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AN ABSTRACT OF THE DISSERTATION OF

Haziem Hazaimeh, for the Doctor of Philosophy degree in Mathematics, presented

on April 3rd, at Southern Illinois University Carbondale.

TITLE: STOCHASTIC WAVE EQUATION WITH CUBIC NONLINEARITIES IN
TWO DIMENSIONS

MAJOR PROFESSOR: Prof. Dr. Henri Schurz

The main focus of my dissertation is the qualitative and quantative behavior of
stochastic Wave equations with cubic nonlinearities in two dimensions. I evaluated the
stochastic nonlinear wave equation in terms of its Fourier coefficients. I proved that the
strong solution of that equation exists and is unique on an appropriate Hilbert space.
Also, I studied the stability of N-dimensional truncations and give conclusions in three
cases: stability in probability, estimates of LLP-growth, and almost sure exponential sta-
bility. The main tool is the study of related Lyapunov-type functionals which admits to
control the total energy of randomly vibrating membranes. Finally, I studied numeri-
cal methods for the Fourier coefficients. I focussed on the linear-implicit Euler method
and the linear-implicit mid-point method. Their schemes have explicit representations.

Eventually, I investigated their mean consistency and mean square consistency.
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INTRODUCTION

In this dissertation I study the stochastic wave equations with cubic nonlinearities
in two dimensions in terms of all systems parameters, i.e., with non-global Lipschitz
continuous nonlinearities. Our study focusses on existence, uniqueness, stability, energy

of both analytic and numerical solutions under the geometric condition

1 o?m? (2 4+ 12) — a 1212
0'27T2(l—2+l—2)—a1: ZQZZQ y':fy>0’
x Yy 'y

where 0 < 2 < [, and 0 < z < [, such that D = [0, [,] x [0, I,]. (Note that [, and [,
are dimension parameters of a vibrating plate or a membrane).

Many authors have treated stochastic wave equations. For example, Dalang and
Frangos [5] treat the wave equation in two spatial dimensions driven by space-time
Gaussian noise that is white in time, but it has a nondegenerate spatial covariance.
Millet and Sanz-Sole [11] proved that the existence and uniqueness of a real-valued
process solving a nonlinear stochastic wave equation driven by a Gaussian noise white
in time and correlated in the two-dimensional space variable. Walsh [19] treats the
stochastic wave equations in one dimension. Chow [4] studies the existence of solutions
to some linear and semi-linear stochastic wave equation in a bounded domain in one
dimension and he studied the additive noise case.

In chapter 1, I derive the eigenvalues solutions related to the Fourier coefficients of
analytic solution. I shall start with the general wave equation, continue with nonlinear
wave equation without noise and finally deal with nonlinear wave equation with
additive and multiplicative noise. I find all L%-integrable strong solutions in terms of
Fourier coefficients.

In both chapters 2 and 3, I prove the existence and uniqueness of strong solution
for the stochastic wave equation with cubic nonlinearity in two dimensions and I shall

find the total expected energy of the truncated system in chapter 2. For our analysis,



we resort to finite-dimensional truncated systems approximating the original stochastic
wave equation. At first, we study the existence, uniqueness of its finite-dimensional
truncation. Thereafter, we carry over the main results of finite-dimensional to the
infinite dimensional case in chapter 3.

In chapter 4, I study three cases of stability: stochastic stablility (i.e., stable in
probability), growth estimates of LP- norm, and almost surely exponential stability. I
verify that the trivial solution of the equation (1.33) is stochastically stable, and almost
surely exponential stable under appropriate conditions.

Finally, in chapter 5, I study some cases of stable numerical methods for the
Fourier coefficients like linear-implicit Euler method and linear-implicit midpoint
method. We find explicit representations of linear-implicit Euler and linear-implicit
midpoint methods. Also, I prove that these numerical solutions of the stochastic wave
equation with cubic nonlinearity in two dimensions are locally mean consistent with
rate ro > 1.5 and locally mean square consistent with rate ro = 1.0. This allows us to
conclude mean square convergence of them with certain rates depending on dimension
N of truncated and time-steps sizes h as long as N2h — 0.

Eventually, chapter 6 reports on numerical experiments confirming our previous

finding.



CHAPTER 1
EVALUATION IN TERMS OF FOURIER COEFFICIENTS

1.1 INTRODUCTION

Consider the wave equation
Uy = 0'2 (U/zx + Uyy) (11)

where o is a material dependent speed determining parameter of propagation (the wave
speed)and 0 < z < [, 0 <y < ly, and the boundary conditions are

u(z,0,t) = u(z,l,t) = 0,0 <z <[, t>0andu0,y,t) = u(l,,y,t) =0,

0 <y <l,t > 0,also the initial conditions are u(z,y,0) = f(x,y)with f € L?

(initial position) and wu(z,y,0) = g(x,y) withg € L? (initial velocity). Recall that

LD) = {f: D - R| /D|f<x,y>|2du<x,y> < o).

1.2 FORMAL DERIVATION OF EIGENVALUES SOLUTIONS

Suppose that the series below in this chapter all converges absolutely. (This can be
justified later by the use of energy or Lyapunov functional.) V (z, y) € D, let
g(x,y) = 0. Use separation of variables, i.e, let u(z,y,t) = X(z)Y(y) T(t). Then

equation (1.1) becomes
X(@) V() T'(0) = o (X"(@) Y () T() + X(2) V() T(1).

Thus
™ Yy  X'(@)

2T Y X@)

Now we can separate the last equation into two equations, first is

() Y'"(y)
o?T(t)  Y(y)

) (1.2)

3



and therefore

which implies that

and

and the second equation is

X"(x) — AX(z) = 0. (1.3)

Now from the boundary condition we know that u(0,y,t) = u(l,,y,t) = 0. So, we have
X(0) = X(I,) = 0. For the moment, we concentrate on X, i.e, we have to determine
the values of A for which X”(z) — AX(2) = 0. We have three cases for .

1) If A = 0, then X”(z) = 0, and the solution is X (z) = AX(z) + B where A
and B are real numbers. But X(0) = B = 0. Furthermore X (l,) = Al, = 0,1, # 0.
Therefore A = 0. Thus X (z) = 0, so this is the trivial solution.

2) If X > 0, let A = a@?. This implies that X”(z) — a® X(x) = 0, Solving this
ordinary differential equation gives us X (x) = A exp(ax) + B exp(—ax). But
X(0) = A+ B = 0, which implies that A = — B and
X(l;) =0 = Aexp(al,) + B exp(—al,). Thus A exp(al,) — Aexp(—al,) = 0, ie,
A (exp(al,) — exp(—al,)) = 0 which implies that A = 0 and B = 0. Thus X (z) = 0.
Again, it is a trivial solution.

3) It A < 0,let A = —a?®. Then X"(z) + a®> X(z) = 0. The solution of the last
equation is X (z) = Acos(ax) + Bsin(az). But X(0) = A = 0, and
X(l;) = Bsin(al,) = 0. Therefore, al, = nm and thus a = * and the eigenvalues is

le

Ay = —a? = —"1 Therefore, the solution is X (z) = B sin("*) and then

Xn(x) = By sm(n?x

) (1.4)

xT



Similarly, we can take the other boundary condition, u(x,0,t) = u(z,,,t) = 0 (which
implies that Y(0) = Y({,) = 0) to solve the equation Y"(y) — pY(y) = 0. We have
three cases for p.

1) If uw = 0, then Y"(y) = 0 which has a solution Y (y) = AY(y) + B where A
and B are real numbers. But Y(0) = B = 0. Furthermore, Y ({,) = Al, = 0,1, # 0.
Therefore A = 0. Thus Y (y) = 0, i.e, trivial solution.

2) If u > 0, let A\ = @?. This implies that Y”(y) — a*Y (y) = 0. Solving this
ordinary differential equation gives us Y (y) = A exp(ay) + B exp(—ay). But
Y(0) = A + B = 0 which implies that A = — B. and
Y(l,) =0 = Aexp(al,) + B exp(—al,). Thus A exp(al,) — A exp(—al,) = 0, i.e,
A (exp(a ly) — exp(— aly)) = 0 which implies that A = 0 and B = 0. Thus
Y(y) = 0. Again it is a trivial solution.

3)Ifu < 0,let p = —b% Then Y"(y) + b*Y (y) = 0. The solution of the last
equation is Y (y) = Acos(by) + Bsin(by). But Y(0) = A = 0, and

Y(l,) = Bsin(bl,) = 0. Therefore, bl, = mm and thus b = ? i.e, the eigenvalues

Y

m2m?

l2

Y

. Therefore, the solution is Y (y) = B sin(%™%) and then

ly

mmnx

Yo (z) = By, sin( ) (1.5)

y
Now take the last equation which is T7"(t) — (A + u)o*T = 0, and we know that the
nontrivial solution occurs when A < 0i.e,A = —a?, and g < 0 which means u = — 0.
Then, T"(t) + (a® + b*)o*T = 0, which has a solution

T(t) = Acos(va2 + b2ot) + Bsin(va? + b2 ot). From the initial conditions, we have
T(0) = f(z,y) and T"(0) = g(x,y) Let g(x,y) = 0, then 77(0) = 0. This leads to

T'(t) = —Va2+ 20 Asin(Va? + b*ot) + Va? + b0 Beos(Va? + b*ot).

But 77(0) = 0 = va? 4+ b?0 B, which implies that B = 0. Thus



T(t) = f(z,y)cos(va? + b?ot). Therefore, T, = A cos( % + m;2ﬂ2 ot)ie.,

[2 2
Tom = Anmeos( 7—2 + Tln—Q Tot). (1.6)

From equations (1.4), (1.5), and (1.6) we have

2 2
Upn (7,9, ) = cnmsin(zﬂ)sin(mlﬁy)cosm / 7—2 + %ﬂat)
© y

which satisfies all the conditions except (may be) u(z,y,0) = f(x,y). To satisfy this

condition, let

o nwxr, . m n? m?
u(z,y,t) = Z Crm SiN( ;T ) sin( Z;y)cos< l—2+l—27rat)
n,m=1 x T Y
= Z Crm () Sm(mrx) sz’n(mwy).
ly L
n,m=1
Choose ¢, so that u(z,y,0) = f(x,y), then
= . NTT . Mmmy
fay) = Y cm®sin()sin(Y),
nm=1 x Y
By Fourier sine expansion, we have
ly [l
o = f,y)sin(==)sin(—=)dady,
Il 0 ly L,
because we know that ¢, = 2 fo )dx and f(x Z Cn . Thus
ly [lo
u(x,y,t) = nﬂx)sm(mﬁy)dxdy] sin(nﬂx)sm(mﬁy).
e 1 l l ly l, ly Ly
1.3 NONLINEAR WAVE EQUATIONS WITHOUT NOISE
Consider the stochastic wave equations with cubic potential,
Uy = 02 Uy + Uyy) + (a1 — ay ||u||]2L2(D))u — K (1.7)



where u = wu(z,y,t), v = v(z,y,t) = u(z,y,t) = %u(w,y,t) =uy, and kK > 0 on

bounded two-dimensional rectangular domain ID. But we know from the previous

section that the Fourier solution of the wave equation (1.1) is

o0

_ _oonmx, . mmwy
u(z,y,t) = n;1 Cn.m (1) sin( o ) sin( L )
and we can find
B = .o nwx, . mwy
u(z,y,t) = ngl Cnm (t) sin( o ) sin( L )
= _onwr, . mmy
uy(z,y,t) = n;l Cnom (t) sin( o ) sin( 3 )
ug(x,y,t) = n;ﬂ % Crm (1) cos(anx) sm(mlzy)
R . onwx, . ,mwy
Uz (T, Y, 1) = — Z 2 Crm (t) sin( ) sin( i )
n,m=1 r z v
= mn T mmy
uy(,y,t) = Y Cnm(t) sin(——) cos(——)
L, L I,
n,m=1
= m?n? o onmx, . mmy
Uyy(T,y,t) = — Z ol Cnm (t) sin( i ) sin( l )
n,m=1 Y z Y
Substitute these equations into equation (1.7), and we have
n%; cnmsm(nzx)sm(wé:y) = —¢? [n;l(% + T—;)ﬂzcmm(t)sz'n(

(1.8)

)

+ (a’l — a2 ||U|‘i2(D))U(I, y7t) - HU(JI, y?ﬂ (19)



Then multiply both sides by sin(*%) sin("¥) and integrate with respect to z and y,

ly

consider kK = n and [ = m. Then we have

% by ple
Z cnm(t)/ / sinZ(an)sinQ(mﬂy) dx dy
’ o Jo ly l

n,m=1 v
2 m2 2 2 ;
= Z [— o (1—2 + l—2)7T Cn,m(t) + (a1 ) ||u||L2(D))Cn7m(t) - /{cmm(t)]
n,m=1 x Y
ly la
' / sin® (M) / sin? (") dy.
0 lac 0 ly

le . 2/nrz e l . 2/ mT 1
But we know from Calculus that [* sin®(%2)de = & and [* sin (*Z%)dy = 3. Thus

last equation is equivalent to

= lm ly - 2 ? ? 2

I 1
2 : r
+ (a1 — as ||u||]L?(D)>C”’m(t) N m”’m(t)]EEy'

By cancelling % 51“’ from both sides in last equation, we get

= . n? m? _
Z [Cn,m + (02(l_2 + l_2)7r2 —ay + as ||u||i2(D)) Cnom + Iicmm] = 0.
x Y

Therefore,
.. n2 m2 ,
Cpm = <_027T2(l_2 + l_2) +a; — ag HUH]?AQ(D)) Cn,m — K Cnym-
x )
That is
) n?  m? 2
Com = (—0’27T2<l—2 + l_2) + a] — ag ||uH]L2(ID))) Chyom — RUnm- (110)
x )
where ||ul[f 5y = Y e
k=1

Now if we take the boundary condition w(0,y,t) = u(l,,y,t) = 0 and

uy(z,0,t) = uy(z,1,,t) = 0, this implies that Y'(0) = Y’(l,) = 0. Similarly, we get

Y(y) = Acos(ay) + Bsin(ay).



Take the derivative, then
Y'(y) = —aAsin(ay) + aBsin(ay).

Substituting the boundary conditions, we get Y’(0) = a B = 0. This implies that
B =0 and
Y'(l,) = —aAsin(al,) = 0.

mmy

i ) and we know that

Then al, =mmie, a = ? Thus Y(y) = A, cos(
y

Xo(z) = Apsin(*F) and T, (1) = Ay (1) cos(, /7—22 + %207r t) which implies that

[ 12 2
Unm (T, Y,1) = Bnm sm(n?x)cos(mlﬁy)fln,m(t) cos( 7—2 + 77—207#)
T Y T Y

and therefore,

L« o nmx mmy
u(z,y,t) = n;:1 br.m (t)sin( r ) cos( B ).
Now we find wuy, Uzs, and u,, as follows
(e t) = 3 Enlt)sin( ) cos( )
n’nr? nw mry
Uze(T,Y,1) = — l—anm(t) sin( l ) cos( i )
n,m=1 r z Y
= m3r? o nmx mmy
Uyy (T, Yy, 1) = — Z l—QC"’m(t) sin( l ) cos( i ).
n,m=1 Yy z Y
Substitute these equations in equation (1.7), we have
3" Gumlt) sin( S )sin( oY)
n,m=1 lx ly
o0 , ,on®  m? ) '
= Y |7 + T)enm () + (al —ay ||uHL2(D)> Crm(t) — K m(t)
n,m=1 r Y
sin( x)cos(mwy).




Then multiply both sides by sin(*%) cos(”{Ty) and integrate with respect to = and y,

again consider k = n and [ = m, so we have

% ly [lo
Z Enm (1) / / sin’( n;r ’ )cos®( m;r y) dx dy
o Jo @ y
n*  m?

n,m=1

= Z (—0'27T2(l—2 + Z_Q)cn,m(t> + (al — Q2 Hu||]]242(]D))>Cn,m(t> - :‘iCn’m(t>>
T Y

I Iy
: / sz’nQ(n;Tx) da:/ cosQ(mZTy)dy.
0 0 y

xT

)dz = and fol” cos®("™)dy = . Thus

But we know from Calculus that fol“f sin®( B

nmTT
x

l

last equation is equivalent to

=~ . L - o m: om? 2 o\l Ly
gy = E LG s bl Jon - sén) 53
By cancelling Ez Ey from both sides in last equation, we get
o n2 2
Z [cn,m + (02(l—2 + l—2)7r2 —aj + as ||u||i2(D)) Crnm + KUpm| =0
n,m=1 z Y
Therefore,
) n2 2
G = [_ o (G + o)+ — a3 ||u||;2(m]cn,m KU (1.11)
x y

Take the boundary conditions u,(0,y,t) = u,(ls,y,t) = 0 and u(x,0,t) = u(z,l,,t) =0,

then we have X’(0) = X'(l,) = 0. Also, we know that if A <0 (A = —a?), then,
X"(z) + a®X(x) =0

has a solution

X(z) = Acos(az) + Bsin(ax).

Then

X'(z) = —aAsin(az) + aBsin(ax),

10



but X’(0) = a B = 0, which implies that B =0 and X'(l,) = —a Asin(al,) = 0

which implies that al, = nm. Thus a = 7;—7T and we have X, (x) = A, cos(™=

le
x
mmy

we know from section (1.2) that Y,,(y) = B, sm(T) and

Tom(t) = Ay cos(y /7—22 + ”;—22 mot) and by the last equations we have
T y

Unm (T, Y, 1) = Com cos(n;rx)sm(mlﬂy) T ().
z y
This means that
U@ = 3 ennlt)eos(T)sin(= )
Then
(e nt) = = 3 ) cos( ) sin( )
2. nir? T mny
u;tz(xay7t) = - l2 Cmm(t) COS( l ) ( l )
n,m=1 B z Y
. m2n? nwtxr, .  mmny
uyy(ma Y, t) = - Z l2 Cn,m(t) COS( I )S’LTL( l )
n,m=1 Y x Y

Similarly, substitute these equations in equation (1.7), we have

[e.e]

Z én,m(t)cos(n;r x) sin(

mmy

)

n,m=1
n m .
= Z [_ J2(l_2 + l_g) m? Cm(t) + (a1 — a2 ||u||i2(D))cn7m(t) — Klpm(t)
y

nwT mmy

)sin( L ).

Then, by the same argument, we have
2 2
2

. 2 n m )
Chm = | —O0 T (l_2 + l_2> + ar — as ||u||]L2(]D)) Chom — RUnpm
T Yy

11

). But

(1.12)



Finally, take the boundary conditions wu,(0,y,t) = u;(l;,y,t) = 0, then
X'(0) = X'(l;) =0, and uy(x,0,t) = uy(x,l,,t) =0, s0 Y'(0) =Y'(l,) = 0. Also, we

know that if A <0 (A = —a?), then,
X"(z) + a® X(z) = 0
has a solution
X(z) = Acos(az) + Bsin(ax).

Using the previous arguments we have X, (z) = A, cos(nmx/l,) and

Y (y) = By, cos(mmy/l,). But we know from section (1.2) that

Tom(t) = Apm cos(y /772 + T—; mot), and by the last equations we have
z y

nmwx mmy

Unm (T, Y, 1) = Cum(t) cos( l ) cos( l ) o (t).
x y
This means that
> nmwx mmy
t) = ot .
W) = 3 ) eos T eos("TY)
Then
il nt) = 3 ) cos(= =) cos( )
n’m? nw T mmy
Uge (T, Y, 1) = — 5= Cnm(t) cos( ) cos( )
n,m=1 lx l‘r ly
= m2r? nwx mmy
uyy(xayat) = - Z Z—QCn,m(t) COS( l )COS( l )
n,m=1 Y x Y
Similarly, substitute these equations in equation (1.7), we have
Z énm(t)cos(nﬂm)cos(mﬁy)
’ l, l,
n,m=1
> 2 n2 m2 2 2 .
= Z [_ o (l_g + l_2> T Crm(t) + (a1 — az HUHJLQ(]D))) Com(t) — K Cnm(t)
n,m=1 z Y
cos( mrx) cos(mﬂy)
I, l,

12



Then, by the same argument, we have

2 2

Cnm = | — 0 7T2(l2 +a; — as ||u||EQ(D) Cnm — K Unm. (1.13)

12)

Theorem 1.3.1. The Fourier coefficients ¢ of series solution

u(z,y,t Z Z z) el (y) (1.14)

i,j=1n,m=1

of nonlinear PDEs (1.7) satisfies (1.13), where c"' corresponding to sin(.)sin(.) and

cb? corresponding to sin(.)cos(.), while ¢*' corresponding to cos(.)sin(.) and c*?

corresponding to cos(.)cos(.) and €l (z) = \/gsz'n(”l’zz), el (z) = %sin(mljz) such that

z =z ory.
Proof. 1t is clear from the above arguments. n

Note: u satisfies (1.7) if all related series of us, uy, u,, and u converge absolutely of

Fourier coefficients satisfy (1.13).

