z|'/?, then it is easy to see that B(ju1, p2) = V(x1, X2)-

Definition. Let py, o be two quasi characters, the space C'(uq, p2) is defined to be the

space of all locally functions F' : GL(2,7Z,) — C satistying

F g | = m(a)p2(b)F(g),

95



a
where € B(Zy), g € GL(2,Zy).

0 b

Lemma 4.0.11. The restriction map Res : B(u1, p2) — C(uz, p2) defined by

Res(f) = flarez,),

1s a 1-1 linear onto function.

Proof. (1) Res(f) lands at C'(uz, u2)
a x
Let f € B(u,p2), then f = p(a)ua(b)[§'?f(g), where €
0 b
B(Q,), g € GL(2,Q,), and then Res(f) = florez, satisfies Res(f) =
a x a x
flarez,) g = Ml(a)ﬂz(b)|%|l/2f(9)> where € B(Zy), g €
0 b 0 b
a x
GL(2,Z,). Now, since € B(Zp), then a,b € Z; and so |a| = |b| = 1. Now,
0 b

since f is locally constant on GL(2,Q,), then it is locally constant on GL(2,7Z,). From

here, we can conclude the function f|gr(2,z,) is an element of C'(p1, p2).

(2) Res(f) is a linear function:
(a) Res(af) = (af)larez,) = aflarez,) = aRes(f). Here, given a complex valued func-
tion f and o € C, the function af is defined by (af)(x) = af(x) for all z in the domain
of f.
(b)Res(f +g) = (f + 9)lcrez,) = flerez,) + 9lerez,) = Res(f) + Res(g), as for any
two complex valued functions having the same domain, the function f 4+ ¢ is defined by
(f+9)(x) = f(x) + g(x) for all x in the domain of f and g.
(3) Res(f) is injective:

Assume we have Res(f) = flarez,) = 9lerez,) = Res(g), then we have to show that
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fly) = g(y) Yy € GL(2,Q,). Let y € GL(2,Q,), then by Iwasawa’s theorem there ex-

a x a x
ists € B(Qp), k € GL(2,Z,) such that y = k, and then f(y) =
0 b 0 b
a x a x
f( k) = pa(a)pa(b)[ 412 (k) = pa(a)pa(b)] 4] 2g(k) = g( k) =g(y).
0 b 0 b

(4) To show that Res is surjective: Let F' € C(u1,p1). I claim that Res(F)™' = f €

a x a x
B(pu, pa) such that  f( k) = p(a)ps(b)|§V2F (k) for all € B(Qy),

0 b 0 b
k € GL(2,Z,). Now, we have to prove two things which are that f is a well-defined element

of B(u, p2) and Res(f) = F.
(a) To show that f is a well-defined element of B (1, u2):

Assume we have

ar I1 Az T2

g = ki1 = ko,
0 bl 0 b2
ay I s T2
where , € B(Q,), k1,ks € GL(2,7Z,), then we have
0 bl 0 b2
alaz_l *
kl - k27
0 biby"
1 1 Q2 X2
and hence F(k2) = pu(ai)pi(ag )p2(br)pa(by )F (k1) and so f( k2) =
0 by
pi1(a2) pa(b2) F(ka) = pia (a2) pa(bo) s (a1) pa (ag ") pa(br)pa (b3 V) F (k) = (1) pa(br) F(kr) =
ay I
f( k1), we conclude that f is a well-defined function in B (1, u2).
0 b

(b) Lets now prove that Res(f) = F":
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We know that Res(f) = flar(2,z,), and so we have to show

for all k € GL(2,Z,). Let k € GL(2,Z,), then f(k) = f(Ik) = u1(D)u2(1)F (k) = F(k).

This completes the proof of lemma 4.0.11 . O

Remark. From now and on, for simplicity, I will denote the restriction function Res by R

instead,i.e., R := Res and therefore R : B(u1, p2) — C(p1, p2) is an isomorphism.

Remark. The space of functions C(u, o) is a representation of GL(2,Z,), where the

representation homomorphism is
L GL(2> ZP) - GL(C(M1>M2))>

and hence given k € GL(2,7Z,) we have

r(k) - Cpa, p2) — C(pa, p2),
by r(k)(F(y)) = F(yk) for each y € GL(2,Z,) is a 1-1 onto linear function.