1.4 STOCHASTIC NONLINEAR WAVE EQUATIONS WITH

ADDITIVE NOISE

Consider the nonlinear stochastic wave equation with additive noise

aw
Uy = 07 (U + Uyy) + (a1 — az ||U||i2(m>))u — KU+ by ——

y (1.15)

where

Wy t) = > annWil (e (@)e,(y) (1.16)

i,j=1nm=1

and e, and e,, are orthonormalized eigenfunctions of Laplace operator A on D, driven

7,()] = 0, E[W2 (t)]* = t. Recall

) or \/7005(”“;2), with

by i.i.d. standard Wiener processes W7, with E[W,

that ¢ (z) and €/ (z) are one of the functions \/7 sm(

z=uxory and k =n or m.

13



If we follow the same procedure as in section 1.3 and for simplicity we will take the

case of sin(.)sin(.), so we find that

o0

Z Crm ST nry )sz’n(mﬂ y)
I I,

n,m=1
- o m: mr 2
= Z [— o (l—2+l—2)7T Crm(8) + (a1 — a2 |[ul|p2p)) cam(t)
)

n,m=1

d
n;rz) sz’n(mlﬁy) + b aw

- m‘n,m(t)} sin (1.17)

Y

and we know the solution is

u(z,y,t) Z Z z) el (y). (1.18)

i,j=1nm=1

Multiply both sides by e (z) e{ (y) and integrate with respect to x and y. Recall the

orthogonality relation, which says

//WED m(@)e (x)el (y)elz, (y) dx dy

ly pla ‘
/ / x)ell (y)el2, (y) dx dy

ly . .
- [Cen@en@a / I W)ep ) dy
0 0
= 5n17n26m17m25i17i25j1,j2‘ (1'19)

Then equation (1.17) is equivalent to

P 1cnm / / (y))? dx dy

= Z [—0%—2 +l—m2 it () + (a1 = @z |[ullfap)) cnm(®)
Yy

n,m=1 I

k] [ 2w [
S L[ v

n,m=1

14



Integrating this identity leads to

() = [- P E) + @ = allulfa | i
— KUpm(t) + boal?, 73 W” 1 (t). (1.20)

2
1) < oo and u, uy, ug, andu, € L*(D).

Theorem 1.4.1. Assume that Z Z oy

i,j=1nm=1
The Fourier coefficients of

W) = Y e @)eh) (121

n,m=1

where 0 < x < I, and 0 < y < I, satisfy (P-a.s) the infinite-dimensional system of
ordinary SDEs (n, m € N)
d? i, 2 n?
ﬁc’r{,m(t) :[_JW(_%—'—IQ +a1_a2§:zckl :|nm
s,q=1k,l=1
2

d
— KUpm + bo aﬁfm% (1.22)

Proof. Plug equation (1.20) into equation (1.15) and to simplify use the case

sin(.)sin(.) case, we have

(e}
nwx. . ,mm . mwx, . ,mT
Uy = Z sin( ] ) sin( l y)c}l’}n(t) = Z sin( ; ) sin( i y)
n,m=1 z Y n,m=1 z Y
n® m? > . AW L1
[( — 027r2(l—2 + l_z) +a; — ag Z(c,lclf)c}ﬁn — KUpm + bo ai%%
@ y k=1
(1.23)
which implies that
= nmx, . mmw n? m? -
Ugy = Z sin( l ) sin( l y) [( — o7 (1_2 + 1—2) +a; —ay Z (c,lcz})2>cn7m
n,m=1 x Y z Y k=1
dawhl
- n,m b n,m n7m:|
K Unm 1 bo O, 7

for0 <t <T,0 <z <l,and 0 <y < [,. Multiply the differential identity (1.23)

. . 2
by the eigenfunctions o sin("*) sin(*7H

i’ ¥) and integrate both side with respect to z
Yy

15



and y over D = [0,[,] x [0,1,] respectively. Thus, using orthonormality, we have

ly  pla
\/_/ / Uy SIN mrx)sm<ml ) dz dy

by fle k l
= / / sin( ) sin( 7m)sm(mﬁy)Sm(ﬂ)dxdy
l2 . l,
n,m= 1
4 14 Vo, mmy o nmwT 11
= cn’m/ sin®( )dy/ sin?( Ydx = ¢,
L, ™™ )y l, 0 Iz ’
o o’ M - 1L,1y2] 11
= [—U @ (l—2+l—2)+a1 — a2 Z(Ck,l> ]Cn,m
z @ kl=1
KUy + Doy Wi,
The proof is complete. 0

If we do the same procedure for the other cases, i.e., sin(.)cos(.), cos(.)sin(.), and

cos(.)cos(.), then we have similar scheme of equations for the solution. This means that

c;;fm = [—07?([ +l +CL1—@2Z Ckz :|nm
k=1

— KU+ boald, W”

m

Theorem 1.4.2. Assume that Z Z Q,;

i,j=1nm=1

)? < o0, Vu € L3(D) N CY(D x RL)

with u,, u,, andu, € L*(D) and W(z,y,t) Z Z all Wi (t)es (z)el,(y), then for
i,j=1nm=1

allt >0, (z,y) € D= (0,1,) x (0,1,), the Fourier-series solutions(1.18) have Fourier

coefficients ¢l satisfying (1.23)

Proof. The main idea of the proof is based on 1) Multiply the SPDE by ex(z) ¢;(y), 2)

Integrate fo fo )dxdy and 3) Simplify by orthogonality relations (1.19) for

: : 7 _ 2 win(kmz kmz _ _
eigenfunctions e} (z) = \/gsm( =), or \/Tcos( =) where k =n or m, z =z, ory,

16



2 oo
and ¢ = 1,2. Note we know that HUHEQ(D) = Z Z [ci7 17, so we have

i,j=1n,m=1

2o e A
>3 an [ e @ wr sy

0 0

= i i [(— o’ (n 2/l2+m2/l2)+ a1—a2HUHL2 )C;jm(t)

i,j=1n,m=1

d 1,7 ly ) le '
~ ruig + i, | [ ewrdy [ @) .

Similarly, we have the equation

G(t) = [ PR+ w2 B) + = a (lulEag) | €, (0

— &0 (1) + bo gl Wi (t) (1.24)

hence Theorem (1.4.2) is proven. O

1.5 STOCHASTIC NONLINEAR WAVE EQUATIONS WITH

MULTIPLICATIVE NOISE

Consider the nonlinear stochastic wave equation with multiplicative noise

aw

Uy = 0% (Ugg + uyy) + (a1 — az ||u||]i?(]]])))u — KU+ b ||u||]L2(]D>) dt (1.25)

where

W(z,y,t Z Z Ol W (t)en (z)el, ()

i,j=1nm=1

and e!, and e/ are orthonormalized eigenfunctions of Laplace operator A on D, driven
by i.i.d. standard Wiener processes W7 with E[W;7 (t)] = 0, E[W;7 (t)]> = t. Recall
that ¢ (z) and €/ (z) are one of the functions \/lzsm(k nz/l,) or \/gcos(k nz/l,), with

z=xzory, k=mnorm,andi j=1,2. If we follow the same procedure as in section

17



(1.5), we find that

n,m=1
[e's) ) n? m2 9 2 (]
= [— o (7 + ) Team(t) + (a1 = az |[ul[Fap)) 0 (1)
n,m=1 z Y

dWwi

— K és (1) + b [fullzgp) o |en(@)eh ()

and we know the solution is
u(z,y,t) Z Z ch z) el (y). (1.26)
i,j=1nm=1

Multiply both sides by €& (z)e ( ) and integrate with respect to x and y, and again by

the orthogonality relation, we have

> L0 [ G e aray

7 2 7,7 -1,
= 3 [P R 0 + (= o [l ) — R
n,m=1 z Y

dWZ,] xvy ly . l:c ;
s lullgy 2 [ ey [ et
0 0

Similarly, we have the equation

G0 = [ R ) - o ||u||i2(m] 1)
— KUpm(t) + by ||u||L2(D) ay; W” (0)- (1.27)

Theorem 1.5.1. Assume that Z Z ay 2 < 00, and u, ug, Uy, andu, € L*(D).

i,j=1n,m=1

m

The Fourier coefficients of

o0

u(z,y,t) = Z e sm(nzm)sm(mlﬁy) (1.28)
@ y

n,m=1

where 0 < x < I, and 0 < y < I, satisfy (P-a.s) the infinite-dimensional system of

18



ordinary SDFEs

2 2 o

d? n m
gaom(t) = [ =@+ )+ @ = Y,
v v k=1
e,
_ l{vr,llﬁn + bl ||u||L2(D) Oén’,m o . (129)

Proof. Substitute equation (1.28) into equation (1.25), and we have

, mrx . mm , mrx . mm
Uy = Z sm 7 )Sm(l—y Z sm l )sm(l—y)
x Yy x Yy
n,m=1 n,m=1
e v
- [(—"2”2<7 )+ o =l )b = wvnm + b1 lullag 0l
(1.30)

which implies that

00 2 2
. onTxr,. . muy 5 o M m 2
Uy = n;1 sin( I ) sin( 3 )[( —o°m (E + E) + a1 — ax[|ullgzp) >Cn,m
dWl’l
~ Ktnm + b [Jullyao) Onm

for0 <t <T,0 <z <l,,and 0 <y < [,. Multiply the differential identity (1.30)

mmy

by the eigenfunctions \/Zc—sm(l—) sin(= L ), and integrate both side with respect to z

and y over D = [0,1,] x [0,,] respectively. Thus by using orthonormality, we have

ly pla
/ / Uy Sm(mrx) sm(m”) dx dy
0

m ly
ly s k l
— / / sin( 7rx )sin( 7Tx)sz'Tz(m7Ty)sz’n(ﬂ)dxdy
l:r ly ly
n,m= 1

4 e
= / sin®(——) dy / sin® () de = &,

L1, ™™ J ly 0 Lo ’

n?> n?

= [—0'27T2(l—2 + Z_Z) +ar — ap ||u||]i?(]l)))]c7lz:1n

1,1 1,1 yi/1,1
- KU, + bl HUH]L2(ID)) Qpm Wn,m'
The proof is complete. O
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If we do the same procedure for the other cases, i.e., sin(.)cos(.), cos(.)sin(.), and

cos(.)cos(.), then we have similar scheme of equations for the solution. This means that

; TL2 TL2 .
G = [~ ) = o ol e,
— 50+ b |[ulle ) and, Wi, (1.31)

Theorem 1.5.2. Assume that Z Z ay; 2 < 00, Vu € L*(D)NCHD x RL)

i,j=1nm=1

m

with u,, u,, andu, € L*(D) and W(z,y,t) Z Z a” Wit (t)en(z)el, (y), then for
i,j=1n,m=1

allt > 0, (z,y) € D=(0,1,) x (0,1,), the Fourier-series solutions(1.26) have Fourier

coefficients ¢}, satisfying (1.31).

Proof. The main idea of the proof is based on 1) Multiply the SPDE by e} (z) e{ (y), 2)
Integrate fo fo )dxdy and 3) Simplify by orthogonality relations (1.19) for

eigenfunctions ey(.), where k = n or m.

2 0
Note we know that ||u||i2(D) = Z Z [ ]?, so we have

1,j=1nm=1

ly lz . .
/ / ) e (y)er, (y) da dy
INES lnm 1

ZZEZ[(—U7T W2 1) + a1 = as [ulPagy ) €D

i,j=1nm=1

dWiiy [l b
= i+ bl 0y [y [ e de
0 0

Integration using orthonormality leads to

G t) = [ P w2 /R 4w B) + ar — aa |lulag) | it

— &0 (1) + o [fullpamy @i, Wi, () (1.32)

hence Theorem (1.5.2) is proven. O
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1.6 STOCHASTIC NONLINEAR WAVE EQUATIONS WITH

ADDITIVE AND MULTIPLICATIVE NOISE

Consider the nonlinear stochastic wave equation with noise

dw
Ut = 0% (g + uyy) + (a1 — az [[ul[fa ) )u = K0+ (bo + b [[ull20)) —-

P (1.33)

where

W(z,y,t Z Z Wt ()er, (w)el, (y)

i,j=1nm=1

and e, and e,, are orthonormalized eigenfunctions of Laplace operator A on D, driven
by i.i.d. standard Wiener processes W7 with E[W;7 (t)] = 0, E[W;7 (t)]> = t. Recall
that ¢ (z) and e/ (z) are one of the functions \/gsm(lmz/lz) or \/gcos(lmrz/lz), with
z=xzory, k=norm,andi,j=1,2.

Again, following the same procedure as in the previous sections give us that

Z Z Enm € ()€, (y)

i,j=1n,m=1

S o M2 M 2 i i
= > [ PG+ ) A0 + (01— aaullfa) () — kED ()
n,m=1 z Y
dwhiy
+ (bo+b1) fullap) ] - €n(@) eh(y)

and we know the solution is

u(z,y,t) Z Zl z) el (y). (1.34)

Multiply both sides by e (z) e{ (y) and integrate with respect to x and y, and by the

orthogonality relation, we have

P 1cnm / / ())? dz dy

-y (- o5 +l—2>w2cw (8) + (o = aa[ull ) i (6) = 0, (0

n,m=1

ot b)) [P [ e
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Similarly, we have the equation

da(1) = [ PrE ) + 0 — wollullt | da0)
— K (8) + (bo + by [[ull2gsy) 0, Wi (). (1.35)

2 oo
Theorem 1.6.1. Assume that Z Z (aiﬂm)z < 00, and
i,j=1nm=1

u, Uy, Uz, andu, € L*(D). The Fourier coefficients of

u(z,y,t) = Z e sm(n;m)sm(mfy) (1.36)
n,m=1 x 4

where 0 < o < I, and 0 < y < I, satisfy (P-a.s) the infinite-dimensional system of

ordinary SDFEs

d> n?  m? -
meim(t) = | = P r (G ) e —a Y () e,
z Y k=1
dWl 1
711%1 + (bo + by [[ul ID))) n,m dar (1.37)
Proof. Substitute equation (1.37) into equation (1.33), and we have
Z szn nﬁx)sm(mwy)é};}n(t)
ls l, ’
n,m=1
Z sin nﬂx)sz’n(mﬂy)K o 7T( " m2)
=V Lz L 212
e,
+ar — ay ||U’|12L2(D))Cylﬁn — K Unm + (bo + b [[ully2(p)) o ] (1.38)
which implies that
. nmx, ommT n*  m?
Upy = Z sin( l ) sin( l y) [( —o%n? (l—2 + l_2> +a; —as ||u\|]2LQ(D) >cn,m
n,m=1 z Y r Y
dawhl
— RUpm + (bO + bl HU'HILQ(]D))) an,md—t’]

for0 <t <T,0 <z <l,and 0 <y < [,. Multiply the differential identity (1.38)

. . )
by the eigenfunctions msm(l—) sin(THY

mry
ly

), and integrate both side with respect to z
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and y over D = [0,[,] x [0,{,] respectively. Thus, by using orthonormality, we have

ly  pla
\/_/ / Uy SIN mrx)sm<ml ) dz dy

Iy gl
v [t k l
= / / sin( ) sin( 7m)sm(mﬁy)Sm(ﬂ)dxdy
L . l,
n,m= 1
4 Y mmy le nmx
= cﬂn/ sin?( )dy/ sin?( ) dx
L, ™™ )y l, 0 L
= Cim
n? n?
= [~ + )+ = @l b
— KUy + (b0 + Dy [[ul]p2 D)) On ay, Wll
The proof is complete. O

If we do the same procedure for the other cases, i.e., sin(.)cos(.), cos(.)sin(.), and
cos(.)cos(.), then we have similar scheme of equations for the solution. This means that

TL2 2

G = [~ g ) = o ol [,

- "fvfi,]m (bo + b1 [|ul |1L2(1D>)) O‘aii,jm Wﬁ% (1.39)

Theorem 1.6.2. Assume that Z Z Q,;

i,j=1nm=1

)? < o0, Vu € L(D) N CYD x RL)

m

with u,, u,, andu, € L*(D) and W(z,y,t) Z Z all Wi (t)es (z)el,(y), then for
i,j=1nm=1

allt > 0, (z,y) € D=(0,1,) x (0,1,), the Fourier-series solutions(1.34) have Fourier
coefficients ¢ satisfying (1.39).

Proof. The main idea of the proof is based on 1) Multiply the SPDE by ¢} () e{ (y), 2)
Integrate fo (.)dxdy and 3) Simplify by orthogonality relations (1.19) for

eigenfunctions ey(.), where k = n or m.
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2 0
Note we know that HuHig(D) = Z Z (717, so we have

i,j=1n,m=1

by  fla A _
i [ @R @) e dedy
1,]= 1nm 1

ZZ (= o r2 22 /) + a1 = o lullEago) ) chtn(®)

i,j=1n,m=1

ullpaoy i mm] [ )
— kol + by ||u an’ n’m} / dy/ el d.
L#®) . dt 0 0

Integration using orthonormality reduces to

3,6 = | = P e 4w R) + 4 — aa ||l | ()

— &0 (1) + o [fullpamy @i, Wi () (1.40)

hence Theorem (1.6.2) is proven. O
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CHAPTER 2
EXISTENCE AND UNIQUENESS OF TRUNCATED SYSTEM

2.1 EXISTENCE AND UNIQUENESS OF TRUNCATED FOURIER

SERIES
We need to truncate the infinite series (1.14) for practical computations. So, we
have to consider finite-dimensional truncations of the form
(x,y,1t) Z Z i en(x)el (y) (2.1)
i,j=1n,m=1
with Fourier coefficients cﬁﬂm satisfying the naturally truncated system of stochastic
differential equations (from now on we use the abbreviation SDEs for wording stochastic
differential equations.)
i _ E
dt?

()\ +ﬁm —|-(11—CLQZ chl ] nm

1,j=1 k,l=1

— kvid, + <b0+b1 Z Z ] ) ol Wi (2.2)

1,5=1k,l=1

where A, = (7%)* and §,, = (’?—y”)2 Now, we will discuss a mathematical justification of
this truncation procedure following ideas of Schurz [14]. Note that equation (2.2) is

equivalent to the system (for 1 < n,m < N, andi,j=1,2.)

Ct = Vm (2.3)
2 N

0, = [ = POt )+ — a2 D D[ i, (24)
1,7 k=1

- /{vfjm + (bo + b
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subject to the initial conditions ¢? (0) = ¢” o, v, (0) = v, o, n,m > 1, where

(Cms Unm) € L& such that
L3 = {(c,v) € lgN]E]cﬁ?v +E|U|l2§\, < ooand ¢, vareindependent of F; = o(W)}.

2
Assume that o272 <i + i) > ay. Define the Lyapunov functional Vy as follows

2 N

V(€ Vi dnmt ) = 90 0 (W02 4 0200 + Bn) = ar] (€37,)?)

i, nym=1
a 2 N N 9
(XY @) (2.6)

ij nym=1
for N € N. This functional is a modification of a functional appeared in Schurz[14].

It is clear that this function is of Lyapunov-type because it is nonnegative and
smooth as large as (ay > 0), radially unbounded if additionally o 7% (IZ 4 12) > a1 212
To see that, let

(¥, v™) = (czljl,czlé, ...,C%N,vi’i,vi”g, ...,vj\’[];N)
and
13 = {(czljl, ...,C%N,vi’ﬂ, ..‘,vj\’,];N) M v e R i G =1,2})

equipped with Euclidean norm

)l = 4| Do D ((hin)? + (vidn)?).

i,j=1nm=1

Lemma 2.1.1. Consider the Lyapunov functional defined in equation (2.4), and Let

1 1 o?m2 (12 +12) —ay 1212
02%2(1_2+1_2>_a1: 5272 =y,
z Yy 'y
Then 1)Vu € L*D) :
V() 2 7 |lullzm (2.7)
2) Vu,u € L*D) :
V() 2 [lillgm (2.8)
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and 3)Vu € L*(D) with v € L*(D) :

Vi) > min{1, 7} (1[ul o) + 1ilP2m)) - (2.9)
Proof. We know that

. 1 1 2 az 4
min{1, 027T2(E + E) — a1} HUHL2(]D)) + b} HuHLz(]D))
N

< Vy(u)(t) =co+ Z [U?Lm + (aQ(/\n + Bm) — al) Cim] + % Hu||i2(D) ,

then
N
Z Unm + (02()\” + /Bm) - al)cn,m>
n,m=1
N 1 1 N
2 2_2 2
> Z v (0 T (l—2+l—2)—a1> Z Crm
n.m—=1 T Y n,m=1
11 al al
. 2_2 2 2
> min{l,o0°7 <E + E) — a1}<n;1 Vpom + n%; Cn,m>
i 9 9,1 1 C2 2
= min{l, o7 (1_2 + 1_2) - a1}( ||UN||1L2(D) + ||UN||]L2(1D>) >
x y
Let
1 1 027T2(l32c + l2) —a li 12
‘7272(_2 t5)—m= 2 L=
2 ly lxly

Then inequality (2.7) is proved and it is clear that

(24 12) —a 21 lul?
12]2 L2 -
z'y

1 1
Valu) 2 (075 + ) — o] ullfs =
x Yy

Then

Vi () = 7 |lullf-

So inequality (2.5) is proved and we may use the same argument for inequality (2.6).

The lemma is proved. O
Lemma 2.1.2. Assume that as > 0. Then, VN € N, the functional Vi is
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(a) nonnegative and positive semi-definite on I3 if (0*7*(I2 + I7) > ay[312) or
a2 Z 07

(b) positive-definite on I3, if (o*m*(I2 + I2) > ayl312),

and

(c) satisfies the condition of radial unboundedness

lim  Vy(c,v) = +o0,

(€03 —++oo
if [o*m2(I3 +12) — a1 2 12]4 +az > 0.
Proof. (a) It is clear that (v}? )* >0, and [0‘271'2(% - T—;) — a1](¢}7,)* > 0, therefore
Vn > 0. And thus it is positive semi-definite.
(b) From the definition of Vy, and using equation (2.5) which says that

V() > 7 ||ull|s, Viy is indeed positive-definite.

& lim V(e o)
|(va)|l?v‘>+oo
2 N , )
= lim < [Ui’j 2+ <027T2 + — —a) e 2]
(5555 [ (0 2

2 N

1 1 y a4 ..
> min(1,0° 7(5 + ) = li [wQ 1,32]
> min(l,0° <[32: + l121> a1)|(c,v)|;2m_>+oo Z_ Z_ (v2.)7 + (e,)

N Z,J—ln,m_l
a 2 N 2
+ hm _2 Ci;jm 2
|(C7U)|l?v—>+oo 2 (Z—l Z_l( : ))
1,j=1n,m=

= Q.
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2.2 EXISTENCE/UNIQUENESS OF STRONG SOLUTION OF

TRUNCATED SYSTEM (2.3)
In this section,we will establish existence of unique strong solutions of the

truncated Fourier coefficient with uniformly bounded expected energy in time t.

Theorem 2.2.1. Assume that E[Vi((¢nm(0), Unm(0))1<nm<n)] < +00 where the
functional Vi is defined by (2.4), the initial values (¢pm(0), Vnm(0))1<nm<n are

independent of the o—algebra
Fy —U{W” (t):0<t<T;1<n,m< N}

and ay > 0, [0®7*(I3 +12) — a1 l217]+ + ay > 0. Then the truncated Fourier system (2.3)

has an almost surely unique, Markovian, continuous strong solution (c,v) satisfying

0 < E[Vil(enm(®)s tnm(®) <am< )] < +0. (2.10)
Proof. Let
2N
B, = {(c,v) € R¥*2N . Z (cim + vim) <7’}
n,m=1

denote the open ball with radius r > 0 in R?**¥_ Many authors proved that the local
unique, Markovian, continuous solution exists up to the first exit from B, (L. Arnold

3], and T.C. Gard [8]). Define the stopping time

=1inf{t > 0: (com(t), Vnm(t))1<nm<n & Br}.

Let 7,.(t) = min(t,r.) for t > 0. Applying Dynkin’s formula to our case tells us that

E Vi (a7 0). 0 (7 () e )

= B[ ((@n®mn)) 4B [ " £V (a5t ) s

1<n,m< N
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where L is the infinitesimal generator of (¢,v). The infinitesimal generator of the

system (2.3) is defined by the expression

ey >

1,j=1nm=1

—i—Z Z ([—a (A + Bm) —i—al—aQZchl } nm—FLU’]> 8

1,j=1n,m=1 r,s=1k,l=1 (%

+%ii(bo+bl ii ) )28—2

4,7 \2
3,j=1n,m=1 r,s=1k,l=1 a(vn,m)

mapping from C? to C°, where \, = (n7/l,)* and S, = (mn/l,)?. But

2 N 2 N
D3 Y [0t ) =] e+ 20 (30 D) 30 Y
Cnom i,j=1n,m=1 r,s=1k,l=1 i,j=1nm=1

2 N 2 N
:222 [ *(An + Bun) —i—al—aQZchl } Crim
i,j=1nm=1 r,s=1 k=1
2
and @VN =207, also we have ﬂ = 20,m0; ;. (6—Kronecker.) Then we find
Dvnm O(vin)? T
that
2 N 2 N
LV =>" > i [ ( 2t Bm) a1+ a2 Y > () HJ
i,j=1n,m=1 r,s=1 k=1
2 N 2 N
+ Z Z 2 [( — %Ay + B) + a1 — ap Z Z(c”)2> il — n(vﬁ;{m)z]
i,j=1nm=1 rs=1k,l=1
2

N
+ % S (bl )2 ().

i,j=1n,m=1

This leads to

2 N

LV = Z Zl (bo + b [l 2))*(@r0n)* — Zl Zl(vf{f@)? (2.11)
,7=1nm ,7=1n,m=

First, let by = 0, then

2 N 2 N
— 12 Lj )2 _ J
LV =1 E E (an,m) K E E (v
i,j=1 n,m=1 i,j=1n,m=1
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and we know that u = (¢, m, Unm). Substituting the above computation into Dynkin’s

formula
7 (t)
E[Vn(u(r-(t)))] = E[Vy(u(0))] + E/O LV (u(s))ds (2.12)

and using 7,(t) <t (P — a.s.) by definition, then we find that

E[Vi (u(t))] = E[Var(u (b?Z ARSI (v37,)? Bl (1),

i,j=1n,m=1 i,j=1nm=1

Since 7,(t) — t as r — +00,

E[Vx(u(t))] < E[Vy(u(0))] + t b Z Z : (2.13)

i,j=1n,m=1

Now, if by = 0 and b; # 0, then

2 N
2D YD SUITTANCCRIS b DX
1,j=1n,m=1 1,j=1n,m=1

Applying Dynkin’s formula, we have

7 (t) 2 N o
BVA (u(r (1) = EV@O) +E [ (5 32 3 uCon sl (03)°

i,j=1n,m=1

— K 22: ZN: (U;Jm)Q) ds

i,j=1n,m=1

2 N o Tr(t)
< EVu0)]+b7 > > (agfm)QE/O (s )|l 48
i,j=1nm=1
2 N
b? Z Z (a?

i,j=1nm=1 7 ()
< EV(u(0)) + ——— E/O V(u(s))ds.

f)/
By using 7. <t (P — a.s.) and applying the Gronwall inequality, then we have

EVn(u(t)) < EV(u(0)) x exp( (2.14)

Also, we know that from equation (2.5) that

v [fullz2 (D) < Viv(u(t)),
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therefore

b > ()’
0 < Ely [Jull2: (D)) < EVi(u(t)) < EV(u(0)) x ezp( ”:1"””7:1 t). (215)

Now, we study both cases, that is, additive and multiplicative noise,

2

2 N N
LVy =3 3 (o + b lJullia)2@i)? = 5 D D0 (wid,)%

1,j=1nm=1 i,j=1n,m=1

Applying Dynkin’s formula again, we have

BV (s (1)) = EVi(u(0)) + E | " (Z S (b b ol ) (a2

i,j=1n,m=1

2 N
— R0 Y () ds
i,j=1nm=1

(t

) .
< EVy(u(0)) + Z Z E/ <253 + 20} ’|u<5)||i2(ﬂ)))(a2,]m)2d57

i,j=1n,m=1

thus

EVa(u(n () < EVe(u(0) 4283 3" / 4] 22 () 2ds

i,j=1nm=1

+202T Z Z (k)% (2.16)

i,j=1n,m=1
So, by using the Gronwall inequality and equation (2.5) and letting r — oo gives

7.(t) — t (P — a.s.), we have

2b§2 Z(aﬂ

EVy(u(t) <k 4+ —2=""= JYEV (u(s)) ds
2 N
252 Z Z ()’
< k- exp( L= m::l t> (2.17)

where

k=EVy(u(0) + 26557 Y Y (i)

i,j=1nm=1
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On the other hand, if

[02 7T2 (li + l;) — a1 l:% l;]_t,_ +ay > 0,
then we have

P({El 10 < s <t (Cmm(s)?Un,m(s))lﬁn,méNQBr})

2 N
EV (u(0)) exp(zvﬁ t)+ 203t Z Z (ai?,)?
i,j=1n,m=1

<

r2
If we take the limit » — oo, then we get to P({7 < T'}) = 0 for the first exist time 7 of
the process {(cnm(t), Vnm(t))1<nm<n,t > 0} from the open set R4V But we know
that the Lyapunov-type functional Vy is radially unbounded and nonnegative as we

proved in (Lemma 2.1.2) under
(0?7 (12 4+ 12) — a2+ + as > 0, orag > 0.

Thus the local solution uy with |Ju|[?, vy < o0 can never explode at finite terminal time
T and the unique continuation to a global solution must exist. This concludes the proof

of Theorem 2.2.1. ]

2.3 TOTAL ENERGY OF TRUNCATED SYSTEM

2
Let o272 <li2 + l%) > ap. The total expected energy is the average sum of kinetic,
z y

potential, and nonlinear restoring energy defined by
- 1IE 2 2 2 2 a3 4 9
e(t) =SB |[[ulltam) + 07 IVullpam) — arllullizp) + 5 el - (2.18)

and therefore,

1

2 2 2 Q2 4
en(t) := §E |:H(ut)NH]L2(]D)) + 0% [ Vun|li2py — a1 |lun iz o) + 5 HuNH]LQ(]D))] . (2.19)

Theorem 2.3.1. Assume that u(z,y,0) = f(z,y), where f € L*(D),

u(z,y,0) = g(z,y), whereg € L*(D), and [0*7*(I2 + g2 — [22a1]+ + a2 > 0, ay > 0,
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u(.,, )|eD =0, thenV 0 <t <T,Vuel*Dx[0,T]) with e(0) < oo, the expected

energy en(t) satisfies

en(t) < [en(0)+203T > >~ (ol

i,j=1n,m=1

: e:z:‘p( 22_: ZN; ) (2.20)

Proof. From Theorem 2.2.1, we know that E[Vy(u(t))] < 400 and from (2.4) we have

a2
Vi (u(t)) = |[(ue) Iz + 0® [[Vun|lz = an [fun]lt2 + 5 [lunllga - (2.21)
Therefore,
1
en(t) = 5 EVi(u(?))
(2.22)
a
= SB[l + o [FunlE = o lfunl F + 2 x|,
Thus
1 a
en(t) = SE[ )iz + 0% IVanliZs — an lluwles + Z vl ] (229)

If by = 0 and by # 0, then we have

2 N
1 2
6]\[(75) = €N<O) + §b0t Zl Zl<a J
i,j=1 n,m=

In this case, the trace formula and conservation law of expected energy holds (c.f.

Schurz [14]), i.e

en(t) =en(0) + gotrace(Q)t =en(0) + %bgt Z Z (@l )2, (2.24)

i,j=1nm=1

with trace(Q) = Z Z (al?)?. Now, if by = 0 and by # 0, then

b > (@)’
ex(t) = GEVi(u(t)) < 5BV (u(0))eap(—=" 1)



Thus

2 N
0y, D ()

ex(t) < ex(0)[ean( S t]

Finally, if by # 0, b; # 0 (additive and multiplication noise), then

2 N
Wy D (@)’
! i,j=1 n,m=
en(t) = SEVi(u(t)) < (en(0) + k) - exp< J=1 ,7 1 t)
2 N
where k = 203T Z Z (ai)?. Therefore,
i,7=1 n,m=1
2 N

en(t) < [eN(O) +boT 22: i\f: (affm)ﬂ ea:p( b= n:ﬂ | t>.

i,j=1n,m=1
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CHAPTER 3
EXISTENCE AND UNIQUENESS OF ORIGINAL SYSTEM (2.3)

In chapter two, I discussed the existence and uniqueness of truncated system. Now
I will state the existence and uniqueness of approximate strong solutions u of the
original system (1.66). Define the Lyapunov Functional V' : H — R, with
H =12 x [0,T]) where

H={u € L*(D)|u; € L?, andVu € L?}

2 2 2 a2 4
V(u(t)) = llul|zz + o* [|VaullLz — a1 [|ullts + = 5 iz (3.1)

Note that V = hm Vi, [u(., ..t ||JL2(D) Z Z

i,j=1n,m=1

2 o)
e (s )l o) Z Z (Lo, 1) 22 = 2+ 12 and Area(D) = 1,1,

3.1 EXISTENCE AND UNIQUENESS OF ORIGINAL SYSTEM (2.2)

Theorem 3.1.1. Assume that the initial values (¢’ (0),v%1 (0))nmen € % are

n,m ’ Yn,m

independent of the o—algebra
= o{W33,(t): 0 <t <Tyn,m € N},
VL*D x [0,T]) — RL satisfies E[V (u(0))] < 400, and
u(@,y,0) = f(z,y) € L*(D), ue(,y,0) = g(z,y) € L*(D) (IC)
ay >0, [o*7*(I2 4+ 12) — aylZ12]+ 4 ay > 0, and
VO< t < T, ul,.t)om =0 (BC).

Then there exists a unique u € L?(D x [0,T])(a.s.) of the form

u(z,y,t Z Z z)el (1) (3.2)

i,j=1n,m=1

36



with ug, Vu € L2D x [0,T]) andV 0 <t < T : V(u)(t) < +oo(P — a.s.),

WYY (i)
IV (u(0)] < BV (u(t)] < k x enp(—200——+) (3.3)

2 o0
where k = EV (u(0)) + 263T Z Z (a7 )2 .., B[V] does not grow faster than an

n,m
i,0=1n,m=1
. . . . . ’L'7 Y 1 . .
exponential function of t and its Fourier coefficient ¢, € C" are unique, Markovian,

continuous strong solutions of (2.2).

Proof. Note that the strong solution (¢, v) of the infinite dimensional system of ordinary

SDEs (2.2) exists, it is Markovian, almost surely unique and continuous on the set
H(r) = {(c,v) : .0 € C°(0,T), Ve € [0,7), |l(e, v)l ;s < 7).

Since the system has local Lipschitz-continuous drift and diffusion coefficients (see Da
Prato and Zabczyk[6] and Grecksch and Tudor[9]), it suffices to show that v ~ (c,v)
cannot explode as the radius r tends to infinity. To show that, we consider the

truncated N-dimensional system with solution (¢, v") € Hy(r) where
Hy(r) ={(c,v) € H(r) : ¥Vt € [0,T],Yn,m > N, ¢y m = Upm = 0}.

It is clear that H(r) = lim Hy(r) (a.s.). Note that (c,v) and (¢V,v"™) coincide up to

N—o0

stopping time 7, provided that (¢nm(0), vnm(0)) = (¢, (0),v},,(0)) € Hy(r) for
i,7=1,2,...,N and (¢, m(0),vy,m(0)) = (0,0) for n,m > N. If we use the same
procedure of Theorem 2.2.1, we have the same inequality for the functional

V =Vn |uy - Now, taking the limit N — oo, one shows that the infinite-dimensional
limit (c,v) € [* cannot explode at a finite time 0 < ¢ < T due to the uniformity of all of
our previous estimates, hence the global approximation strong solution of the original

infinite-dimensional system (2.2) must exist. These solutions are unique, approximately

Markovian and continuous on any finite, nonrandom interval [0, T]. Note that
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lim (", v™) = (¢,v) (P — a.s) because V is increasing at N. For all non-random

N — o0

constant K > 0, we have

P<|V(C,U) - VN(CN,UN)| Z K) S E“V(C,U) KVN( N, N)H

E[V (c,v)] + E[Vy (N, 0N
K

By the Chebyshev-Markov and (L' — L) Holder inequality (see Shiryaev[17]), where

< N p(r <)) > 0.

(&, 0%) € Hy(r), (c5(0), v5(0)) = (e5(0), 02,(0)) fori,j = 1,2, N,
(nm(0), v,.m(0)) = (0,0),forn,m > N

as N and r tend to +oo. Now, we use the fact that E[V (¢, v)] and E[Vx(cN,vY)] are
uniformly bounded with respect to » and N on any finite nonrandom time-interval [0, T']

by Theorem (2.2.1) under L%-regular noise with trace(Q) = Z Z (nm)? < +00.
1,j=1nm=1
Moreover, convergence in probability along the nonnegative (also increasing in N if at

least N large enough, 0 > 0 and ay > 0, [0?7*(I2 + I7) — a1l212] 4 + ap > 0) functional
Vi implies convergence almost surely along the set Hy(r) here. To prove this fact, we
may use the Borel-Cantelli lemma as » and N tend to infinity, a probabilistic technique
which is also known as the technique of fast ILP-convergence since P({7, < T'}) < %
with an appropriate constant C' is summable over integer-valued indexes r (see proof of

Theorem (2.2.1). Thus, existence, uniqueness, Markovianity and continuity of truncated

solutions carry over to strong solutions of original system (2.2) with representation

u(z,y,t) Z Z e/ (y). Finally, (3.3) can be extracted from the proof of
i,j=1n,m=1
Theorem 2.2.1 by taking N — +4o0. O]

3.2 TOTAL ENERGY OF ORIGINAL SYSTEM (2.3)

The total expected energy is the averaged sum of kinetic, potential, and nonlinear

restoring energy defined by
1 2 2 2 az 4
e(t) = SE[llwlliam) + o IVulliam) — ar llulltam) + 5 [ullim)- (3.4)
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Theorem 3.2.1. Assume that u(x,y,0) = f(z,y) € L*(D Z Z < 00,

i,j=1n,m=1
2
n (L +4) > a, w(e,y,0) = g(z,y) € L(D), and
[*m? (12 + L)re — Bl2ar]y + a2 >0, a3 >0, u(., ., t)|sD =0, thenV 0 <t < T,
Vu € L2(D x [0,T]) with e(0) < oo, the expected energy e(t) is governed by

2 [ee)
0) + 2057 Y~ Y (ai,)’

i,j=1nm=1

2

. exp(%lt S Y @) 69)

i,j=1nm=1

e(t) <

Proof. From Theorem 3.1.1, we know that E[Vy(u(t))] < 400 and from (3.4) we have

V(u(t)) = ||Ut‘|12L2(1D>) + 0’ HVUHIQB(]D)) —m HU||]2L2(1D>) + % HUH]?P(]D)) : (3.6)
Therefore,
olt) = 3 EV(u(t)) = 3| lelagoy + 0 [Vullap) — a1 el + 2 [l
Thus
e(t) = gEllulEa + 0 IVullZay — ar ulltay + 2 llullism)  (37)

If by = 0 and by # 0, then we have
1 2 00
e(t) = e(0) + §b(2)t Z Z (al? )%
i,j=1n,m=1
In this case, the trace formula and conservation law of expected energy holds (as noted
by Schurz [14]), i.e
2

e(0) + %tmce(@) t=e(0)+ %bg t Z Z (ai? )2 (3.8)

i,j=1nm=1

a
Y
~
SN—
I

with trace(Q) = Z Z (ai?)?. Now, if by = 0 and by # 0, then

1 Kk z—: 21
e(t) = QEV(u(t)) < e(0) exp( w_lnn; t).
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Thus

23 Y (o)
where o
c=200T > > (k)2
i,j=1n,m=1
Therefore,

40
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CHAPTER 4
STABILITY OF N-DIMENSIONAL TRUNCATION AND CONCLUSIONS

Recall the system (2.3) which is

i = Vil
8 = | = 0%+ ) + 1 = s lluwl o) | = w03, (4.1

+ (bO + b ||uNH]L2(ID)) + b ||(uN)tH]L2(ID)) >O‘iLJmW£]m

where k > 0. To simplify, let

vy
fluy) = 7
_02()‘71 + ﬁm) +ar —az ||UN||2
and
0
g(u(t)) =

(b0 -+ b llun | + b || (el )

4.1 STABILITY IN PROBABILITY
Definition. The trivial solution of equation (4.1) (in terms of norm ||ul|;.) is said to be
stochastically stable or stable in probability, if for 0 < ¢ < landr > 0,3 a d = (¢, 1)

such that, V¢ > ¢, we have

IP’{ a2 < 7“} >1- e (4.2)
whenever 6 > 0.

Lemma 4.1.1. If 3 a positive-definite function V(x(t), t) € C*(R? x [0, 00), Ry)
such that LV (z(t), t) < 0 and V (z(t), t) € R?* x [0, 00), then the trivial solution of the
equation

dX(t) = f(a(t), t)dt + g(z(t), ) AW (¢) (4.3)
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15 stochastically stable.
Proof. See Arnold [3].

Theorem 4.1.2. Let by = by =0 and

N

2 2 as 4
V(u(t),t) = co + |Juel|L2my + [|ullzm) (‘72 Z (A + Bm) — a1> Y 2 ) -

n,m=1

2 N
By Y, (@)
i, n,m=1

2
stable i.e., stable in probability.