Definition. Let V, W be vector spaces, let H and G be groups such that H C G, and let

¢ :V — W be an isomorphism. Let
p:G— GL(V),

r:H — GL(W),

be two representations of the groups GG, H on V, W respectively. Then, we say that ¢ is an

H- isomorphism if for each h € H, v € V we have

Lemma 4.0.12. Considering the wvector spaces B(ui,p2), C(B(u1,p2), the groups
GL(2,Z,), GL(2,Q,), the representations p and r defined as in this chapter, then the

isomorphism R is a GL(2,Z,) isomorphism.
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Proof. Let f € B(ui,p2), k € GL(2,7Z,) and let g := p(k)(f) which is an element of
B(p1, p12) such that g(x) = f(xk). We have to show that r(k)(R(f)) = R(p(k)(f)). As both

sides of the equation are functions, we have to show that they are equal at each single ele-

ment & € GL(2,Zy). Now, [r(k)(R(f))](z) = [r(k)(floLez)](@) = flerez,)(tk) = f(zk)
since x,k € GL(2,Z,). On the other hand, R(p(k)(f))(z) = R(g)(x) = glarez,)(r) =

g(x) = f(xk) which completes the proof. O

Corollary 4.0.13. The space V(p, k) is isomorphic to the space R(V (p,k)), i.e.,
Vip, k) = R(V(p, k).
Proof. The restriction function restricted on V(p, k)
Rlvpry = Vp, k) = BV (p, k),

is a 1-1 onto linear function. It is 1-1 linear function as R is and it is onto as its range it

defined to be R(V (p, k)). O

Definition. The space C'(u1, 2, k) is defined to be the space of all functions F' € C'(pu1, p2)

satisfying
a b
F(x ) = pi(a)uz(a)F(z),
c d
a b
for all e ly(k),z € GL(2,Z,).
c d

Lemma 4.0.14. Let R denote the restriction function defined as before, then

C(pa, p2, k) = R(V (p, k).

Proof. The space R(V (p, k)) is equal to the space of all elements F' € C'(juy, p2) such that
F = R(f), where f € V(p, k) or it is all the functions F' € C(u, p2) such that F' = R(f),
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where f € B(u1, pu2) and f satisfies

a b
flz ) = p(a)pz(a) f(z),
c d
a b
for all € Io(k),r € GL(2,Qp). Hence, F' = R(f) = flar(2,z,) satisfies
c d
a b
F(z ) = p(a)pz(a)F(z),
c d
a b
for all € I'o(k),z € GL(2,Z,). Therefore, the set R(V(p,k)) is the set of all
c d
F € C(uy, p2) such that
a b
F(z ) = p(a)pz(a) F(z),
c d
a b
for all € I'y(k),z € GL(2,Z,) which is the space C'(u1, f12, k) by definition. O
c d

Lemma 4.0.15. The space C(p1, po, k) is equal to the space of all functions F' € C'(uy, p2)

satisfying
a T a b )
F( g ) = pa(a)pz(b)prpz(a ) F(g),
0 b ¢ d
a T a b
Vge GL(2,Z,), and € B(Z,), e Io(k).
0 b ¢ d
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Proof. Let F € Cf(p1,p2,k). Then F € C(u,pu2) and F(g ) =
¢ d
/ a b
wpz(a)F(g) Yg € GL(2,Z,), € To(k). Now, since FF' € C(u,pu2)
¢ d
a x / a /
we have F( g) = m(a)ux(b)F(g) for all € B(Zy),9 €
0 b 0 b
/ a b a x a b
GL(2,Z,). Choose g = g , then we have F( g ) =
¢ d 0 b ¢ d
a b /
i(a)us(b)F (g = jn(@)pa(b)ppa(@)F(g). And hence Clu,pa k) C {F €
¢ d
a a b /
C(pa, p2)| F( 9 ) = m(a)pz(b)papz(a’) F(g)
0 b ¢ d
a x a b
Vg e GL(2,Zy), € B(Z,), € Fo(kr)}. For the other inclusion, take
0 b ¢ d
a x a b /
an element in {F € Cp, p2)| F( 9 ) = (@) pa(b) papz(a’) F(g)
0 b ¢ d
a x a b a x
Vg € GL(2,Z,), € B(Z,), € Fg(k‘)} and choose
0 b ¢ d 0 b

to be the identity matrix I, and then we can easily see that {F € O, p2)l

F( g ) = p1(a) pa(b) papa(a’) F(g)
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Vge GL(2,Zy), € B(Z,), € Fo(k‘)} C C(p1, 2, k) which completes
the proof.
Lemma 4.0.16. Given two quasi characters py, po : Q) — C*, then their product
Hipeg - @; — C~,
s a quasi character.