If kK >

Proof. From Lemma 2.1.2, we know that V' (u(t),t) is positive-definite if

Vn,m €N, 0%\, + Bn) — a1 > 0, and from equation (2.7) we know that

2

N 2 N
£V(U(t),t) = Z Z b% ||U||I%2(]D) (a:,]mf — 2K Z Z (Ugfmy

%, n,m=1 i,j n,m=1

But by our assumption that

then

So by Lemma 4.1.1, the trivial solution of equation (4.1) is stochastically stable.

4.2 ESTIMATES OF LY- GROWTH

Theorem 4.2.1. Let p > 2 and
Un,m(0) € L*(D,R)
1s independent of the o—algebra
FY =o{Wi (t):0< t< T;1< nm< N,i,j=1,2}
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and ay > 0, o* 7 (12 +12) — ay 1212 > 0, with E[Vg( (,.,0))} < 00, and If

— 1) 6% ||allA
K > (p )22||a||N, then we have ¥Vt > 0

[S4S]

E[v (u)(t)} < E[v%( )(0)} (4.5)
where V(u(t)) is defined as in Theorem 4.1.2.
Proof. We know from equation (3.6) that

2 2 2 45 4
V(u(t)) = |ulg> + o [V ullf — ax [Jullg. + 5 Il

i.e., in terms of Fourier coefficients

Z Z +Z Z (02 + B) = a1 ) ()

i,j=1nm=1 i,j=1nm=1

= (Z > )

i,j=1nm=1

We proved in Theorem 4.1.2 that if kK >

, then

Z Z 03 |10l E2y (32)> — 26 D (03

i, n,m=1 i,j n,m=1
thus £V < 0. Now redo some calculations to find £V % (u)(t). Using calculations from
Theorem 2.2.1 and the chain rule formula for derivatives, we have

2 N
= 32 20 i VE o0t Ba) -+ Il i,

ij mym=1

FS = oM ) + a1l ot VE

i, nmym=1

5 2 N
— K Z Z vl pVT1 62—22 Z HUHI%P(]D)) <O‘:zjm>2

4,7 n,m=1 i,j n,m=1

P& = DVET 20 0+ GendinVE
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Now, if £k =n and [ = m, then

(W)= —rkp Y > (v

i,j nym=1

b2 G ) 2 N2
23 Z 1ol Z2qm) (i) p o — 2)(vi2,) VE

i, nym=1

2 2 2
2 3.7 p_
522 el (i) VE,

[NIiS]

LV

[

hence
2 N pb2 N )
LVE ) < — ij V2 -l 222 < ij > 2 18-
52 o 2
R Y (o) () v
i, n,m=1
b2 -9 b2
< —kp [lollf Vi + IQ ol 22 |al| VE + %
2 3
< p Il Vi s 5 (1402l
2 B
= Il v nt _1>||a||N}
but we know that HUHEQ( <V, (v=u),s

2

LVE(u)(t) < pV3 {—m Lo

-1l

— 1) 2 ]al?
(p ) 2||a||N,then

using the assumption that x > 5

LV (u)(t) < 0.
Applying the Dynkin’s lemma, we have
t
EV%(c,v)(t) = EV2(c,v)(0) + E / LV (u)(s)ds
0

< EV2(u)(0).
Which means that the p—th moment estimates of V' are uniformly bounded.
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Corollary 4.2.2. Let the same assumption as in Theorem 4.2.1 be Valid when

N — oo, then we have

P

EVz(u)(t) < Evg(u)(O).
Proof. Take N — oo in proof of Theorem 4.2.1, then assumption is clear. O

Corollary 4.2.3. Let p > 2 and let V be as above. Imposing the same assumptions as

in Theorem 4.2.1, then we have V0 < t < 1,
E [[o(t)][f2m) < EVE(u)(0).
Proof. We know, from the definition of V, that ||U||12L2(D) < V/(u). This implies that

Hv(t)Hig(D) < V2 (u(t)) and from Theorem 4.2.1 it is easily to show that

E|lo(®)llf2p) < EVE(u)(0).

Corollary 4.2.4. Vp > 2 and V0 < t < T, with 0>(A\ + B1) — a1 > 0, we have
VO< t< T,

(1)If ay = 0, then

EV'% (u(0))
[02()\1 +61) — al}

EfJu(®)|[f2m) <

[SIS]

(2)If az > 0, then
2\% __»
Elfu(t)llm < () EVE@(0).

Proof. (1) Note that we have <02()\1 +p1) — a1> lul(., .,t)||]2L2(D) < V(. .,t). Since A,

and (3, are increasing in n and m,

p

[020\1 +B1) — al] ’ w()IF2p)

IN
<

Pull over expectation, then
2+ 1) = @] ENu(t)| ) < EVE(u(t).
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By using Theorem 4.2.1, we have
o+ 1) = ar] E ()| < EVE(u(0)).

So we have
EV & (u(0))
[02(/\1 +p1) — a1

(2) From the definition of V'(u(t)), it is clear that % ||u(t)||ﬁ2(D) < V(u(t)), so

E|[u(t)|a, <

D
2

a2 D
(%) ' < V(o).
Now, take the expectation to both sides, and we get
a 2 P
(5) Ellu®llixp) < EVi@(©)),

ie,VO< t< T,

E[u(®)la < (=) EVE@().

a2
O
Remark. The previous corollary means that
: EV'3 (u(0 2\5
E [1u(t) sy < min | W) (2) v iwop)
o?(A\ + 1) — al:| ?
Remark. From the previous corollary, we can prove very quickly that
hinsup " log(E [|ult )HI]I),Q(ID))) < 0.
— 00
Corollary 4.2.5. Assume that the assumptions of Corollary 4.2.3 hold with p = 2,
then we have
limsup — 1082(]E [Ju(t )||n2,2(1n>)) < 0. (4.6)

t— o0
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Proof. From Corollary 4.2.3,let p = 2, then we have
E [[u()llf2m) < EV(u(0)).

Thus

log(B|[u(t)[|f2m)) < log(EV (u(0))).

So, if we divide both sides by ¢ and take the limsup as t — oo, then

) 1
lim sup " IOg(E||U<t)||i2(D)) <0

t— oo

[
Lemma 4.2.6. Let g, (u(t)) in the system (4.1) be defined as
0
gnm(u(t)) =
bg \/Vaﬁ;,jm,
where by is constant and f,, . (u(t)) is defined as the same above. Let p > 2 and
Unm(0) € L? (D, R) is independent of the o— algebra
Fp =o{Wi :0<t <T;1<n,m< N}
and ay > 0, o* (2 +12) — a1 [312 > 0, with E[V%(u(.,.,O))} < oo, and
p— 1) b2 | 07 22
Kk > ( 23 | HlN,then we have YVt > 0
E[v%(c,v)(t)] < E[v%(c,u)(())]. (4.7)

where V (u(t)) is defined as in Theorem 4.1.2.

Proof. We know from equation (3.6) that

a2

4
2 ull

2 2 2
V() = llwlliz + o [[Vulll: — an [ullf. +
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i.e., in terms of fourier coefficients,

2 N 2 N
V) = 30 37 @+ 30 30 (Pt ) — ) (€2
i,j=1n,m=1 i,j=1n,m=1

We proved in Theorem 4.1.2 that

2 N
LV (u(t), Z Z 0 [[ollgam) (@32)° = 25 Y > (012,)%

i,j=1 n,m=1 i,j=1 n,m=1

2 N
2 J
CDBDINC
i,j=1 n,m=1

2
LV (u)(t). Using Theorem 2.2.1 and the chain rule formula for derivatives, we have

But x > , then LV < 0. Now we redo some calculations to find

Z Z pVQ [ A+ Bm) — a1 + a2|’u||E2(D)}Cz{7m

4,j=1 n,m=1

+ Z Z [—a (A +ﬁm)+a1—a2]|uHL2 } pVET! m

i,j=1 n,m=1
2 N

1 zy

_’{E § n pv2 Unim
1,j= =

b2 o
+ —32 Z (ozf;fm)2V[p(§—1)V5’12v’3 VP7 + OOy p V!

= —/ﬁpz Z V%_l(v;’ pz Z vl V% GknOim

2,j=1 n,m=1 i,j=1 n,m=1

2 p % 2—1 %, 2,1,
+ b 5—1 Z Z J V ]m) Unjmvkl
Now,if k = n and [ = m, then
j4 2 21 b%
v @) = p [Pl VI = k+ 2 (1 +p=2)|lall% |
. b3 :
<pVE[ =kt 2 (=1l ]
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(p— 1) 03 [[el[
again let k > 23 N , then

LV (c,v)(t) < 0.
Applying the Dynkin’s lemma we have

ELV: (u)(t) = ELV?(c,v)(0) + E /0 t LV (c,v)(s)ds

< ELV 2 (u)(0).

which means that the p—th moment estimates of V' are uniformly bounded. O]

4.3 ALMOST SURELY EXPONENTIALLY STABLE

Consider Consider the nonlinear stochastic wave equation with noise

dw

- (4.8)

Uy = 0 (Ugy + Uyy) + (a1 — a2 ||U||i2(D))U — KU+ ba [[0]|Le

Definition. The trivial solution of equation (4.1) is said to be a.s. exponentially stable
if

) 1
11msup¥10g||u(t)||L2(D) <0 (a.s.) (4.9)

t—o00

Vu(0) € D. The quantity of the left hand side of (4.8) is called the sample top

Lyapunov exponent.

Theorem 4.3.1. [Schurz and Hazaimeh [17] Let V(u(t)) as before in Theorem 4.1.2. If

2
b3llarll,2

K> 2

, then the v component of the trivial solution of N—dimensional equation

(4.1) and original system (4.8) with by = 0 = by is a.s. exponentially stable.

Proof. Return to the analysis of finite N —dimensional system (2.3). Recall that

Vi (u(t),t)
N
. 2 2 2 Qg 4
= ot lfutl oy + 1l ooy (2 3 O+ ) — ) + 2 [l
n,m=1
N N N 2
_ 2 20y _ 2 az 2
= > 2.0+ Y [Pt —ald T D d
n,m=1 n,m=1 n,m=1
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and

LVn(c,v)(t)

8 VN N al 2
= 5 Up, m@c + E )\ + ﬁm +a; —as g (Ck,l) Cnym
n,m n,m=1

n,m=1 k=1
N
oV 1 2 L0V
- k% : K"Unm U §nm§ - <b2 HUH]L2 ) (Oén,m) aU%,m

hence,
LVy(c,v)(t)

N N
= Z QUn,m [02(/\n + Bm) — aq + as Z (ck,l)Ql Cn,m

n,m=1 k=1
N N
+ Z 2 [—02()\” + Bm) +a; —as Z (Ck,l)2] Cn,m Un,m
n,m=1 k=1
- Z 2/ﬂ7vnmvnm+ Z 2b2 HUH]L2 (Oénm)
n,m=1 n,m=1
N N
2
= Z by ||U||JL2(JD)) (nm)® — 2k Z (Vnm)”
n,m=1 n,m=1
2 2
= (—2n + 8 llall} ) lIvliEzqo
but by the assumption that
2
b3 HaHz?V

R a8
- 2

and using Dynkin’s formula, we find that

EViy (¢, v)(t) = EVi(c,v)(0) + E/O (=2 +3 llalf) llo(s)lI2 ds

t
< BVn(0)0) + (5 llally, = 25) [ Bllo(s)l ds

20

oV

OV, m,




but [Jox ()| < Vis(e,0)(1), so
E fon(0)| B2 < EVie,v)(?)
2 ! 2
< BVv(0)0) + (5 llally, = 2x) [ Ellu(s)l ds

using extended Gronwall lemma gives us

E[[o(t)|[%, < EV(c,v)(0) e llallz=2n)t

hence
log E o (D)]7 < log EViv(c,0)(0) + (1 [lallf, — 2+) ¢
thus
logE ol logEVy (¢, v)(0
lim sup og HUN< )H]L < limsup og N(C U)( )+ (bg ||Oz||122 _ 2/{>
t— o0 t— 00 t N
< b [l — 2+ (4.10)
b3 llall

If K > TN, then the left side of identity (4.9) is negative and the trivial solution
of N—dimensional equation (4.1) is a.s. exponential stable.

Finally, we observe that all the previous estimates are uniformly bounded as
N — oo. Hence, under ||| < oo, we arrive at

logE ||v(t)
t

2
lim sup I < B2 ||a||z — 2k (4.11)

t— 0o

Lemma 4.3.2. Let v(t) be a nonnegative integrable function such that
t
v(t) < C + A/ v(s)ds, 0<t<T (4.12)
0
for some constants C, A. Then C > 0 and

v(t) < Cexp(At), 0<t<T. (4.13)
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CHAPTER 5
NUMERICAL METHODS FOR FOURIER COEFFICIENTS

Recall the form of Fourier solutions u and its approximate Fourier solutions uy
given by
un(z,y,t) = Y Y Al (el (@)el, (y) (5.1)
with its coefficients ¢/, satisfying

i) = [= 0 (M + Bn) + o=z [fullfa) | ()

=i (8) + (o byl oy + ba il ooy )@, Wi, () (5.2)

2,2

2. 2 m2
where A\, = N Bm = 2 HUHLQ(D) = Z Z C’” ’

z Y i,j=1n,m=1

||u||L2(D) = Z Z Ckl :

i,j=1n,m=1

Note that equation (5.2) is equivalent to the system

X2 B N |
Cmnz_'vmm
2 N
‘i7j e /L?j
Unom = [__0-(A _Fﬁ%1 +-a1__a2§ : E :Ckl } nnl__anmxt)
i,J k=1
2
2 (VIR ¥ FA ]
<bo+b1 E:E:ckl > S ) ol Wi (5.3)
i,J k=1 1,7 k=1

subject to the initial conditions

(652,000, vE2,(0)) = (cior i

>n,m2 1ij=1.2

Now,we introduce the following standard definitions.

Definition. For k£ € N, take the partition
O=th<ti<ta<..<t, =T
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of [0, 7] with current step sizes
hi, = tipr — ty > 0,
the forward Euler method (FEM) is defined by the iterative scheme

Al (tir) = 2 (te) + hev? (te)

vid (tep) = V() + b | fam(u(te)) €, (te) — w037 ()
+ gn,m(u(tk))ﬁk erz:]m
where
2 N
fomty) = =0 Ay + Bw) + a1 — az Z Z [ ()2,
i,7=1 q,l=1
and
2 N N
gam(u(tr)) = (B + b | D DD + b llollage) ) @i
ij=1q,l=1
and

AWt = Wit (tien) — Wi (k) € N(0,he), by =ty — b
Definition. For k£ € N, take the partition
O=th<ti<th< ..<t,=T
of [0, 7] with current step sizes
hi = tgr — te > 0,
the backward Euler method (BEM) follows the iterative scheme

C;’?m(tk-i,-ﬁ = C;jm(tk) + hi vaﬁ(tk“)

vt (o) = v (k) + P [fn,m(u(tk+1))cz,jm(tk+1) - HUﬁZf}n(le)]

+ G (u(te)) Dp W

23

(5.4)

(5.5)

(5.6)

(5.7)



where

2 N
fom(u(tey1)) = —o 2(Mn + Bm) + a1 — ag Z Z tk+1 ’
i,7=1 q,l=1
and
Gnan(Wltir1)) = (bO + 0 Z Z T(tes1))® + bo ||U||L2<D))O‘i£,”}m
3,5=1q,l=1
and

AWt = Wil (tin) — Wi (tk) € N(0, ), by = tipr — b

Now, as in Schurz[15], the linear-implicit Euler-type methods are introduced as

follows:
Definition. For k € N, take the partition
O=th<ti<th< ..<t,=T
of [0,T] with current step sizes
hi, = tipr — t > 0,

the linear-implicit Euler-type method (LIEM) is governed by the iterative scheme

it (1) = (b)) + T 032 (t41) (5.8)
v:l’:jm(tk+1> = U:{,Jm(tk) + h’k fn,m(U’(tk)) Ciz,jm<tk+l) — R, ] (tk+1>
+ G (u(t)) D Wi, (5.9)
where
2 N
Fam(te)) = =0 (A + Bu) + a1 — az > Y [e5(t)],
ij=1 g,l=1
and
pntul8) = (1o 0| 3 S (P + b ol ) 0
1,j=1q,l=1
and

AWt = Wil (tin) — Wi (tk) € N(0, ), by = tipr — b
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And finally, we introduce the definition of the linear-implicit midpoint method

Definition. For k£ € N, take the partition
O=th<ti<ta<..<t, =T
of [0, T] with current step sizes
hi, = tipr — t > 0,

the linear-implicit midpoint method (LIMM) is governed by the iterative scheme

Vi (tk) + Vi (bey1)

Cim(tea1) = €2 (tk) + T 5 (5.10)
ij ij o () + o (trsn)
Vdn(tis) = V() + | o (b)) S
vl (ty) + vhd (¢ .
_ i (t) - (’”1)} + (b)) D WS, (5.11)
where
2 N N
frm(u(ti)) = =0® O + Bu) + a1 —az Y D legi(te))?,
i,j=1 ¢l=1
and
2 N .
gum(u(t)) = (b0 + by | S0 DT (D2 + b llull ) 0l
i,j=1¢q,l=1
and

Ak W,i’fm = W:L:‘Z’n(tk'f'l) — W:Lﬂn(tk) € N(O,hk>, hk = tk+1 — 1

5.1 EXPLICIT REPRESENTATION OF METHODS (LIEM) AND

(LIMM)
If we choose the linear-implicit Euler-type method (LIEM) and the linear-implicit

midpoint method (LIMM), then we have the following results.
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Theorem 5.1.1. (Ezplicit Representation of method (LIEM)). Assume that

| (te)] < oo, |vk7 (t)| < oo, and
ay > 0,k > 0, andVn,m e N : [— o (M + Bm) + al] h; < 1+ hyk.

Then the method (LIEM) governed by equation (5.8) and equation (5.9) has the
non-exploding explicit representation

(1 + acr) i (te) + hacvi(te) + o gnam(u(t)) D Wi,

15 hnr — 12 from(@(is) (5.12)

1) & (tepr) =

and

g U () + P fom (w(te)) €70 (t) + Gnm (ultn)) A Wit
2) Umm(tk‘f‘l) B I+ hk"’ff - hi fn m(u(tk)) (513)

where
2 N
Fam(u(ty)) = =0 (A + Br) + a1 — a2 » [ (),
1,7=1 q,l=1
and
gam(u(ts)) = (b + by S D) + b [vlia) ) b,
1,j=1¢q,l=1

and

Ak erz’,]m = Wé:%(tmrl) — Wé:%(tk) & N(O,hk), hk = tk+1 —tk

Proof. Suppose that as > 0, k > 0 and 1+ [02()\” + Bm) — al} hi + hyk > 0, where
n 2 m\?2 .. . . .
Ap = (l_) and 3, = <Z_> . Then the explicit representation in equation (5.12) is
@ y
finite. That is,

< 0.

il (ts)

To prove last inequality and equation (5.12), we will rewrite equation (5.9) as
1 k| 03 (th) = 03 (0) P S (0(t8)) €5 (i) + G (1 (E4)) Ok Wi

Then plug v}, (tk + 1) from last equation into equation (5.8), we have

1 + hkl'{ '

Cilm(tist) = €l (t) + b

26



Thus
(1+ hum) i ter) = (14 hir) el () + hyoid, (6)

+ 1Z fam(u(te)) €2 (ter) + Pk G (w(ti)) DNp Wi

Hence

(1 hucr = B2 fum 0) ) eia(tirn) = (1 k) €, (1) + a0l (1)

+ . gn,ﬂl(“(tk))Ak Wf{ﬁn

Therefore

(1 + hk Ii) C%{m(tk) + hk U:{?m(tk) + hk gmm(u(tk))Ak WZ’}n
1+ hgk — he frm(u(ty))

Cii,jm(tkﬂ) =

but we know that

2 N

Frm(u(ti) = =0® M + Bn) + a1 —az D > et

ij=1 ql=1

and so by the assumptions that as > 0, x > 0 and

Vn,m €N : [— 02 + ) + al] W2 <1+ hyr,

we have
2 N
1+ hprx — B} [— o (Ao 4 Bm) + a1 — as Z Z [C;]z(tk)]Q]
ij=1 q,l=1
2 N
=1+ hex + hz [0’2 ()\n + Bm) — a1 + a Z Z [C;]l(tk)]Q]
ij=1 ql=1

> 0 (byassumption).

Which implies that

ultin)] < o0
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2) Now we want to prove the explicit representation of equation (5.13) and also it is
finite. To prove that, we will plug ¢/, (tx11) from equation (5.8) into equation (5.9),

and then we have
v (1) = 02 (te) + hie frm(u(ts) [Cf{,jm(tk) + hy, Uf{,];n(tk)]
— hy KV (b)) + Gnam(u(tr)) D W7
= 00, (t) + hie fom ()0, (1) + BE fm(uw(tr)) 032, (teia)
— h kvt () 4 G (u(tn)) D Wy,

which implies that

[1 + hi ke — hj fn,m(u(tk))]vfif}n(tml) = vl () + i fam(u(te)) el ()

+ gn,m(u(tk)) AV W?%,Zn‘

Thus

i () = Jim ) & S (Ut) i () + Gnan (WO ) Bt W
nm\lk+1) — 1+ hk/ﬁ) — hz fn,m(u(tk)) X

And the same argument as above, we have

Uit < oo,

if all

cﬁ/m(tk)‘ < oo and

v}ﬂm(tk)‘ < oo that is, the explicit representation of

vl (tre1) in equation (5.13) is finite. O

Theorem 5.1.2. (Explicit Representation + Boundedness of method (LIMM)). Assume
that |7 (ty)| < oo, [V (t)| < c0,a2 > 0,k > 0, and

[—02(An+ﬂm)+a1 h? hy

N : .
Vn,me 1 5

o8



Then the method (LIMM) governed by equation (5.10) and equation (5.11) has the

non-exploding explicit representation

>Cigm(t/f) + hy vy, (t)

i, 2 4
1) (tpr) =
)Cn,m( k+1) ) hk P h% fn,m(u(tk))
+ —
2 4
h .
Ek Inm(ulte)) Ay, Wéﬁn
n 5.15
L e () o1
2 4
and
hi Kk h2 frm(u(t iy »
) (1 M By (1) b ) i)
2) vl () = 2 . ;
' 1+ hk/ﬁ . hkfn,m(u(tk))
2 4 N
hy k h% fnm<u(tk>) .
1+ — ke
2 4
where
2 N
fam(u(ty)) = —0 (M + ) + a1 — ay Z Z [Cj;’,]l@k‘)]Qa
ig=1 =1
and
gum(u(t)) = (B + by | S SN + b [lolliae) ) @i
ij=1q,l=1
and

AWt = Wit (tin) — Wi (tk) € N(0, ), by = tipr — t
Proof. Suppose that ay > 0, Kk > 0 and

hen |70t Bn) = ar| B2
2 * 4

1+ > 0,

nmy?2 m\ 2
where \, = <Z_7T> and (3, = <l_7r> . Then the explicit representation in equation
T Yy

(5.15) is finite. That is,

Cf{?'m<tk+1) < 0OQ.
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To prove last inequality and equation (5.15), we will rewrite equation (5.11) as

e B ) = [ = ot g + P g

h nmut i i
Bl W) g (14,) + g (0(00)) 24 W

Hence

+ D, frm(u(te)) 67 (trr1) + 2 Gnom (u(te)) Dk Wi,

and therefore,
(2 = Pk )0 (th) + B o (0(t8)) €, (81)

U:‘L’,jﬁ(tk-‘rl) = 2 + hk/{

oI Frm (ulti)) Citm (tr1) + 2 gnm (u(ti)) Dk Wi,
2 + hk/i .

Now plug v, (tx4+1) from last equation into equation (5.10), we have

- - hy .
2,7 t = (¢ _ My t v
Cn,m( k1) Cmn( k)t 9 Un,m( W)+ 2 24+ hgr

hy, hy, fn,m(u(tk>) Cii{m(tk+1) + 2 gnym(u(tk))Ak Wign
P I
2 2 + hk K

thus
(4 + 2 hy, /@') (1) = (4 + 2Ny, Fd) il (k) + hy (2 + hy, ’f> U (1)

—+ hk (2 — hk/i) U;L”jm(tk) + hz fn,m(u<tk))cfm7?m(tk)

+ 1y o (u(tr)) &7, (ter1) 4 2 g G (W) e W,

Hence

(44 20 = B F(tnm(t0)) ) i (tisn)

= (4 + 2k + B fn,m(u(tk))) Ct(t) + A v, (t) + 2 By G (u(tr)) Do Wi,
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Therefore

h h? nm(t L, J -

Iy 2 4
5J t —
Crim (ti+1) L r B ()
2 4
h ..
Ek Gnm (u(te)) Dok Wi,
L+ —= —
2 4
but we know that
2 N
Fam(u(t)) = = 0% O + B) + a1 —az 3 et
ij=1 ql=1
and so by the assumptions that as > 0, x > 0 and
[—0’2()\71"‘/8771)—}_&1} hz h
Vn,meN: <1+ k_KJ’
4 2
we have
hi K h? kS iJ
L 0 = B P O+ B) =y Y [
ij=1 ql=1
hi K h? ok )
S B ) a3 ]
ij=1 ql=1

> 0 (by assumption).
Which implies that

cfl’fﬁ(tkﬂ) < 0

iff

cﬁﬂm(tk)‘ < o0. 2) Now we want to prove the explicit representation of equation
(5.16) and also it is finite. To prove that, we will plug ¢’ (tx41) from equation (5.10)

into equation (5.11), and then we have

. . h nm (T X h n,m (Ut 1,7
ibltens) = i) + I g o BT OR [ey (
hi ;. hi hik i
+ ? 'Uﬁfm (tk) + ? U?"Z,]m (tk-i-l) - T vn’,]m (tk)

- 92 Uri,m (tk+1) + In,m (u(tk)) Ak Wn:m
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iae7

. . h n.m t i h n,m t ,J
altin) = v (t) + I gy eTanl)) gy
kf, (U’( k))viifm(tk) + Mvgfm(tmﬂ) - k_&vii?m(tk)
1 4 2
— kTv;’fm(tkH) + Gum(ute)) Dx Wi,
which implies that
bt hg fam(uti))] o _ fuk D Sum (U(te) g
L+ == - 1 ]Un,m(tk+1) = (1 Ty T A >v"’m(tk)
+ hye fm(u(tn)) il (te)
+ gn,m<u(tk)) Ay, Wﬁ’ﬁn-
Thus
hik — h2 fom(u(t y ij
) (1- ey kI, 4( (k))>vn’fm(tk) B Fm(u(te)) €0, (1)
v (¢ =
n,m( k+1) - hk,lq, B hi f(umm(tk))
2 4
N G (u(t)) A W7,
14 hklﬁl B hzfmm(u(tk))
2 4

And the same argument as above for our assumptions, we have

Uit < oo,

that is, the explicit representation of v, (tx41) in equation (5.16) is finite.

5.2 STABILITY OF METHODS (LIEM) AND (LIMM)

Lemma 5.2.1. (Tower Property of Conditional Expectation). Let (2, F, P) be

probability space. ¥ F, C F, then for any Z € (2, F, P), we have
E[E(Z|F)] = E[Z].
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Corollary 5.2.2. For (LIEM), Theorem 5.1.1, if 0?(An + Bm) > a1, ay > 0, then
Vnm=1,.,N € N, and k € N,
. . . 2 2
DE[,(k+ D2 < E[(1+ hiw)id, (6) + hivid, (8)] + BE(gam(u(k) (5.17)
and

D Elui (k4 D < ER(h) + A Fun(u(t) i (] + e E(gum(u(h)) (5.18)

Proof. 1) Let as > 0 and 0*(\, + B,) > a1, then Vn,m=1,..,N € N, and

k € N,and using (5.12) we have

(1 + Iy m)cgg‘m(k) + b vl (K) + g G (u(k)) D Wi
1+ hit — B2 frum(u(k))

(14 hiw) el (®) + uvgs (k)]

U T e

20 [ (14 i) it (B) + Py v, () | g (uR)) 254 Wi,
[+ i = B fom(u(k))]?

1 (gnn(0)” (20 W33,)’ |

[+ her = b fom(u(k))]?

But Ay Wil = Wi (tepa) — Wil (tk) € N(0, hy) are independent and by using the

Elcid, (k+ 1)) = E|

+

+

tower property Lemma 5.1.3, so E[A, W7 | Fi] = E[A, W2 ] = 0 and

2

[(1 + hy m)c%]m(k‘) + hy U;ﬂm(k)r + hi (gnm(u))
1+ hirw — h2 fam(u(k))]? }

Elcid, (k+ 1) = E|

Now, using the assumption that ay > 0 and o*(\, + B) > ay, that is, f(u,.m) < 0,
then

1+ hik — hi fum(u(k)) > 0,
thus
. 9 .. . 2 3 2
Elid, (b + DI = E[(1+ hew) e, (k) + hevid, (8)] + BEE(gum(w))
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2) Let ay > 0 and 0?(\, + Bm) > a1, thenVn,m=1,...N € N, and ¥ € N,and
using (5.13) we have
Vi (B) 4 P fom (k)52 (B) + gnn (u(k)) Dx W12
1+ hprx — B2 frum(u(k))
o [0 (K) + B Fo(ulk)) i (k)]
1+ ek = i fom(u(k))P?
2 [0, (8) + B fon (k)i ()] G (1K) 250 W,
[+ hik = hi fam(u(k))]?
<gn,m(u>>2 (Ak Wé:%y
[1 + hyr — h fn,m(u(/f))]Q}
But Ay Wit = Whi (tepa) — Wit (t) € N(0, hy) are independent and by using the

E[vi,(k + D = E|

[

+

+

tower property Lemma 5.1.3, so E[A, Wi | Fi] = E[Ay W7 ] = 0 and

i (8) + B fom )R]+ A (gmm())
1 + hek — hE fam(u(k)))? ]

E[vi,(k + D] = E|

Now, using the assumption that az > 0 and o(\, + B,) > ay, that is, f,m(u) < 0,
then

1+ ik — B2 fupm(k)) > 0,

thus

B, (b + DI = e (8) + by fu k)] + heE(g0(w)

Corollary 5.2.3. For (LIMM), Theorem 5.1.2, if 0*(An + Bm) > a1, ay > 0, then
Vnm=1,..,N € N, and k € N,

DE[cH (k+1)]* < 2E[(1 + SRLEL i (k)| + 2RI Es (k)]?
VE[ci,, (k+1)] (1+ 2 L) (k) EER O

+ hi E (gnm(u)> ’
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and

SER (kL < 21@[(1 B h;;/@ L fn,m4(u(tk))>vi,j (k)]2 (520

2B E[ o (k)i ()] + heE(gn(w))

Proof. 1) Let as > 0 and 0?(\, + Bm) > a1, then Vn,m=1,..,.N € N, and k € N,

and using (5.15) we have

2
(e ey BN Gy i )
2,7 =
B, (k+ 1) = B L er B (i)

2 4
i G (w(k)) D WiT, ]2
1 hk K h% fn,m(u(tk))
_l’_ —
2 4

_E{ [(1 n h;;m n h;, fnm4<u(tk>>>cffm(k) " 'U;Jm(k')]2

2 4
2
hk K _ hz fn,m(u<tk))]2
2 4
I vf;f;n(k)] G (u(k)) Dp Wit
hkli _ hi fmm(u(tk))]Q
2 4
2 S\ 2
0 (gum(w) (26Wi,)
hk K _ h% fn,m(u<tk))]2 }
2 4

1+

+

1+

+

1+

1+

But Ay Wit = Wi (tea) — Wit (t) € N(0, hy) are independent and by using the

tower property Lemma 5.1.3, so E[A, Wi | F] = E[Ay W7l = 0 and
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E[[@ g e B f"’m(“(t’“)))ci’f (k) + ha v;;;{;nw)r

Eleifn(k + 1) = : S TG
[1 + h’;’% i hk fn,m4<u(tk))]2
o ) |
[1 X hy & . hi fn,m(u(tk))]2

2 4
Now, using the assumption that az > 0 and o(\, + B,) > ay, that is, f,m(u) < 0,

then
hy k h% fn,m(u(tk))

1 — > 1,
* 2 4

thus

Elcy/ (k+ 1))

<E[(1+ 28y B frm (u(ts)

2 4 )Cifm(k) + Dy, U;]m(kj)r + hiE(Qn,m(u(tk)Dz

< om[(1 4 M8y Il g ] 1 203 B, (B + 1B (g 0(60))

2) Let as > 0 and 0?(\, + Bm) > a1, thenVn,m=1,...,N € N, and k¥ € N,and

using (5.16) we have

) 2 (1 B h];/-i i hi fn,m4(u(tk))>v:£;7m(k)
Bl + D = E[>— Tan W foau(t)
2 4

i hy, fn,m(u(k))czgm(k’) + Gnm(u(k)) Ak Wﬁ’,]m] 2
hk KR _ h% fn,m(u(tk))

1
* 2 4
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thus
E[v,?,(k + 1)]?

:EHO‘@R+%hfwmﬁ%ﬂﬂwwmwwmmm2

hk K _ hi fn,m(u(tk))

1+ = 1 ?
+
1+ = - 1 ?

2

2 i o (008)) €5 (F) G (uK)) D5 Wi + (gmm()) (26735, )

hk K i h% fn,m (u(tk’)) ]2
2 4
But Ay Whi = Wi (tryr) — Wit (t,) € N(0, hy) are independent and by using the

+

1+

tower property Lemma 5.1.3, we find that E[A, W |Fi] = E[A, W2 ] = 0 and
E[(Ax Wh1,)?] = hi. Thus

E[Kl _ hi K . h;, fnm(u<tk>)>“;]m<k) 4 Iy fnm(u(k?))c:ﬂm(k)]z

ij 2 _ 2 4
E[Un,m(k + 1)] - hk K . hi fn,m(u<tk))

1+ yR—
D, (gn,m(u))2
+ 14 hi K B hi fn,m(u(tk))]Q]

2 4
Now, using the assumption that ay > 0 and 6%(\, + B,) > ay, that is, fnm(u) < 0,

then
it g fom(ults))
1 — : 1
+ 5 1 > 1,
thus
. h h2 £ (ul(t .
Bloid, (k+ D < B[(1 - 20 4 BfanCli))y g )

¥ (k)2 B+ hiE (g0 ()

< 2E[(1 - h';'i il f“’m4(“(t’“)))w (k)r

+ thE[fmm(u(k))cﬁ;fm(k)]z + thE<gn,m(u))2.
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5.3 LOCAL MEAN CONSISTENCY OF NUMERICAL METHODS
In this section, for convenience we refer to the following abbreviation: (Vi, j), for

U = Upm S RNXNandf = fn,ma g = Gnm,
el (tepr) = &2 (te) + hi v (te) (5.21)
and

o (ter) = vl (te) =+ P fom (u(k))e?, ()

(5.22)
— k) (tk) + G (u(tn)) D Wi
where fp, . (u) = (— o> (N + Bm) +a1 — as ||u||i2(D)>cn,m(tk) and
Gom(@) = (b0 + b [[ullyz) + b2 lIVlliap) ) Onen
Definition. A numerical method with the scheme
u(t+h) = a(t) + hflat)) + gla(t)) A WI(t) (5.23)

tht1 ds

where h = tp 1 —tp = Iy

AWE = W(tp) — W(te) = ﬁi’““ dW(s) € N(0,h) and f(u(t)) and g(u(t)) as above
applied to SDE (5.23) is said to be mean consistent with rate 7o > 0 on D
if f 3K§ = consistency constant V0 < ¢ < t+ h < T, where h is sufficiently small,

ie,0< h<d<1,Vu(t) € H, where H := {u € L*(D)|i € L*(D)}, and

lull, = \/y|u||;2(m + [l 2p) : (Fi, B(L?)) measurable, then
(B (it + bl Fo) = (¢ + Bl F)) || < K5 (Vue)) b

where a(t + hlt, u(t)) = a(t) + [ flu(s))ds + [ glu(s)) dW (s) ds.

t t
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Lemma 5.3.1. Letay, = 0, Vu, 4 € RV, V0 < s,t < T, we have

| f(u) = f(a)||ly < Ly ||u — 4l|y, where
1

1
Lf(N) = IE(?XNO'2 <>\n + ﬁm) — aj + O(N2) = N27T2{l—2+l—2} — 2 0
= pt b

Proof. Let az = 0, 0? (A, + Bn) — a1 > 0, then we have

flu) = (( = 0* (M + Bm) + a1) un,m(t)>

nméeln

To simplify, let I;(n,m) = —o* (N, + Bm) + a1. Thus

1f(u(®) = fla(s)lly = [lly(n,m)u(t) — Iy(n,m)a(s)|

IN

L lu(t) — a(s)lly

< Lp(N) [fu(t) = a(s)l|y

[
Lemma 5.3.2. Vu, 2 € RY, V0 < s, t < T, we have
lo(w) = 9@l < Lo llu — ally, where I, = o] flally < Pl llall..
Proof. We know that g(u(t)) = (bo + b ||u(t)||N> a, thus
lg(w) = g(@lly = || (b0 +u fully ) o = (b0 + b1 llilly ) o]
< b [led] fJu = all
< Ly flu = ally
where L, = |b1] ||a||x O
Theorem 5.3.3. The method (LIEM) given by
Cim(tes1) = () + T vy, (b (5.24)
V(b1 = (1) + I | Fam(0(t0)) i (trsn) — K03 (tes)]
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18 mean consistent with rate ro > 1.5, where

Fam(u(t)) = =0® n + B) + a1 —az Yy Y [e(t)],

ij=1 gl=1
and
2 N
Gam(u(t)) = (b0 + by | D2 D7 (0D + b [loll ) @,
ij=1 q,i=1
and
AW, = Wil (tin) — Wi (tk) € N(0, ), by = tir — b
But in the Fourier space HuHig(D) = |e||%, so
fam(u(ty)) = —0’ (A + Bm) + a1 — a2 ||C||l227
and

Guom (ulti)) = (B + br llells + b N0l ) nm,
Proof. We know that from Theorem 5.1.1 that

. (1 + hy “) ot (tr) & P 035 () A+ Tk G (u(t1)) 5 Wit
17-] t pu—
Cn,m( k+1) 1+ hkli — h% fn,m(u(tk))

SO
(1 + hy K) cid (t) + hi vl (t) + hy Gom (u(te)) g WD
L e — B (= 02 O+ Bn) + o1 — a [l )

Cii,jm(tkﬂ) =
by adding and subtracting in the numerator

h2 (- o® (A + Bm) + a1 — as [[e(R)|[2,
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we have

{1+ her+ 1 (02O + B) — a1 + @ |le(B)I [ ) fein(te)
1+ hgk + h3 [02 (An + Bm) — a1 + ay HCU“)H??]
(o2 O+ B) = ar + aa [lelR) [ ) i)
1+ hek + h2 [02 (A + Bm) — a1 + a Hc(k’)HlZ?]
i vy, (t) A P Gon (u(ti)) N Wi,
1L+ hew + 02 [02 (An + Bm) — a1 + ag Hd@“zi]
vints) = b0t B) = a1 + a [le(R] [ )t
L i+ B 02 O + Bn) — a1 + aa ||e(R)| [
Rt G (W(t)) D Wi,
L+ hpw + W2 [02 (A + Bm) — a1 + az HC(]“)H;}

Cﬁi,jm(tkﬂ) =

+

= C;’?m(tk) + hk

+

let
: 03 (1) = e (02O + Bn) — a1 + s [le(R)I [} ) i (t2)

1+ hgk + h2 [02 (A + Bm) — a1 + az Hc(k)|’zz2]

and
R ) = P Gnm (u(tr))
1+ hyk + b2 [0—2 A+ Bm) — a1 + az ||c(k>||?z}

so we can define
et 4 hi) = ét) + i fo(u(t)) + gelult)) g W (5.26)

but we know that

then
c(t + hy) = c(t) —|—/t+hv(s)d.s (5.27)

Now, from equation (5.26) and equation (5.27) and local Lipschitz which means that
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¢(t) = c(t) and o(t) = v(t), then

ot + ) — et + h) = elt) + [ u(s)ds — é(t) — b fulu(t)) — Gulult)) W
_ LtJrh dS N ‘f;tJrh u( dS N j;tJrhA ())dW(S)

= I ((s) = Jelu))ds — [ ge(u(t) W (s)

pulling the expectation and using the fact that

t+h
E/t ge(u(t))dWi(s) = 0 (martingale),

then we have

ot + h) =t + )] || =mﬁM@u—fu»)\N
< 11 (oo - ) o

we have the last inequality because of non random partition of (¢,),en. If we adding

and subtracting v(t), so

h
S ftt-‘r

+ ftt+h

HE[c(t +ohy) — @t + hk)]H

() )H s

‘E(v ~ fu )H ds  (5.28)

N
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o) = I (2O + Bn) = a1 + a2 [[c(RI [} )