Proof. 1t is easy to check that the product is a well defined function, a homomorphism and

continuous, as we know what the topologies of C and Q,, are. O

Lemma 4.0.17. Let ng, n1,ne denotes the conductors of iy pia, pi1, o respectively then ng <

maz(ni,ns).

Proof. 1 claim that ng is actually equals to max(ny, ny) provided that ny # ng and ng might

be less than max(ny,ns) if n1 = ng, so I will separate my proof into two cases:

Case (1): If ny # ny then without loss of generality assume ny > nq, I will split this
into two cases:
Case (a): If ny = 0 ( pq is trivial on Z)) and ny = 1 then pypizf14pz, = 1. Hence, the
conductor in this case is either zero or 1. Note that ,ul,u2|Z; = ,u2|Z; # 1. Therefore py o
is not trivial on Z), we conclude that cond(p p2) = 1 =max(ny, na).
Case (b): If n; is a non-negative integer and ns is greater than 1. Now, as n; < ny we have
ny <max(ni, ng) = ng, therefore ny > ny + 1 and ny > 2. Now, since ny is the conductor

of p9, then we have
p2l14praz, = 1.

If n > ny then pypi2|i4pnz, = 1.1 = 1. Now, I should prove that ns is the least where

papiz|14pn2z, = 1.
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For that, it is enough to show that pips|ipma-17, # 1. Now, as we have ny > n; + 1 and
ng > 2, then nyg — 1 > ny and no — 1 > 1, and so /,L1|1+pngflzp =1, but /,L2|1+pngflzp # 1
(since ng = conductor of py) then pipali yna-17, # 1.
Case (2): If n = ny = ny then we have ju;p2|14pmz, = 1, and then the conductor is this
specific n or some non-negative integer less than n, for more details, I will split this case
into two cases:
Case(a): If pui(a) = ﬁm) Va € 1+ Z, = Z,, where a # 0, then we have pypus(a) = 1 for all
a € Z, . Hence, the conductor ng = 0 by definition.
Case(b): If there is some non-zero a € 1+ Z, = Z, such that p;(a) # ﬁw)then consider
the chain

Zy=1+Zy2>1+pZy D .01 +p" ?*Z, D1+ p" 'Z,
and then let 7 be the least positive integer in {1,2,3,4,...,n} such that 3 a € 1 + p"~'Z,,

1
pe(a)’

n—1+ 1. 0

where p(a) # where such an ¢ exists by assumption, then the conductor ng =

Lemma 4.0.18. If k < ng then C(uy, po, k) = 0.

Proof. Suppose k < ng, then pipali 7, # 1, then 3 a € Z, such that ppa(1 + pka) # 1.

1 a
Consider the matrix . Let F' € C'(uq, p2, k), then we have to show that F'(g) =0
01
1 a 1 0
for all ¢ € GL(2,Z,). Let g € GL(2,Z,), then consider F(g ) =
01 Pk o1
1+ap* a ) 1 a
F(g = pipo(1 + ap®)F(g). On the other hand, let ¢ = g
A 0 1
1 a 10 1o , 1 a
then F(g ) = Flg ) = Flg) = Flg = Fl(g).

0 1 pFo1 pFo1 0 1

Therefore, we have F/(g) = pyp2(1+ pFa)F(g), where pyus(1 + p*a) # 1, we conclude that
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F(g) = 0, and since g is arbitrarily chosen from GL(2,Z,), then F' = 0. Now, as F is

arbitrarily chosen from C(uy, pi2, k), then C(py, po, k) = 0. O

Now, from the previous lemma, we can conclude that if C'(u1, p2, k) # 0 then we have
k > ng = conductor of pypus. The following theorem actually says more, it says that if

C'(p1, p2, k) # 0 then k& > max(ny, n2)> ng, but first, we will state and prove some lemmas.
Lemma 4.0.19. If k > ng then C(uq, pia, k) C R(B (1, p2)¥@").

Proof. First note that the space R(B(u1, ) ®") is the space of all functions F such
that F' = R(f), where f € B(ui,pu2) satisfying f(xk') = f(z) for each z € GL(2,Q,),
k' € K(p*), or equivalently, it is the space of all functions F such that F(zk') = F(x)
for each © € GL(2,Z,), k' € K(p*). Now, let G € C(u, pa, k), then by definition of

C'(u1, p2, k) we have

a b
Gz ) = p(a)p2(a)G (),
c d
a b
for all € To(k),x € GL(2,7Z,). Now, as K(p*) C I'y(k), then
c d
a b
Gz ) = p(a)p2(a)G (),
c d
/ a b
for all p),x € GL(2,Z,). Now, if k¥ = € K(p*) then by
c d

definition of K (p*) we have a = 1 mod(p*), and as k > ny, we conclude that uips(a) = 1.
Hence, G(zk') = ppe(a)G(z) = 1.G(z) = G(x). Therefore, G € R(B (1, p2)*®") which

completes the proof. O
Lemma 4.0.20. let ng,n1,ns denote the conductors of puypia, p1, po respectively, then

C(u1, p2, k) # 0=k > max(ny,ng) > np.
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Proof. let ng,ni,ne denote the conductors of e, p1, 1o respectively and assume that
C'(u1, p2, k) # 0. Now, in lemma 4.0.17 we proved that max(n;,ny) > ng. Further, if we
have max(ny,ng) = ng then we are done by lemma 4.0.18. By lemma 3.5.7, we have that
if & <max(ny,ny) then V(x1, XQ)K(pk) =0, and as we have B(u1, 2) = V(x1, x2), then we
have B(u1, f12) @) = 0. This implies that R(B(u1, u2)<®") = 0. But we proved in the
previous lemma that if k& > ng then C(u1, 12, k) C R(B(pu1, 112)¥®")) = 0, which completes

the proof. 0
Therefore, we have proved that if V(p, k) is nontrivial then k& >max(ny, ng).

Remark. Suppose that we have the groups W, G and H is a subgroup of G. Further-
more, suppose that ¢ : G — W is a homomorphism. We want to determine under which

restrictions we can define a homomorphism ¢ : G/H — W by

¢ (aH) = ¢(a).

For the previous function to be well-defined we must have ¢ (aH) = ¢ (bH) provided that
aH = bH or b—'a € H. Note that a homomorphism ¢ satisfies ¢ (aH) = ¢ (bH) if and
only if ¢(b~'aH) = ey ( where = ey denotes the identity element in the group W ) and as
b~'a € H this is equivalent to saying that ¢ (H) = ey or ¢(h) = ey for all h € H. Hence,
for ¢ to be well-defined, all the elements in the subgroup H must map to the identity
in W. In particular, we have the homomorphisms ji1, pa, i1 pi2 vestricted on Z,. Then, if
k > max(cond(u, ), cond(uz)) we have /.Ll,/.LQ,/.LlllL2|1+kaP = 1. Hence, we can define a new
fu, fia, prpie = 2 [14pFZy, — C by p(a(14+p*Zy)) = m(a), pa(a(l+p*Z,)) = pa(a) and
papia(a(l 4+ p*Zy)) = ppo(a). Now, as we have ZX /1 + p*Z, = (Z,/p*Zy,)*, then we can

X

define gy, pia, 1o on (Z,/p*7Z,)* instead.

Definition. The set D(p, f12, k) is defined to be the set of all functions
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¢ : GL(2,Z,/p"Z,) — C satisfying

a a b )
o g ) = pa(a)pe(b)pipz(a )p(g),
0 b 0 d
a T a v
VgeGL(2, Zp/kap), € B(Zp/kap), € B(Zp/pkzp)-
0 b 0 d

Lemma 4.0.21. We have

C(:uh M2, k) = D(:ub 2, k)

Proof. 1 claim that the following function 7" is an isomorphism

T : C(pa, pr2, k) — D(pa, pio, k),

defined by

where F' € C(u1, 2, k), v € GL(2,Z,), T € GL(2,Z,/p*Z,) and T is the image of x
mod(p*). Lets first prove that T is well defined.

(1) To show that 7" is well defined

Let 1,79 € GL(2,Z,) such that 77 = T3 = T € GL(2,Z,/p"*Z,). We should show
that F'(z1) = F(x2). Now, as T = Tz, then m = I, and hence z;'zy = I + pFm,
where m is a matrix with entries from Z,. Therefore, z;'zy € K(p*), then by lemma
4.0.19 we have F(g(zy'zs)) = F(g), for all g in GL(2,Z,). Choose g = 1, then we get
F(x9) = F(Izy) = F(xy), we conclude that T is well defined.