1+ hpr + h2 [02 (Ao + Bm) — a1 + a Hc(k)H??}

o(t) = felu(t)) = o(t) -

o(t) + hyro(t) + hz(a2 M + B) — a1 + az ||c<k)||,22)v(t)
Lot B+ B 02 O+ ) — a1+ o [[e(R) [}
—o(t) + (0 O+ Ba) = a1+ aa [le(B)[1} ) v()e(t)
Ut b+ B [02 O+ B) — an + o [le(h) 2]
i (5 + he|o® O + Bn) = @] Jo(®)
Lt bk + B2 [02 O + Ba) — a1 + a2 [le(h)][:
hias [e(R)[f o(t) + [0 O + Ba) = @r]el®)
Lot bk 4 1 [02 O+ Bn) = a1+ az [|e(R)I ]

as [le(k)1[f c(t) }
Lot bk 4 12 [02 O+ Bn) = a1+ az [|e(RI ]

_|_

+

and by using that
1+ hpr + B} [02 (A + Bm) — a1 + as HC(/{)H??} > 1,
thus

[E[o) - few]||
< huf (1 + he|o® O + Bn) = @] ) BRIy + heaaE[[lle(®)l] vl

10" O+ Ba) = ] 1By + a2 E[llle(®]] (0] }
< e (i + W[ O + ) = 1] ) IBLLy + haas |[E IS BRI

4 [ O+ ) = | IEE@lly + a2 [E 1)l (B2 |
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therefore

E[o(t) - fulut))]]|
< { (5 + b0 O+ 8) — ) (BVG))
+ 20y (Eﬂv(u(f)))%(EV(u(t)))é
+ [0 O+ B0) = @i (Ewu(t))f +2 (EV(u(t))f(EV(u(t)))é}
< { (5 + Mo O+ Bu) = @] + 02 O + B) = 1) <]EV(u(t))>é
Y21+ hk)(EV(u(t))f(EV(u(t)))é}
< hk{m + (b + 1)[02 (An + Bm) — a1+ 2 (EV(u(t)))é} }(EV(u(mf
then when we take the conditional expectation we get
[E[ (v = futue)) Jue)]
< hn{k + (1) |02 O + Br) — a1+ 2 (V(u@))ﬂ }(V(u(t)))é

I

hence

/H-h
t

< h? (V(u(t))f{fi + (hx + 1)[02 (An + Bm) — a1 + 2 (V(U(t))f}}

E[ (o) = felu)) [u)] || ds

< B2 (V(u@)));{“ +2[0% max O+ Bu) = ar + 2 (V(“(”))%”

1<nm<N

and for large N, we have

t+h
/t

< K2 (V(u(t)))%{/i +2 [0—2 N? 72(% +5) +2 (V(u(t))f]}

< {H 42 [0—2 N (= 1) 4o (V(u(t)))é] } (1+ V(u(t) n2

= 27

4



which implies that

/t+h
t

where V(u(t)) = 1+ V(u(t)) and

‘E[(@(t) _ fc(u(t))) |u(t)} HN ds < K V(u(t))h? (5.29)

1 1 3
K=k +2 [02 N2m(5 + ) + 2 <V(u(t))>2].
x y
And we know that

N

dvn,m(r> = [_ o’ (/\n + ﬁm) +ar —ag Z [Cn,m(r)]ﬂ Cn,m(r)

n,m=1

— KU (1) + g(u(r))dW(r)
if s > t, then

Epe—)

N

S ‘

[— o (A + Bm) + al]E/S Cnm (1) dT

t

N
N

E[ [ 3 lennlJenntr)dr

n,m=1

+ as

N

+ K

E / Vpm(r)dr
t

N + HE/: g(u(r))dW(r)

N

= [02 (A + Bm) — al]

/ Ec,,m(r)dr
¢

N

+CL2]

/t CEfu(r)]? cum(r) dr

+ K
N

/ Evy, m(r) dr
t

N

< [o# O+ ) = ] [ (BVGate)

+ az /t (EHu(T)H?\,);(Ecz(TD;dT + ok /t (EV(u(t)));
< [0 O + B — ] (BV@(®)) |5 — 4

+ 2 (BV () (2v ) s -

+ oK (EV(u(t)))%‘s - t‘.

5



Pulling the conditional expectation over the last inequality leads to

E[ (tnm(5) = vnm(0) )]

I

< [0 O+ ) — ] (V@) s | + 2 (Veu@)* (Vi) s - o
+ ok (V(u(t)))é‘s - t)

hence

B[ @nan(s) = vam(®) [ut®)] |

< ot o? max (O + Bn) — @+ 2(v<u<t>>)5] (v<u<t>>)§]s -

and for large N, we find that

B[ (tnm(5) = vnm(®) lut)]

I,
<[5+ 0*N? TS 2<V(u(t))>é] <V(u(t))>%‘s 4]

FR

< K2(1+V(u(t)))‘s . t(
< KQV(u(t))‘s - t’

where V(u(t)) =1 + V(u(t)) and

thus

/t+h
t

]E[(vn,m(s) — (1)) |u(t)]HN ds < Ky /tt+hx7(u(t))]s - t‘ds

= K V()

which implies that

/H-h
t

‘E[(vn,m(s) — () yu(t)} HN ds < Ko V(u(t))h2. (5.30)
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therefore,
/tt—‘rh HE<U(S) - fc(u(t))>HN ds < Ky V() h2 + K>V (u(t) b2
that is

/ﬁh HE<“(S) - fc(“@)))HN ds < KgV(u(t)) hi. (5.31)

where

K¢ = K| + K,

N

)

nr el o) o (V)

1 1 3
R4 PN (4 ) 2<V(u(t))>

o

1 1 2
:ka%”Ww%ﬁ+ﬁ)+60dmm>.

Thus by using inequalities (5.29) and (5.30), we have
‘@P@+h>—dﬁHﬂHN§}ﬁVw@»@. (5.32)
For v}, (ty), to simplify the inequalities let
F(u(t) = ° O+ B) — a1 + s [[u(0)] 2oy

and we know from Theorem 5.1.1 that
Bt + | = F(u(t)) | enam(ti) + g(u(ti) S0 Wi,
1+m«+hﬂmmm]

vkﬂn(tk-%l) =

thus
U (ti1)
(1 + hiw + 2 [Fu0)] Jomm(ti) + (= hicw — 02 [F (1)) )emm(te)
L e+ B [Plu(n)]
hi [ — F(u(t))} Cnn(tr) + g(ulte)) De Wit
1+mn+hﬂmwm}

+

7



hence

<K—%hk[ﬁxu(ﬂ)])vnmxtk)

Vi (tk41) = Vnn(t) = hk{ 1+ hyrk + h2 [F(““))}

(—F@@D%mm>} o(ult)) Dy Wi,
— +
1+mm+@pmmw 1+mﬁ+hﬂﬂmm}
= Vnm(te) + hi fo(u(t)) + Go(u(t)Or W
where
(= Pl))enmlte) = (5 + hi[F(E)] ) onm(te)
1+mﬁ+hﬂmmm]

folu(t)) =

and

glutt))
1+MW+hHﬂMm]

go(u(t)) =

Thus we can write v, (tx) as

v(trin) = v(te) + b folu(t)) + go(u(t)) D W (5.33)
and hence we can define
Ot +h) = 0(t) + hi fu@(t)) + Go(i(t) A W (5.34)
and we know that
Banlt+1) = v (t) + [ [ = 02 O+ Ba) + a1 = az [|e(3)] [} |ennm(s)ds

— 5 [ va(s)ds + [ glu(s) dW(s)

let

Foltnm(3) = [ = 0 O+ B) + a1 = s (D) oy |enm(s) = 500 (5)

then

Upm(t+h) = vpm(t) + /t folu(s))ds + /t g(u(s))dW(s)

78

(5.35)



from equations (5.34) and (5.35) and local Lipschitz that 0(t) = v(t), we find

t+h t+h
v(t+h) — 0(t+h) = v(t) + /t folu(s))ds + /t g(u(s))dW(s)

() — by Fola(t)) — go((t)) AW
t+h t+h
=[ ﬁwwm+[ g(u(s)) ATV (s)

t+h ~ t+h
- [ ddaends = [ s awts
t+h X
= [ [ftuts) = futate] as
t+h
= [ ot = autae)] awis),
Pulling the expectation over the last identity and using the fact that
t+h
E/ [9(u(s)) — ,(a(1))] AW (s) = 0 (martingalc),
then we have

HIE[ (t + hy) —vt—l—hk H / Fuolu(s)) — fv(ﬁ(t))}ds

N

l UJ(D—ﬁ@@ﬂw

N

we had last equation because of non random partition of (¢,), en. By using the triangle

inequality, we have

\@p@+h@—@@+hMHN§E[Hh

fululs)) = futae)]| ds
gE[ 1Folu(s)) — Folu(®)]]y ds
+E[ £, u(t)) — fula()]|y ds

1+h
/
t

the middle integration of the last inequality vanished because of local Lipschitz

fula®) = fu@t))|| ds
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<u(t) = ﬁ(t)), which means that

[B[ott + m) — ot + w)] || < ELIAG() — L@y ds

fola(t)) = fula

+E ft+h

But we know that
if s < t, thus

hence

B — e(s)lly s/ 0@l dr,

therefore

Elle(t) - c(s)lly < E f! (V@) dr

<[ (EV@@)))é dr

which implies that

Elle(t) = e(s)lly < (BV(u@®))”

s—t‘

hence

E[(lle() = e()lly) [u®)] < (14 V(u))ls -

and therefore

/t E[(lle(t) = c(o)llx) lu(®)] ds < V(u(t)) F
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where V(u(t)) = 1 + V(u(t)), and

£ulu(®) = folwlt) = [= 0 O + B) + @1 = a2 [[u(@)][els) = ()
= [ = On + Ba) + @ = aa I |els) + mo()
= [02 (An + Bm) — a1 + a ||u(t)|]2]c(t) + ro(t)

. [02 O + B) — a1 + a ||u(s)||2}c(s) — ko(s)

102 O+ B) = ] (e(t) = e(s))
+az (@)l eft) = lu(s)|} () + #(v() = v(s))-

Pulling the expectation over the last identity leads to

t+h
E[ 1fuu(s)) — Folul))ly ds
< [0 O+ Bn) = i) [/ Ellett) = els)lly ds+ w [ Elo(t) - v(s)lly ds

h
+az [ E(Jfu( |M»(%%W@Wid$)%- (5.41)
Now, recall the following definition

Definition. (Frobenius Matrix Norm). The Frobenius norm of A € C™*" is defined

by the equations

AIG = D Joul” = 32 llAwll; = 2 Ml = trace(4”4)

.3
But we know from [] that,if A as above and x € C™ !, then

Az, < [A[lp [l=[l,

Lemma 5.3.4.

4 (et = e)) ||, < 1141l e = e(s)l,.
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such that

2v1(y)er(v)e2()

2v1(y)er(y)en ()

where A € CVN*N

Proof.

which is equal to

201 (7)e1(y)e2()

201 (7)er(v)en ()

_vl(v) (20? + ZN: C?(’V))

- un(y) (20% + f: c (7))

v1(7) (203 + Z C?(’y)> 2on(7)er(v)en(v)

- un(y) (QC?V + i c (7))
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Now
2 2 2 2 2
HAIE =D 14wl = [[Adls + (|42l + - + [ An]I5

2
= o}(26 + eI ) + 40} +. + 40k A

2
+ 41)%0%03 + U%(?Cg + Hc(’y)|]2> + ...+ 41)]2\,0%0?\,

2
+ 40P A +Avicidh F .+ UJQV<2C?V + Hc('y)||2>

By adding and subtracting 4 vi c? ¢, 4v3 c3c2, ..., and 4v% % &, we have

1Al = 40i (M) leMI* = 40vi(y)el + 4u5(7)5() lleMI* = 405(7)e3
e+ AN O) eI = 4ox (e + 207 (7)f
+ 407 ()G eI + T eI + 205 (7)e5(7)
+ 403(1)E0) eI + v3(N) [leI* + -
+ 203 (Nen () + oMM eI + vZ () eI
= 8ui(e () lleMI* + 8v5(1)S() [le()]|”

+ o4 B (N feWII* = 20i(v)el — 203(7)5

— = 205 (N)ey + EO) eI+ 4 ok () lle)IT
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hence
1415 = 863 ()EG) eI + 81E(NEM) eI
oot 8RGO leIP = 203()et = 208(7)ed
— o= 205 (Nek + M) eI+ o+ vE () eIl
= 8 eI (VENE(0) + EGEG) + .+ R (NG G))
= 2((M() + FDEM) + o+ ()
+H<m%ﬁ+@+ v}
= 8 le(y Hij( )—22)( ) + eI eGP

Thus

N

A1 < 8 1le)IP DS (vBEM) + eI eI (5.42)

But we know that

N

Y EMeE() < [l Z < eI eI

7

Thus inequality (5.42) becomes

AIE < 8 eI eI eI + lletll*
= 9 [leII* oI

Therefore,

1Al < 3 [l eI (5.43)

which gives us

[A(e) = e())]| < 3 1P O lle) = eI
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And therefore,

E||A(ett) — e(s))|| < BE[ eI [lo)I] lett) = e(s)I]

< 3(E[ eI 1oI])* (Blle) = )

< 3[(Elctn ) (E e ) ] (Bl - o)1)’
< 3B ) (Bl (Bl - (o)1)’
(

< 3(BV3() (BVAm) ' (Bl - o))’

thus

A(et) - o) < 3(EV @) Bl - c0l?)’ (5a4)

but from inequality (5.37), we know that

Elle) — elly < E [ (Viur)*ar,

5|

hence

liet) — el < £ ([ (Vi) ar)’

g/‘@vwmﬂdmw-g:vaww—mV
take the conditional expectation, we get
E [[le(t) = e()lly [u®)] < V{u®)(t — 5)* (5.45)
Thus

dll

o] < 3(v2ue) (Vi - 92)°

A@u>—c@0

N

< 3 (max {V(u(s)), V() D* (V((t)) It - s

which implies that

E|
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by using inequalities (5.30) and (5.40) and Lemma[5.2.4] , inequality (5.41)

becomes
B [ It Sy o) s
< [&(An + Bm) — al} V(u(t)) h2 + Kok V(u(t)) b2
v [ B[S (I o)) o)~ (o)l Jas

Lyl K) 7 (u(t)) 12

< {02 N2 7%( >+ %2) + Ky k + 3 (max {V(u(s)),V(u(t))})% V(u(t)) hi
hence
E/t [1fu(u(s)) = fulw®)lly [u()] ds < K3 V(ult)) hi
where
D | 2
ko= i+ NPy + ) + 2<V(u(t))> ,
and
ks = 0 N? ﬂllz + llQ) b Kok +3 (max {V(u(s)), V(u(®)})? .
Finally, to simplify, let
F(u(t)) = 0® (A + B) — a1 + a5 Y eqa(t)]’,

86

(5.47)



[ = O+ Bu) + a1 — aa [la()]* |é(t)
[= 2 O+ Bu) + a1 — aa [la()]* |é(t)
1+ hyr + h? [ZT(QL(t))]
(m 4 h[— o (A + Bm) + a1 — a IIﬁ(t)HQ])@(t)
Lt e+ 0 [F(u(t)
[0 O+ ) = a1+ aa a0 ]ett)
L+ e + 2 [F(un)]

k[0 (4 B) = @+ g [[a()| o)

— KkO(t) —

+

n
1+ hyr + h2 [F(u(t))]
[0 O 4 ) — a1 + Ha(t)||2]26(t)
N
1+ hyk + h2 [F(u(t))}
N —kO(t) — hpr?0(t)

Lt e+ B [F(u(0)]

R B[0% O + B) = @ + aa [[a(]* ] ()
1+mﬂ+hﬂﬂwm]

[0 O + ) = 1+ az ()]t

1+ hpr + h2 [F(U(t))]

+

+

w0(t) + hi[0? O + Bn) — a1+ a2 ()] o)

i 1+ hyr + h} [F(U(t))} }
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thus

K [02 (An + Bm) — a1 + ap Hﬁ(t)HZ]é(t)

JS(a()) — fo(at) = —hy
folalt) = fola(?)) {1 + hpk + b} [02 (A + Bn) — a1 + az ||ﬁ(t)”2]

e [0 O+ ) = + o 0] et

Lot s+ B2 [02 O ) — a1+ a [0

+

. K20(t) + hkm[UQ Mo + B) — a1 + az \|a(t)\|2}@(t)

Lt bk 02 [02 (0 + Ba) — ar + az a0

Pulling the expectation over the last equation leads to

|| fu(a() - fotae)]|
o [Fv(w))] &(t) hi, [Fv(ﬁ(t»} ()
< hk{]E )
U+ B2 [BGO)|| |1+ hen + 8 [Ba@)] ||
K2 0(t) hy k0(t)
e 1+ hyk + 12 [Fv(a(t))] N HE 1+ hik + b2 [Fv(a@))} N}

< {0 O+ Bn) — @ [E ||l + asE [|[[a(0)|* ()] |
B[00+ B) — i E [0
+ a3 BE @)l ét)]]y + wElo(0)]| + hinE |||

F2ar o+ B,) — | E[lla()| )], }

for large N, we have

E

fulat) — fu(a(e))|]

N

1 1 R R R
< m{no? N 7(; + B (10l + ok |[lla)E )]

T Y

1 1 R 1 1 . R
+ ot Nt (5 + VB 6ty + 202 heo® N* 72 + S)E[|a)] [ )]
T Yy z Yy

+ay RE [[[|a()] ét)| |y + KE[0(t)]]y + han E[e(t)]] }
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hence

E

fult) — fu(a(e))|]

N

< hu{ko? N2 + ) (BV (@) + az (Bla()5)* (1))

27

N[

+ hioc* N* 7'('4([12 + 112)2 (EV(a(t)))

z Y

D=

N

11 A 3o
+2aho” N 7( 55 + 55) (E la()]];2)* (Elle(t)]]y)

2
A

NG

+ K2 (EV(a(t))? + hyr (BV (ii(t)))

N[

a2 (E[[a@)]%)? (B 1) y)

}

1
2

L Ly Evam)? + 2 @viam))? (EV ()

1 1 N 1
+ hjo* N* 7T4(l—2 + l_2)2 (EV(a(t)))?
z Yy

AR N2 (o + ) BV (a(0)* (V3 (a())”
+ 40E (BV (@(1))) (BV (@(t))? + 12 (BV (@(1)))? + by (EV (a(1)))? }
Therefore

E[||f6a) - A@m)|| |aw)]
1

1 1
< hk{,‘i02 N? 7T2(l—2 + Z_Q) + 2 (V%(a(t))) *+hiot Nint(=

x Yy

22
thus
E[||fa0) - f@w)|| |a®)] < g0+ viae)
< KqV(a(t)) h
where

Ki = ko N2 (g + )+ 2 (Vi) + o NUrt(d + &)

&

+4ho® N2 72(% + ) (v%(a(t))) F AR (V(a(t) + K2+ hyr

2
Y

(5.48)



thus

a@)} < K, V(a(t) k2. (5.49)

fulat) = fu(a()|

[ =l

Using inequalities (5.47) and (5.49), inequality (5.36) becomes

N

[E[ 0 + m) = o + m)ja@)] || < K V(@) rt + KaV (o) i

I,
< K¢ V(a(t) hi (5.50)

where K = K3 + Ky,
a2 2,0 1 3
K3 = 0* N* (55 + ) + Kok +3 (max {V (u(s)), V(u(t)})?

and

54 LOCAL MEAN SQUARE CONSISTENCY OF NUMERICAL

METHODS

In this section, for convenience we refer to the following abbreviation: (¥4, j), for

U = Upm € RNXNandf = fn,ma g = Gnm,

Cim(terr) = G (te) + hi vy, () (5:51)
and
— KU (tk) 4 Gnm (u(ts)) D Wi, (5.52)

where f,, . (u) = (— oAy + Bm) + a1 — as HuHig(D))cn,m(tk) and

nm(u) = (bg + by [Jull 2y + by ||U||L2(D)>an,m
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Definition. A numerical method with the scheme
u(t+h) = u(t) + hflat)) + gla(t)) A WI(t) (5.53)

where h =ty — b, =[5 ds, AWR = W(tean) — W(ts) =[5 dW(s) € N(0,h)
and f(unm(t)) and g, ,(u(t)) as above applied to SDE (5.53) is said to be mean

square consistent with rate ro > 0 on Dif f
3 K§ = consistency constantV0 < ¢t < t+h < T

where h is sufficiently small, i.e.,0 < h < § < 1, Vu(t) € H, where

H:={ue L*D)[d € L*D)}, and |full, = \/IIUII]ZLQ(D) Iz - (Fy BIL?)~

measurable, then

(B[ ute + ) — e+ 1) | ] ) < 5 (vt

where a(t + hlt, u(t)) = a(t) + [ flu(s))ds + [ glu(s)) dW (s) ds.

t t

Lemma 5.4.1. (The Burkholder-Davis-Gundy Inequality)

|| [ o as|| < cur( [ o as)’ (554

Proof. See Karatzas and Shreve [10]. O

Lemma 5.4.2. Let X ~ N(0, hy),Vn € N, n > 1, we have
E(X)*" = (2n — 1)!'A}
Proof. See appendix O