(2) Lets show that T is linear:

(a) T[(F + G)|(T) = (F + G)(x) = F(x) + G(z) = [T(F)](T) + [T(G)](T)], where
r € GL(2,Z,) and T € GL(2,Z,/p"Zp) where T = x mod(p").
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(b) [T(aF)](Z) = (aF)(x) = aF(z) = o|/T(F)|(T), where x € GL(2,Z,) and T €
GL(2,7,/p"Zp), where T = x mod(p").

(3) Lets now show that it is 1-1:

Lets assume we have two functions F, G € C(uq, po, k) such that [T'(F)|(7)) = [T(G)](T) at
each 7 € GL(2,7Z,/p"Z,), then we have F(z) = [T(F)](Z) = [T(G)](Z) = G(x), and that
is for all x € GL(2,Z,), hence F' = G and so T is 1-1.

(4) T is onto:

Let ¢ € D(p1, pz, k), then

az a b _ ,
o( N , ) = pa(@)p2(b) papz(@ ) o(g),
0 b 0 d
a7z b
for all , € B(Z,/v"Z,), g € GL(2,Z,/p"7Z,). Define
0 b 0 d

F:GL(2,Z,) — C,

by

where ¢ € GL(2,Z,). We have to show that F' € C(ui,p2, k) and T(F) = ¢.

/

a x a b
Let’s first show that F' € C(uy, u2, k). Let , € B(Z,),To(k) re-
0 b ¢ d
a x a b
spectively, and let ¢ € GL(2,Z,). Then, consider that F( g ) =
0 b ¢ d
a7 ad v _ _ _
&( g ) = m(@p2(b)ppiz(a’)p(g). Now, as @ = a mod(p*), b = b
0 b 0 d

mod(p¥), ' = a' mod(p*), a,b € Z) and a € Z), then py(a) = pi(a), p2(b) = pa(b)
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and pypo(a’) = papo(a’). But by definition of function F, we have F(g) = ¢(g), hence

a x a b a T a v

F( g ) = &

/

0 b ¢ d 0 b 0 d
pa(a)po(b)purpia(a’ )F(g). Therefore, F € C(u1, po, k). Now, let’s show that T(F) = ¢.

) = p(@p2(b)ppa(a))p(g) =

Q|

Note that for each g € GL(2,Z,/p"Z,) we have [T'(F)](g) = F(g) = ¢(g) which completes

the proof. 0

Remark. According to what we have showed until now, it is enough for us to study

the space D(u1, po, k) consisting of all functions ¢ : GL(2,7Z,/p*Z,) — C satisfying

a T a b /
é( g ) = pa (@) pz(b)papz(a )o(g), Vg €
0 b 0 d
a T a v
GL(2,7,/v"Z,), € B(Z,/p"Z,), € B(Z,/p"Z,). Indeed, as we have
0 b 0 d

Z, /P2, = Z/p*Z, then we can consider these functions ¢ on GL(2,Z/p*Z) instead. Now,
for the following lemmas, let’s note that an element a € Z,/p"Z, is a unit if and only if

gcd(a,p) = 1, or, in other words, if and only if p does not divide a. Let’s also remember

a b
that for an element to be in GL(2, R), where R is any given commutative ring

c d

with unity, then we must have ad — c¢b € R* ,i.e., ad — cb should be a unit in R.
Lemma 4.0.22. Every element a in Z/p*7Z can be written as

a=bp',
where b is a unit and i is a unique element in {0,1,2, ..., k}.

Proof. Let a € Z/p*7Z.

If @ itself is unit then a = ap®. Therefore, i = 0 in this case. Hence, assume a is not

unit. Now, if a is not unit, we consider two cases:
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(1) If @ = 0 then a = 1.p*, hence, i = k in this case and then we are done.

(2) If a # 0, then p|a. Let i be the largest positive integers such that p‘|a, in other words,
let 7 be the positive integer such that p‘|la but p'™ t a then we have a = bp’, where p { b
(as if p|b then p'™'|a). Hence, b is a unit. Here, as a # 0 then the possible values for i are
(1,2, k—1}.