Theorem 5.4.3. The method (LIEM) given by

Al (bin) = () + he v (ter) (5.55)
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V() = () + B | o (u(t8)) € (i) = K05 ()]

+ G (W(tr)) D Wid (5.56)

15 locally mean square consistent with rate ro > 1, where

2 N
Famu(te)) = =0 Ay + Bu) + a1 — az > Y [e&(t)],
ij=1 q,l=1
and

guan(uti)) = (B0 + by (o ||agey + b2 [0V |1ago) ) @l

and

Ay W;L]m = Wé’,{n(tkﬂ) - Wéjm(tk) € N(0,hi), hyy = tipy1 — ti

Proof. We want to prove that

|=

D) (Eflle(t+h) — et +mIla)] )* < K V(u() (5.57)

2) (B [[onm(t +h) = tu(t + W) 1) ) < K5, V(u(t) b7 (5.58)

Provided that ¢(t) = ¢é(t) and v(t) = ©(t). To prove inequality (5.57), we know from

Theorem 5.2.4 that

c(t+h) —¢ét+h) = fttJrh (U(S) — fc(u(t))) ds
= [ gelut)) d W (s).

t

Thus,

||Cn,m(t + h) - én,m(t + h)H?\/

— ‘/tHh (v(s) - fc(u(t))>d8— /tHh e(u(t)) dW(s) jv
<[ (0 - o) as| w2 | awenawo)|
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by using the fact that
(a +b)?* < 2a® + 2%

Hence
2

E|le(t+h) — ét+h)|5 < 2E

/t " (u(s) . fc(u(t))> ds

t+h 2 "
+2B| [ au)iw(s
t N
which implies that
Elle(t+h) — et 4+ W <2 [ E|Juls) — fw)|[ ds
t+h 2
S getu@naws)|| (5.59)
first, we will find the first part of the right hand side of inequality (5.59),
~ 2 N 2
o(s) = felu®)|| = [[o() = v®) + o(t) = futu)||
N 2
< 21u(s) — oI} + 2|[ot) - L] (560

but we know that
Wam(1) = (| = Ot B) = a1 + a2 ) ao) | cnm(r)dr

— K0 (1) )7 + g(u(r)) d Wy (1)

thus

tn®) = tan®) = [ [ O 8) = @+ a0l ] cam)

ﬁ/ Onm(r dr+/ g(u(r)) AW (r)

/ Cm (7)) dr
t

2

SO
2

lonn(s) = van (@l < 40> (h + Br) — i

N

+ 4aj

| )y et
t

s 2
/ Upm (1) dr
¢

+4
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[ " g(u(r)) d Wiy ()
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hence

9 2

Ellonn(s) = vam®lfy < 400+ 5) - ] E|

/ Crm (1) dr
¢

2

N

+ 4a§]E’

/ 60 Zags) Cnm(r) dr
t

s 2
/ Unm (1) dr
t

2

N
2

+4/€2E'

*4@

/t " g(u(r) AW (1)

N N

therefore,

[ =it ar

S

+tad [ (BII R ) (Bl )

+4ﬁ2/ E (o3 dr+4cBE/ lg(u(r)|y dW(r)

by using Holder and Burkerholder-Davis-Gundy inequalities, Lemma 5.3.1, then

E[[0n(s) = tnn(®)lly < 4 |0°0+ ) — a1

substituting g(u(t)) = (bo + 01 [[u(t)|]2 + [[v(®)]] 2 )az, we get

E [onm(5) = tnm Ol < 4 ([0% 00+ ) =] + #2)EV(u(s))ls — ¢
+ 12Cp o [b + (b7 + b3)EV (u(t))] |s — ¢

+ 4a3EVZ(u(t))EV (u(s))]s — t,

which implies that

E|[0nm(s) — vam(®)|[% < max 4 ([&(An + Bn) — alr + KZ)EV(U(S))\S ]

1<nm<N

+ 12Cp o [ + (b + b3)EV (u(t))] |s — t|

+ 8as EVZ(u(t))EV (u(s))]s — t|,

and, if N is sufficiently large, we have

E funn(s) — vam(®) < 4 ([0? 7 N2(55 + )]+ W)V (uls))ls 1

+ 12Cga® [by + (b7 + B)EV (u(t))] |s — ¢
+ 8ay EVZ(u(t))EV (u(s))|s — t|,
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taking the conditional expectation gives us

E [H'Un,m<s) - Un,m(t)H?V ’u(tﬂ

1 1
<4 (0474 N5 + )7 + w2+ 3Cpa”(B] + bg))V(u(t))\s —

z v
+ 12Ca?bi|s — t| + 8ay V2 (u(t))V (u(t))|s — ¢

< K5 (1+V(u())ls — ¢

< K5 V(u(t))]s — t|

where
_ 44 Aag L L, 2 212 2
Ks =4(o*rm N(l—2+l—2) + k°+ 3Cp a®(b] + b3)
x y
+ 12C5 b3 + 8ay VZ(u(t))
therefore,

< ks V(u(t)) hi. (5.61)
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from Theorem 5.2.3, we know that,

Un,m (t) - fc(u(t>>

e

(/@ + hy [02 M+ Br) — albvmm(zﬁ)

2 N
1+ hgr + h? [02 (A + Bm) — a1 + a Z Z [CZ’ﬁ(tk)]2]

ij=1 q,l=1
N ..
heas (30 S P ) vun(®) + [02 O + Bu) = a1]enm(t
i,j=1 q,l=1
+ 2 N
L B+ B [0 O+ B) = an 02 30 D [l (t)F]
i,j=1 q,l=1
N ..
az (D D ) ) enm(®)
ij=1 ql=1

+ 2 N

Lt B+ B [0 O+ B) — a1+ 02 32 D (80P

i,j=1 q,l=1

to simplify, let

Fu(u(t)) = 1+ bk + B2 [02 O + B) = a1 + a2 > D el (1),

ij=1 ql=1

which gives F'(u(t)) > 1, thus

Vnm(t) = felu(t))

</<; + hy, [02 (An + Bm) — al])vn,m(t) + ap <22_: ZN: [Cé’ﬂ(tk)]Q) Cnm (t)
= O

hi as (i i— [c;”]l'(tk)]Q)vn,m(t) + [02 (A + B) — al}cmm(t)
+ - Fo(u())) b
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By pulling the expectation over the squared norm of latter identity, we find that

2

E 7}”7m(t) - fc(u<t)) N

< {4 (s + mfo? (4 ) — @) E Ff%)) N

e ron RUGESERE oo
o [ @IE )

AR @) N}

but we know that F.(u(t)) > 1, hence

e|[ot) — futu)||

< B[4 (5 + meo O + ) = @] ) EIOIE + 4Bl v
+4[0? O+ B) — ] ElleOl + 4a3E[[lu()]3 ][} ]

< BE[4(k + helo® O+ Ba) - al}) EV (u(t))
+antad (L) (E @I )’
4o O + ) — 0] BY(@(®) + 43 (E u@l)* (B0 )]

< B[4 [(k 4 mfo? O+ B) — ]) 4 [0 O + Ba) — @] BV (u(t)
v angad (BV () (BV) + 463 (BV(@(®)* (BV(u(t))’]

thus

E ||o(t) — J.(u(t))

2

‘ N
2

< i (a](x + 1o O + ) = @] )+ [02 00 + ) — o] TEV (D)
403 (L+ BEV (u(1)))

= 48[ (s + [0 Ot ) — ] ) [P0 8) ]+ a1+ D] BV ()

< aR[(5+ 0" O+ B) — @) 4 [0 O+ ) — ]+ 203 |EV(ulr),
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for large N and take the conditional expectation, then we get

e [[lo) - Fetwto| [} uto)

1 1
< 4w+ PN 4 )P+ N+ ) 4 243 | (14 V() B

T Yy x )

thus
) 2 .
| [Jot) — Aw|[, 0] < K Vo)
where
K — 4 2N2 2 1 1 4N4 4 1 2 2
6 = [/4—1—0 7r(l—2—|—l—2)+0 (l_2+ )° + aQ}
T Yy x Yy

Therefore,

t+h 2
/t E U(U(t) - fc(u(t))H |u(t)} ds < KoV(u(t))h. (5.62)

Form inequalities (5.61) and (5.62), we have

’ \u(t)} ds < KsV(u(t) h2 + KeV(u(t))h?

/ [H )~ fetwto]|

where K7 = K5 + Kg. Now, the second part of inequality (5.59) is

< K7 V(u(t)) h? (5.63)

Ey[Mam@MW@z

N

=E

W (s)

N
2

e b (bo + by [u(®)l] + b [lo(®)]] )0
[ Fo(u(0))

i (b0 + b [[u®)l] + b2 llo(®)l] Ja> e
- F Ful) [ awe

N
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Then

E‘ /t T ) dW(s) 1
b (b0 + by [[u()]] + bo 0@ Va2 || |1 peen >
| F () ) | awe .

1

2

(|t + o o |
= |F Fo(uft) ) d

using Lemma 5.3.1, F.(u(t)) > 1, and

/tt+h W)

1
4\ 2
N)

(a+b+c)=((a+b+c)?)? < (3(a* +0*+cH))? < 27(a* +b* + ),

then we find
t+h 2

E\ [ stueyaw)
t

N

1
< hEat (27 ]88 + B u()|l* + E ()1 ) 3 1)}

<9at (bg FVVEV (u(t)) + b Evz(u(t)))é B3,

Hence, by redoing above steps for the conditional expectation, we arrive at

t+h 2 1
EH / Gelu(®) dW(s)|| | F] < 90t (v + b1V () + B5V3(u(1)) " b}
t N
< 90" (B3 4+ 03 VV(u(D) + BV (u(t))) b
bi  V(u(t
< 9a4(b§ + 51 + (Z;( i bSV(U(t))) his
because we know from the Young’s inequality that if p = 2and ¢ = 2, that
2 2
a~b§%+§,then
t+h 2 b4 1
el |[[ 7 atutnaws)| 7] < 9at(i+ %+ G+ B viaw) i
t N

and therefore

EH

2 4

b 1 1
]-"t} < 9a* max {bg + 2o+ 0, o+ b%}V(u(t))hi.

t+h
| atunawes L5

N
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Thus
2

E [ Ge(u(t) AW (s)

< KgV(u(t)) hj,

< ks (1+ V(u(t) k2 (5.64)

< ke V(u(t))) 2. (5.65)

where

a4 2 b_zll 1 21 2

Thus inequality (5.59) equivelant to

Elle(t +h) — &t +m)Ily

7
< 2 (Kr V(u() B + 2 Ks V(u(t)
< K, V(u() by

where K¢, = 2 <K7 + Kg), which is implies that

(B [llete+ 1) = e+ 1| 7)) < (k) (Vi) (5.66)

2) To prove inequality (5.58), we know from Theorem 5.2.4 that,

t+h

ot h) = ot = [ [fluls) — )] ds

t

[ [ntuto = st awes

thus
2
lo(t+h) — (t+h)||3 < 2

[ [ws) ~ dutep]as

thh N (5.67)
[ [ntuto) = aututen]aw)

+ 2

N

and we know that

Folu(s)) = folu()) = folu(s)) = folult)) + folu(t)) = fo(@(t))
+ fula(t)) = fo(a(t)
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and, by using the local property that u(t) = 4(t), hence

[7uu(s) — £ < 2 1fululs)) ~ Fulul)I

2

(5.68)

where
fulw(s)) = fulu(®) = [0* O+ ) — o] (c(t) = e(s))
+ a (@I et) = [uls)| e(s)) +  (v(t) = v(s))
thus
1)) = Folu)IE < 3 (0 Ot Bu) — ) [le(t) — el
+ 33 [[lu(t)|1% e(t) — ()] )]
+ 367 lo(t) — o(s)

From Lemma 5.2.5, we have

e ) — llas)1Fs (o) < 3 et Nl le®) — el

hence

E|[lu(®)l[ e(t) = llu(s)[y e(s)]|

< OB (Il I 1) — I3 )

< o[E(lletlly 11 )] [Elle = iy )

< o[E el ] [ERls ] [Elet - oty ]

< 2[evue)] B o) [Blio - ol ]
therefore

=

E ([l (0) = () (o)l < FEV @) [Elle) —ea)liy ] (569)

101



but we can find that
Ellet) - (ol < 5 [ [Bviuen)tar)’

< [ BV a0y

< [Ewu(t))}?(s—t)?/s dr

t
2
E|le(t) = c(s)l[y < [EV(u(t))]” (s - )°.
Substituting inequality (5.70) in inequality (5.69), we find that
2 2 36 4 2 3
E [[[[u@®lly e(t) = llu(s)llx e(s)||y < —EV*(u(t)) [EV(u(#)]" (s — )
2
and we know that
E||lle(t) = e(s)lly e(s)|[y < EV(u(t)) (s — )"
Also from Theorem 5.2.3. part 1), we know that
t+h 3
[ Bl = oo ds < KV (o),
t
Therefore, by using inequalities (5.71), (5.72), and (5.73), we find that
t+h )
[ Bl - fa@)f ds
t
2 t+h
< 3[02()\n + ) — al] / E|le(t) — c(s)|% ds
¢
, [t ) , )
36 [ B[l oft) = oIy (5[} ds
t

t+h
+3n2/ E|[o(t) — o(s)|[% ds,
t
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hence
[ E [|1fu(u(s)) — fulul)I Ju()] ds
< 8[0(ha + ) — | /t V(ut)(s — )2 ds

+108 /t o VAu)EV (u(t))]s — ¢ ds + 3 Ks &2V (u(t)) h?

< [0 O ) — ] V() B+ T V)Y () B+ 3 Kk V() 1

< [02 O+ Br) — alrwu(t))hi + 27 VA)V (u(t) b2 + 3 K5k V(u(t)) h2.

Thus, for large N, we have

| Bl = @) )] ds

<ot N%‘*(% + %)QV(u(t))hi + 2T V)V (u(t)) h2 + 3 K5k V(u(t)) h?

T Y

< ot N+ (L V(u(e)

z Yy

+ 2TV u(t)) (14 V(u(t)) b + 3 K5k V(u(t)) hi

therefore
t+h -
/t E (|| fo(u(s)) = folu(®)[ly [u(t)] ds < KoV (u(t)) b
where
Ky = o* N* 7r4(ll2 + l_2)2 + 27V u(t)) + 3 Ks k.
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The second part of inequality (5.68) is,

|76 ~ Ao
[ [0 Ot ) = an 4 as o) et i

< hi F(a(0) i
o O +6) = a + oI ] e0|| o |
+ F(a(t)) F(at)) ||y
hklﬂl[02(>\n+5m) — a1 + ag|la(t ||N] }
" F(a(?)) N
< 41} [/{2 [02 (A + Bm) — a1 + a ||ﬂ(t)||1\f}2 F(<t(2f))
+ h [02 (An 4 Bm) — a1 + a2 Hﬁ@’ﬁvr (fb?t))
RG]
TG |l
+ hzli2 [02 (An + Bm) — a1 + ay ||@(t)||?\f}2 F?ét()t)) N]
et |I?

< a0 [ ([0 Ot ) — a1 + aa |13 ]

F(a(t))

- ||z, )
+ 02 [0? (n + Bn) — a1 + a [ ||N} ([o* O+ 80) -
+aalliol ]| |+ |wao ] )
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hence
2

[ £@®) = fuae)

’

< 4R [(Ff + hi[aQ (An =+ Bm) — a1 + a2||a(t)||?v]2>

([az O + B) — ar + a2||a(t)||§v]2 F(Cg&)) jv
+ Fq(qut()t)) Nﬂ

using F(a(t)) > 1, and pulling the expectation over the last identity, then we find

2

EHfU(a(t)) — fuli(t))

‘ N

< 4th[(&2 + K2 {0—2 M + B) — a1 + a2||zl(t)||f\,r><[02 M+ Br) — a1
therefore,
£ £ — £

< ARE[(w + [t ) — ar + a2||a<t)||§vr)([a2 O+ Br) — @

&(t) o) || )]
F(a(t)) F(u(t))

2

+ K
N

2

~ 2 2
+ o a1 |
N

hence

Eva(ﬁ(t)) — fuli(t))

.\
< 4B (B[ + [0 Mt ) — o + a2||a(t)||?v]2r>;[lﬁl<[az O+ Bo) —

e(t) o(t) >2] 3
F(a(t)) F(a(t))

2 2

2

~ 2 2
+ a |la()][3 ]

N N

for large N, we have
~ 2
E|| 7)) - fa@)|
272\ %
< 4 (B[ + [ N2 r2(h + )2 + aa @I | ] ) [B([02 M2 r2(3 + )2

c(t) o(t)
F(a(t)) Fa(t))

2

+ K2
N

2

)2] J (5.75)

N
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First, I will calculate the first part of the right side of inequality (5.75) which is

(E[KQ_'_hi[UzNZWQ(l+1)2+a2”7j(t)”?\[}2]2>§

2T e
< (E{zf#m [02 N%Q(é + %)2 + ay Ha(t)nﬁvr]f

< (laetezs (U2N2ﬂ2(z12 +zl2)2>4 + 4adlla)lly ]])’
hence
(k[o 4 1o v+ sl ] )
r Yy

1 1,\" A :
< (22t (NG + )+ adE I ])

T Y

< (ot 8] (NP + })) + aEV(u(t))] )

T Y

N

1
2

1
= (254—1— 8 (U2N27T2(—+

z )2)4 + 8aEV2(u(1)))

o ™

1
< V2 </<c2 + 2 (02 ]\727r2(l—2 +

x

)2) + 202 [EV(u(t))] 5)

1 1 1

< V2 (/ﬁ + 20" N* 7r4(l—2 + l—2)4 + 2a3[EV?(u(t))] ) :
z ly

Now, the second part of the right side of inequality (5.75) is

2

([0 Mg + 5+ anllaIR ] |l |maan ],
< oE < N+l ] [F N) | N
<2 <E[02 N27r2(é + llz)2 + as ||ﬁ(t)||?vr); (E HF(CQ(LIZ)) 1)2
O
2 EHF(@@» . 1
<2 (16016 N'© 7T16(é + %)16 + a3 |Iﬁ(t)||z1v6>2 <EHF(C£2)) i) 2
O
t2n EHF(@@)) v
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but F(u(t)) > 1, then

1 1 ) 2 . 2
E([o* N2 m2 (5 + )2 + a3 | 1@+ 2 1001 )

z ly
1
1 1 2 ) 1 .
< 2160 N+ )+ RN ) ElOIR) + 2 E 0
z ly
< 2 (405 No (2 1 L8
< o T (l—2+l—2) + a

T Y

;‘1@\\@@)\\%) (Elle®)x)* + 26 B0y,

hence

=

T Y

11 ) ) 1 .
< |2 (100 W + 2+ GEIGOIR ) EIR) + 2B 00IR]

Y

1 1 N 2 . 1
< V3 (4 e+ Ly e ||u<t>||?v) E %)

4 Y

([0 2w+ 5+ alla@l ] el + o2 oo )]

I

[

N|=

+V2x (E|[0(t)]1%)

N|=

1 1
< V2 (204 N'7l(5 + )+ a3 (B la()1%)

) @)

N

=

+V2r (E[[8(0)I[3)

< VI (20N 4 )"+ 2 (BV ) ) (EEv%u(m)i

4 Y

+ V25 (EV(u(t)))? .
Thus inequality (5.75) equivelant to

E|

Fua(t) — Fu(a(o)||

N

1 1 3
< 4h2 - V2 (/@2 + 20* N* 7T4(l—2 + l_2)4 + 2aj [EVQ(u(t))} é)
T )

Vi (20t Wi+ byt 20 o) (ZEviomy)

+ V25 (EV(u(t)))%].
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Pulling the conditional expectation over the last identity, we find that
. 2
e |||t - fao)|f] o]

1 1 1
< 8h; - <li2 + 20 N*at (= + l_2)4 + 2a3 [V*(u(?))] 2)
y

12

(203t + )"+ 20 (V2 0)) (ivﬂu(m)‘l‘

y az

+ K <V(u(t)))%]
Thus

e ||| atat) - Ao 1]

1 1
< 8h} - (/{2 + 20* N* 7r4(l—2 + l—2)4 + 2a3 V(u(t)))

[(20'wiw i + )+ 2avuen)) (2 Ve + RV (u(t))]

Y

1 1
< 8h} - (/{2 + 20* N* 7r4(l—2 + l—2)4 + 2a3 V (u(t))

(2030w + '+ 200V ) (2) Vi) + 5] V()
hence
E|||£00) - Aao)[] o] < Ko+ Vo) 2
< Kol (u(t) B, (5.70
where
Kig=8 - (H;? + 20* N* ﬁé + %)4 + 2da3 V(u(t)))
[(2 ot N* ﬂ% + %)4 + 2@2V(u(z€))) <%>1VS(U(t)) + f;],
therefore