For uniqueness, suppose ap’ = bp’ with a,b are units and 4,5 € {1,2,...,k — 1} such that
i > j (without loss of generality). Now, multiply both sides by p*~%, then you get zero in the
left hand side and bp*~**7 in the right hand side. Because the two sides are equal, we should
have zero in the left hand side as well. Hence p*~*/ = pF =0, and as ,j € {1,2,....,k— 1}

we must have 1 = j. O

Lemma 4.0.23. Let g be an element of GL(2,7Z/p*7), then g can be decomposed as

ay bl z 0 as bz
9= )
0 d1 y z 0 d2
ar b az by z 0
where : € B(Z/p*7Z), € GL(2,Z/p"7).
0 di 0 dy y z
a b
Proof. Let g = € GL(2,7Z/p*7Z). 1 will split this prove into two cases:
c d
1 —bd™! a b a—cbd™t 0
Case(1): If d is a unit then = , where a—cbd ™"
0 1 c d c d
is unit as if pla — cbd=* then pld(a — cbd~') = da — cb which can’t occur as da — cb is a unit.
a b 1 bd™! a—cbd™t 0 10
Therefore, we must have g = =
c d 0 1 c d 01

which completes the proof of case(1).
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Case(2): If d is not a unit. First note that if d is not a unit then p|d, so ¢ must be a unit, as

if ¢ is not a unit then p divides both d and ¢, hence plad — be, so ¢ is a unit. Now, c+d is a

a b 11 a a+b
unit, as if p|c + d then p divides c¢. Now, note that =
c d 0 1 c c+d
a a+b
Now, as ¢ + d is a unit we can apply case(l) on and then we have
c c+d
a a+b x 0 * 0
=x y, where z,y € B(Z/p*7Z), and € GL(2,Z/p*7).
c c+d x % * %
a b 11 x 0
Hence, =z y, therefore
c d 0 1 * %
a b x 0 1 -1
=T Yy )
c d * % 0 1
1 -1 / 1 -1
and as both v, € B(Z/p*7Z), then y =y € B(Z/p*7Z). Hence,
0 1 0 1
a b x 0 )
= Yy,
c d * %
where z,y € B(Z/p*Z), € GL(2,Z/p"Z). O

€ GL(2,Z/p"7),

Lemma 4.0.24. For all



there is a unique i € {0,1,2,....k} such that

ap bl 1 0 as bg
9= )
0 d1 pz 1 0 d2
aq bl a9 bg
for some : € B(Z/p*Z).
0 d1 0 d2
a b
Proof. Let g = € GL(2,Z/p*7Z), then by previous lemma we can decom-
c d
a, b z 0 ay by a, b ay by
pose g as g = where €
0 d y 2z 0 d, 0 d 0 d,
z 0 z 0
B(Z/p*7), € GL(2,Z/p*Z). Now, consider the matrix , as this
Yy = Yy =

matrix is in GL(2,Z/p"*Z), then z and z both must be units, and hence we have

1 0 7! 0 z 0 1 0
= . Because z7'y € Z/p*Z, then
0 2zt 0 1 Yy 2 27y 1
| 10
by lemma 4.0.22, we can write z7'y as z7'y = 0bp’, and hence =
27y 1
1 0 b 0 1 0 b=t 0 1 0
. Now, note that we have = ,
b1 0 1 1 0 1 b1
-1 -1
b 0 1 0 b=t 0 1 0 1 0
hence = = —
0 1 pto1 0 1 bpt 1 27y 1
1
1 0 ™t 0 x 0 z 0 b0
, therefore =
0 z1 0 1 y oz y oz 0 1
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-1 -1 -1

1 0 b 0 10 b=t 0
. As B(Z/p*Z) is subgroup, then we
0 2zt 0 1 Pt o1 0 1
can these matrices together where the result is an upper triangular matrix as well. Thus,
z 0 g1 92
we can say that =
y z 0 gs
1 0 1 0 g1 G2
: where € B(Z/p*7), therefore
p 1 0 bt 0 g3
AN EXR N A N A
g = _=
0 d, y z 0 d, 0 d, 0 gs
10 1 0 ay by
and as B(Z/p*7Z) is subgroup, we can multiply
Pl 0 bt 0 d,
terms and still get elements in B(Z/p*Z). Now, for uniqueness, assume that we have
aq bl 1 0 a9 bg all bll 1 0 alz blz
g = = , then
0 & Pl 0 do 0 d, Pl 0 d,
r—1 1/
a1aq * 10 1 0 Ay Qy * ' /
= . Hence, z = play'a, =
0 did, Pl Pl 0 dyld,

pidvdy" € ZJpFZ where ay'ay,did, " are units in Z/p*Z, then by lemma 4.0.22 we have

1 = 7 which completes the proof. O

Corollary 4.0.25. We have

GL(2,Z/p'Z) = | ] B(Z/p*Z) B(Z/p*Z),
0<i<k Pl
where these double cosets are distinct.
Proof. The proof follows immediately from the previous lemma. O
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Remark. By the previous lemma, and by definition of the space D(u1, u2, k), a function

10
¢ € D(p, po, k) is completely determined on its values on the matrices , where

Pl
i € {0,1,2,....k}. Now, what I am going to do next is to show that not all of these
k + 1 values are free. Some of them have to be zero. Furthermore, we will prove that if
D(p1, po, k) is not trivial then k& > cond(py) 4+ cond(pus).
Lemma 4.0.26. Given a,a’,b,b' € Z/p*7Z, there exists x,x € Z/p*Z such that

/ /

a 1 0 1 0 a x
= iof and only if
0 b Pl Pl 0 b
b=0b mod(p'),
a=da mod(p),

a = b mod(p*F),
b—b =d —a.

Proof. (=) Given a,a’,b,b" € Z/p*Z, then by assumption there exists x, 2 € Z/p*Z such

that
a x 1 0 1 0 a x
= , hence we have:
0 b Pl Pl 0 b
(1) atap' =a,
(2)x =2,
(3)bp' = a'p’,
(Hb=0b+a'p’,

where all these equalities are mod(p*). Now, from (1) and (4) we can directly conclude
that
b=0b mod(p),

/

a=a mod(p').
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For (3), as I have mentioned, all these equalities are mod(p*), hence what (3) actually says
is that: bp' = a'p’ + ki1p” for some ky € Z/p*Z or b= a' + kyp*~*, therefore we have b = o’
mod(pF~*). For (2), as = ', then p'z = p'z’, then by (1) and (4) we have b—b' =da' —a
which completes the proof in this direction.
(<) Given a,a’,b,b € Z/p*7Z such that

b=0b mod(p),

a=a mod(p),

a = b mod(pF),

b—b =a — a,

then we have (all mod(p*)):

then we can rewrite the first equation as b = b + kop’. Now, let z' := ky and x := ko, then

these four equations are (all mod(p*)):

(1) b="b +a'p,
(2) @' = a+ap,
(3) a'pt = bp',

. / !
and by our choice of &', x we have x = .

We conclude that the equation

a x 1 0 1 0 a x

is satisfied.
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Lemma 4.0.27. If i < ny then Yo € D(uy, pe, k), we have ¢(

Proof. Suppose i < ny =cond(j;), then the there exists a,a € (Z,/p*Z,)

mod(p'), but pu1(a) # (@

a T
note that
0 @
a x 1 0
o( )
0 a Pt o1
1 0
hence ¢( )=0.
Pl

) = 0.
Pl

* such that e =@

), hence @ = a+xp’ where x € Z,,/p*Z, and i (a) # p11(@). Then,

a x 1 0
, but i (a)pz(a@)e( ) =
0 a Pt o1
1 a T 1 0
= & ) = (@)p(@)e( ) and
Pt 1 0 a Pt o1
U
1 0
Lemma 4.0.28. Ifi >k —ny then Yo € D(uq, pi2, k) we have ¢( )=0.
Pl
Proof. Suppose i > k — ny, then k — i < ny, hence there exists b,a’ € (Z,/p*Z,)* such

that b = ¢ mod(p*

=), but pa(b) # pe(a), so ' = b+ xpF~ where z € Z,/p*7Z, and

p2(b) # po(a’). Now, as we have a” = b+ 2pF~*, then we get p’a’ = p'b (as all is mod (p*))
a 0 10 10 a 0 ,
Now, note that = , hence gy (a ) (b)
0 b pto1 pto 1 0 b
10 a 0 10 10 a 0
9 ) = o( ) = o( )
pto1 0 b pto1 pto1 0 b
1o 10
= p(a)pz(a’)o( ) and so ¢( )=0. O
Pl Pl

Remark. Note that from the previous two lemmas, in order to define a non-zero elements

of D(p1, p2, k), we should have ¢ > n; and k —1i > no.

As a result, we should have
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k > ny +no. Given k > ny + ns, then the functions ¢ can have a non-zero only on those

1 0
double cosets B(Z,/p"Z,) B(Z,/p"Z,) where ny < i < k—mny. I will states these

Pl
results as corrollaries.

Corollary 4.0.29. If ¢ € D(uy, p2, k), then ¢ can be nonzero only on those double cosets

where 1 > ny and k — 1 > no.
Corollary 4.0.30. If k < ny + ng, then D(uy, p2, k) = 0.

Remark. Note that the previous lemma does not tell us that we are guaranteed to have
functions ¢ with a nonzero values on the cosets where ny; < ¢ < k — ny. And that is what

the next theorem is for.

Theorem 4.0.31. Let k > ny + ny and let © be such that ny < i < k — ny. Then if

S

a x 1 0 a
g= € GL(Z,/p"Z,) where 0 < j < k, we have

0 b Pl 0

(ol

pa(a)pa(b)pape(@) :j =1
0 ey

is a well-defined function of D(uy, pi2, k).

bi(g) =

Proof. Let

Then we have

0 biby! po1 po1 0 byb,
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ror—1

Hence, by lemma 4.0.26, we have aja;' = aha, — mod(p'), and biby' = aya),” mod(p"~?).

ror—1

Then, as we have i > ny then pi(a1ay’) = pi(asa; ), and as k — i > ny, then we have

Lo (biby ) = pa(ana, ™), therefore

paar)pa(ay) = palag)pnas),  pa(b)pa(a;) = pa(ay)pa(be),

and then multiply the last two equations by each others left side by left side and right side

by right side to get

pir(ar) pa (b)) iz (ay) = pra(az) ez (be) papra(ag) = ¢i(g).
We conclude that ¢; is well defined. O

Theorem 4.0.32. Let k > ny + no, then the set {¢; where ny < i < k —ny} is basis for

the space D(py, pa, k), and hence dim(D(uy, 2, k) )=k —ng —ny + 1.

Proof. Lets first show that the set {¢; where n; < i < k —ny} is actually a spanning set
. 1 0
for D(p1, pia, k). Let ¢ # 0 € D(pa, p2, k). Define h := 377" o( )i
Pl
[ claim that h(g) = ¢(g) for all ¢ € GL(2,Z/p*Z). Let g € GL(2,Z/p*Z), then
a,  as 10 bi by
g = . NOW, ifz'¢{nl,nl—l—l,...,k‘—ng—1,1{:—712},
0 as pl 1 0 bg
then by corrolary 4.0.29 and definition of ¢; we have ¢(g) = 0 and ¢;(g) = 0, hence h(g) =
1 0 1 0 1 0

& )P (9) + o JPmt1(9) + -+ o )Py (9) =
pn1 1 pn1+1 1 pk—ng 1

0+0+..4+0 =0 Now, if i € {n;,n1 +1,...k —ny — 1,k — ny}, then ¢(g) =

1 0 1 0 1 0
pa(ar) pa(as)ppo(b1)9( ) = ¢i(g)o( ) = &( )bi(g) =0+ 0+
Pl Pl Pl
1 0
o )oi(g) + 0+ ...+ 0=
Pl
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1 0
Zf;:f o( )¢;(g) = h(g), and since g is arbitrary, then ¢ = h. Hence, the set {¢;

o1
where n; <1i <k —mny} is a spanning set for D(py, 2, k).
Now, to show that this set is linearly independent, suppose that

k—no

Z ci¢; = 0.

i=nq

We should show that ¢; = 0 for all i € Z with € ny < i < k — no. Let i € Z with

1 0
ny <1 < k — ng, then evaluate the given sum at the matrix to get
Pl
1 0
04+0+...+coi( I)+04+0+..+0=0, hence ¢;uy (1) p2(1) g p2(1) = 0, thus
Pl

¢; = 0. Since, 7 is chosen arbitrarily from {n;,n;+1,...,k—ns— 1,k —ns}, then that is true
for all 7 in this set. Therefore, the set {¢; where n; < i < k — ny} is linearly independent.
We conclude that the set {¢; where n; < ¢ < k — ny} is a basis for D(pypu2, k). Thus,

dim(D(pip2, k) =k —ng —ng + 1.
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