/E [va@(t)) ~ fula()

< KoV (ult)) hf. (5.77)
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To complete the proof, we have to simplify the second part of the right side of

inequality (5.67) which is

by using Lemma 5.3.4, we get

2

/ttJrh [QU(U(S)) - ﬁv(u(t))]dW(s)

N

< Oy / gu(u(s)) — Golu(®)| ds

/tt+h [QU<U(S>> - Qv(u(t))]dw(s)

i+h t+h
< Cp /t llgu(u(s)) — go(u(®)|[y ds + Cg /t llgo(u(t)) — Go(u(®)|[} ds.
(5.78)

We start with the first part of the right side of inequality (5.78) which is
t+h ,
[ lltats)) = aCutelly ds
t
t+h ,
< / [[or ()2 = [[u@®ll2) + b2 ([Jo($)]]2 = [lo@)]|2)Iy d's
t
t+h , ,
< /t 207 (Ju(s)lli2 — [lu®)]2)” + 263 ([[v(s) 2 = [lo@®)l]2)"] d's
t+h , ,
< / max {207, 263} [([[u(s)l],2 — [[u(®)]],2)” + ()]s = [Jo(®)]l12)°] ds
¢
t+h , ,
< [ 2max 20,263 [l bs — o+ ) s — 1] ds
¢
< max {267,205}V (u(t)) b}
thus
t+h , ~
/ Ellgo(u(s)) — go(u(®))lly ds < KnV(u(t) hi < K V(u®)hi  (5.79)
¢

where Kj; = max {2b%,203}. And the second part of the right side of inequality (5.78),
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we start with

E [[lg.(u(t)) — go(u(®)|[3]

(5 + hue F(u(t))] [bo + bu [[u(®)]],2 + b2 [[o(@)]] 2]

= nE
g 1+ hy ks + B2 F(u(t))

< o (E |l + b FQ(O)IL)? 11+ b @)l + b (@) ]a]1%)

1 1 :
< st (B [t nto N+ )t + (ol )

x Y

N

(B [ + b1 [Ju(®)ll2 + 03 [l (®)]]])*
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hence
E [|lgo(u(t)) — go(ul®)|lx lu(t)]

1 1 2
< 81h (ﬁ* + h} 04N47T4(l—2 + 1—2)4 + a3E Hu(t)H?z)

z Y
1
2

- (b + BIE [Ju(t)|]2 + B3E||u(t)||)2)

1
11 2
< 81 hy, (54 + hy U4N47r4(l—2 + 1—2)4 + 4a§Ev2(u(t))|u(t))
x Y

. (bé + QG—?EV(u(t)Hu(t) + ngV2(u(t))\u(t)> ’

D=

11
< 81 hy, (f# + by 04N47T4(l—2 + ﬁ)4 +4a3 v2(u(t)))
x Yy .
4 2b41L 4772 :
b+ =LV (u(t)) + by VEu(t))

ag

1 1
< 81 hy, </<52 + b} 02N27r2(l—2 + l_2>2 +2ay V(u(t)))

T Y

. (bg L V2 (V(u(t))? + b2 V(u(ﬂ))

NG

< 81 (KP + h; 02N27T2(l12 - %2)2 + 2 ay (V(u(t)))%)
: (bﬁ + {/i—? + 05 (V(U(t))ﬁ) (V (ult)))?

< 81 (/s? + 1 02N27r2(l12 + 112)2 +2ay (V(u(t)))%)

- (bﬁ + \f/ﬁa—? + b3 (V(U(t))ﬁ) (14 V(u(?))) hu

thus

E [llgo(u(t)) = go(u(®))l[y lu()] < KoV (u(t)) b
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where

11 .
Ky =81 (52 +hi o N1 (5 + 55)° + 2a2 (V(u(t)))Q)

z Y

(o 2 oo

therefore

t+h 3
/ E [Ilgo(u(t)) = go(u()llx [u(®)] ds < KoV (u(t)) hi. (5.81)
t
Thus by using inequalities (5.74), (5.77), (5.79), and (5.81) we can write inequality
(5.67) as
< KV (u(t) 12 (5.82)

where KEQ = 4(K9 + KIO) + QCB(KH + Klg). Thus

(B [lonm(t+h) = tum(t+ I la®] )" < K, (V)" e

< K2 V(u(t)) hy. (5.83)

[N

]

5.5 LOCAL MEAN SQUARE CONTRACTIVITY
Let @(t + hlt,u(t)) be the continuous one step representation of numerical method

(5.3).

Definition. The numerical sequence 4 = (Upm )nm=1,.. n is said to be numerically

.....

mean square contractive on [0, 7] iff 3 K. constant such that V h sufficiently small

V0 < t<t+ h < T it satisfies the inequality

E|

~ ~ 2 A ~
Ty, (T +- h) — Ua(t),t(t +h) ’ |H ’uu(t),t(t)y Ua(t),t(t)]

< exp (2K5 h) (([u(t) — a(D)][3) (5.84)

where u(t), a(t) € H = {u € L2D)|d € L*(D)} and |fully = \/llulagy + [[dl2m)
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The aim of the following is to investigate mean square contractivity of numerical

method (5.3).

Lemma 5.5.1. Let u(t) be the numerical solution of the system (5.3) and let

u(t), u(t) € H. Then

(

where (y1) on the line segment between u(t) and u(t).

s O|) < Sllaln)Il ) - ato)3 (5.85)

G e ()| —

Proof. By using the mean value theorem, we have

. 2 . 2 . N
owa @I = s @] = 11¥eo 8O0, 1u@ - @@l (586)
where
N N
~ 2 “ “
Vo llt)lly = Ve (Z c2i(n) + Z U2i(71)>
i=1 i=1
- (261 + 2@1, 262 + 2’{}2, ceey 26]\[ + 2@]\[)
— 2(61, éz, ceey éN) + 2(/{]1, TA}Q, ceey ’lA}N) .
Thus
. 2 . 2\2
( “u(t),t(t)\ \H - uﬁ(t)ﬂf(t)HH)
=4||(¢1, éq, ..., eNn) + (01, Doy ..., @N)||l22 l|u(t) — ﬂ(t)H?{
< 8(|1er, 89, oy enlla + (D1, Do, oy |[p) [|ult) — @(H)[[5
. 2 A 2 <2
= 8 ([le(y)l + o)) (Ilu(t) — a®)ll) -
Hence,
. 2 . 2\ 2 . 2 N
(lwea @5 = NIl < 8l ) — @l
The proof is complete. O
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Theorem 5.5.2. Assume that u(t), a(t) € H. Then¥Vt: 0< t < t+h < T, h small
enough, the linear-implicit Fuler method (5.3) is locally mean square Lipschitz

continuous with Lipschitz constant f(g on D, such that

E [[[a(t + hlu(t)) — a(t + hla(®))[[ [u(t), a(t)]

< (34 K5V, u(®). a(t) h) lut) = a(o)

where

KS = KS(N, u(t), a(t)) = Kg(N,u(t), a(t)) + K (N, u(t), a(t)).

Note: During the proof, we will explain the derivation and estimation of f(g because we

have many constants and we do not like to repeat them.

Proof. We know that

E [[la(t + hlu(t)) = a(t + kla(t))|[5 lu(t), a(t)]
= E[|[e(t + Rlu(t)) — é(t + hla(t)) |l [u(t), a(t)]
+E [||o(t + hlu(t)) — ot + hla(®)) ||z [u(t), a(t)] -
So, we will separate the right side of last equation to

1) enm(t +h) = Cam(t+h) + hy (Fo(@))nm + (Ge(@(0))nm Dk Wom(t)  (5.87)

where, and to simplify let Fy(n,m) = o?(\, + Bm) — a1,

A O () = hie(Fy(n,m) + 52| |(6)|[} 2 ) ) nm (1)
L+ bk + h2(Fi(n,m) + ag [|a(t)][7 )

and
_ I g(ﬁ(t))
L+ by ki + hE(Fi(n,m) + as ||ﬁ(t)||i2(m>))

A

2) D (t + h) = Dt + 1) + B (Fo(@()))nm + (Go(@E) ) nm Ok Wam(t)  (5.88)
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where

(fo(@()))nm
—(Fy(n,m) + az |a(t)|Izp))énm () — (5 + hu[Fy(n,m) + ag |@()] |72 0 (1)
Lt fy k4 B (Fy(n,m) + s ||a(t)][ga(p))

and
D oli(t)
(Go (@t Inm = 1= hi i+ B (Fi(n,m) + sz [|a(t)]F2(p))

First, we will start with equation (5.87).V w(t), u(t) € H, we have

E [JJe(t + hlu(t)) — et + hla()} lu(t), a(t))]
< 3E lle(tlu(t)) — e(tla(t)|I;

u(t), a(t)]
fo(at) u(t)) - fo(a)ac)

2
+3@E[

u(o) (1)

l2

+3E [Iléc(ﬂ(t)IU( )) = ge(a(t) ()l ||(2% Wam(t))nn=1,..x |l

2
12

3 (E[|3e(a(t)]u(t)) — ge(aa(t)|[b)? (E (12 W(R)|[5)? .

u(t), a(t)]
< 3E [||é(tu(t) — étlat)]3]

3K [ a®)lu(e)) — fa@)la))

N

Now,

ge(a(®)u(t)) = ge(a(t)[a(t)) = ge(u(t)) — ge(a(t))
ha. g(u(t)) B hi. g(a(t))

Lt e+ B+ anlfu(Dllamy) L s+ B+ az ||a(t)] L)

_ a0 b+ B Fylg(u(t) — g(@(®)] + aa i [0 glu(t) = (@) g(at)]
Lot s+ B+ ag [Ju(®)| o) | |14+ hics 4+ B(E A+ ag [[a(0)] o)

Thus
||§C(u(t)) - ga(a(t))H??
< 8hf(1+ h ki + hE 1) |g(u(t) — g(a(t))|]

i8a i || 1801 oy ou(®)) — 11u0) ooy oa(e)]|

(5.89)

2
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But
a(0)][72m) 9(u(t)) = |[u(®)]f2o) 9(alt))
= ||a(®)|[F2my 9(ut)) = [[a(t)]F2m) 9(@(t)) + [[a®)]* g(@(t)) = [u)|f2m g(@(t))

= la(0)|I2m) lo(u(t)) = g(@()] + [a(t)[f2m) I\U(t)l\i2<m>] g(a(t)),
therefore,

4

12

< 81[a(t) oy lla(u(t) — g(@®)|lf
8 (101 By — o) o)l
Thus inequality (5.89) equivelant to
1e(u(t)) — Ge@(e)] 1
< ShE(L+ s+ b2 ) lg(u(t) — g(@@)|li
+ 8ad bt [8 1a(0)1F2 o) llg () — g(@(e)I
8 (0] 2oy — )Py ool
hence
1c(u(t)) — de(@(e))] 1
< ShE(L+ by + b2 ) [lg(u(t) — g(a@)|l
+64ashit [[a(t)[|* llg(u(t)) — g(a(®))lls

4
+ 6dadhit (11(0) 1220y — lu@)] ) ) g (@)l
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using Lemma 5.4.1 and inequality (5.90), we have
[1Ge(u(t)) = ge(@()|l
< ML+ s+ R F1)* |lg(ult)) — g(@(t))]2 + 64azhy [a(t)||”

QN

g}

Nlg(u()) — (@)l + 2'2ad bt llatn)I ut) — @)l 1o
and we can estimate ||g(u(t)) — g(@(t))||;» as the following
lg(u(®)) = g(@®)|lE = lgu(®)) - ga(®)))’
= (o) — 1O zy) + bolllo e — 19 am))
e ([ T R (R [
< 803 [lu(t) = (1) I + 853 [0() = 5(0)lI L2 o)
hence
lg(u(t)) = g@E)Ifi: < 8(bf +b3) lu() = a®)|l;
thus
1g(u(t)) = ge(a(e)I I
< G4 hE(LE + b (1 + hy s + B2 F) [Ju(t) — a(t)]|%
+ 2% ad (b1 + ) ()] [fu(t) — (bl
+ 21203 it a1 llult) — @)l lg(a(e) 1k
< 64 Ry | (b7 + b3)(1 + hy k + B Fy)*
8 ad (68 + 1) la(t)|I° + 6403 l[a()I 3 llg @) 1

fu(t) = a(®)lly -
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Pulling the conditional expectation over the last identity leads to

E {3 (ut)) — g.(a() I

u(t),ﬁ(t)}

< 64 hi{(b‘f +0) [(1+ b s+ B FL)* 4 8as ||a(0)]°] + 64.a3 |[a(n)|[3 [lg(at)]]z }
[fu(t) = at)|[y

< 64 hﬁ{(b‘f 08 [(1+ hy i+ B2 Fy)* 4 3202V (i(t))]

+ 643 |a(y)l[ [lg(at))l]: } Nu(t) = a®)lly

for large N,

E llge(u(t)) - ge(a(t) I

u(t), )|

< 64 hi{(b‘f +b4) {(1 Yk + 20 N2 O\ + 51))4 +32 a§V2(ﬂ(t))]

+ 643 )| oGO } - () — @)l
Let
(RN, a(t)]? = 64{(1);l + b4 {(1 4w+ h20? N2 O\ + Bl>)4 +32 a%VQ(ﬁ(t))]

A A O

then

E {113 (ut)) — g.(a(t) I

U(t),ﬁ(t)} < [N a())] b lu(t) = a(t)lfy -

Thus

N|=

(E [113:(u()) = aut@@)ll < KN, @) b Ilu(t) = a3 (5.91)

u(t), a(t)) )

Now

2

i) — fao)a)|| , = || ) - faw)
o) = b (Fi # as [u®lfae)) ) 900) = (Fy+ ) g 00| |

Lt a0 [+ oo () Ly 1+ b+ B [P+ o (0 |

l2

l2
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after we doing some algebra, we find that

= ||y - daw))|

< 6 (1+ hes + 12 B2 [[o(t) — 5(0)112

B [1+hk/<—|—hz[F1+a2||u ||]L2(]D) } [1+hk/i+h2 [F1 + ag[|a(t )||n2,2(1n>)]]

()20 v(8) = [u®)F2o) 58)] |

[+ s BRIFL + a2 [[0(®) )| |1+ as + BRIFL + a2 [(0) 12 )
6 h2 F2(1+ hyrs + h3 Fy)? [|e(t) — &) |7

[1+hk/<c+hﬁ[F1+a2Hu NS D)] [1+hk/€+h2 [F1 + ag [|a(t )H]?P(]D))]}

A1) Py () — 1u(®)] 2o 20)||

l2

2

Je(@(®)lu(t) — f(a(t)a(t))

) 2
6 a;

_|_

_|_

6 16 F2 a2

+
[1 + bt + hE[Fy + ag ||u(t)| [} p) ] [1 + hik + W [Fy + ag [|u(t )Hizm)ﬂ

2
6 hia3(1+ hgk + hi Fy)? H||u(t |L2(D) c(t) — ||a(t)||i2(D) c(t)

l2

+
[1 + hgk + hi[fq + as ||U ||L2 (D) ] 1+ hyrk + h%[Fl + asz ||a<t>||i2(]@)]i|

|
6 1 ad |G (0|12 ()| fam) e(t) — b))

—+ .
[+ b+ BRI + a [[u(®) o)) |1+ uk + B2IFL + a2 1) o)

to simplify last inequality, we will find
()12 o) v () = ()] Fap) )
= 1] 20y 0(8) = NGO Fa) 5E) + 1180 2y 5) = [[ul®)E2(o) 5(2)
= 1)l 2o, (0) = 38)) + (11808)|Eaqo) — u(®)lF2o) ) 200,

thus
80 v(6) — lu(6) 2oy 566)| |
< 2ty I0(6) — B0 +2 (1A Eaqmy — () ay) (O

Now by using Lemma 5.4.1, we get

2

A(0)|I2) v(t) = llu(®)llg2m) 0(2)
< 20Ja(t)|Lzp o(t) = DO + 16 [[a(y)ll [[u(t) — a®ll l@)I1° (5.92)
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if we replace v by ¢ in inequality (5.92), we get

16 22y e06) = [t 2oy 60|

ZZ

< 2|[@(O)llz2py lle(t) = EOlhe + 16 [[a(y)ll llu(t) —a)l 1O (5.93)

and by using Lemma 5.2.5, we get

120 €t) = a1 2 &0

< 91l oGl lle) — &l . (5.99

Now, using inequalities (5.92), (5.93), and (5.94) and pulling the conditional

expectation we have

E |

< 6(1+ bk + 02 B [Jo(t) — o(t)|[%

2

N

fe@(®)[ult) = fola(t)a(t))

+ 603 (2110t Loy |[0() = SO + 16 la(n)l | lhue) — @0) 1 1152113 )
+ 602 F2(1 4 hyk + B2 F)?|e(t) — &) [%
£ 600 F a3 (2110 1et) — 11 +16 1) L lu(t) — a(t)113 16(2) 1)
+ 6 hpa3(1+ hyr + B F1)? (9]|e(y)l o)1) [le(t) = &@)]]7
+ 6 1 a |||y ()l o) — )]l
< 6| (1+hur+ 1)+ 23 [0z | 100 — 5@
+6h2 [Ffa i B2 FL) 20 F2 a3 ()]
+9a3(1+ e+ b FL)? ety (o ()l + R ag a2 ) e[
le(t) — &)l

+96a3lla(v)lly | 1508l + A F2 1101 | llu() = a(t)I1;
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hence

2

fe@(®)lult) = folat)a(t))

u(o) (o)

?|

< Ko(Nyu, @) [|o(t) — 98|l + Ks(N,u, @) [|e(t) — (t)]]72

12

b Ra(N,w, @) [Jult) — @))%
< max {Ko(N, . ), Ky (N )} ([lo(e) = 00 + lle(t) = (o))
b RN, @) [Jult) — G|

where, for N large enough,

A

K3(N,u, @) = 6 [(1 + hiki+ b3 0 N2 (A + 1)) ° + 263 IIfL(t)IIﬁz(D)]
and
Ky(N,u, @) = 6 h? [(02 N2(Ay 4 B1))2(1 + hes + b2 0% N2(Ay + )’
+ 2 F2 a3 ||a(t)||f 2y + 9 a3(1 + hurk + hE 0> N2 (A + B1))?
el o)z + B a3 @)z ||u(t)||ﬁz(m)]
and
K3(N,u, @) = 96 a3 max {[[a(t)]],; , ||u(t)|] ;} [Hf)(t)lllz + hy, (02 N2 (A + B1)? [[e(t)]] 2 ]

Thus

E[ fe@(®)u(t) = f(a(t)a(t)) U(t)ﬂ(t)]

< max { Ko (N, u, @), Ka(N,u, @)} [Ju(t) — a(t)|[5; + Ka(N,u, @) |u(t) — a ()|l

2

l2

< K5(N,u, @) [Ju(t) —a(t)|[ (5.95)

where

K5(N,u, @) = max {Ks(N, u, @), K3(N, u, @)} + Ky(N, u, @).
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Using the inequalities (5.91) and (5.95), we get
E [[[é(t + Rlu(t)) — é(t + hla(®)|lz [u(t), a(t))]
< 3E [[le(tlu(t)) — etla(t)|[z] + 3hiKs(N,u, @) [Ju(t) — a(t)|[
+ 3 RN, (0) 1 [lu(t) — 301 (B0 W @)
but we know from Lemma 5.3.1 that

E[|8 W (t)]] = 3,

hence
E [|[e(t + hlu(t)) — é(t + hla(t))|[j [u(t), a(t))]
< 3E [lletu(t)) — e(tla(®)) 2] + 3hiKs(N,u, @) [[u(t) — a(t)|[
+ 3N, () b |lu(t) — a(t)][3; (3h7)2
< 3E [||etu(t)) — e(tla(t))] ;]
+ 2 max {3K;5(N, u, @), 3V3K, (N, u, @)y} |[u(t) — a(t)]|5, hi.
Thus

E [J|e(t + hlu(t)) — é(t + hla(®))|]z [u(t), a(t))]

< 3E [lle(tlu(t) — e(tlat)) ] + Ko(N,u, @) [[u(t) — a(t)|l} b

where K6(N,u,a) = 2 max {3K5(N,u,ﬂ), 3\/§IA(1(N,u,ﬂ)hk}.

122

(5.96)



Now, we work on equation (5.88). Yu(t), u(t) € H, we have

E [[[o(t + Alu(t)) — o(t + hla(®)ll: [u(t), a(t))]

< 3E |[[o(t]u(t)) ~ o(ta(n)][;

u(t), a(t)|

2

3K [ A @@l - fo@la)

u(e) (0

+ 3E [\ 190(a()u(t) = go@@ @)l 1A% Wam (@) nm=t...x k2

2
l2

+ 3 (E||ga®)u(t) — auamlam)][s)? (B (1o Wolh)? .

u(t), i(t)|
< 3E [|[o(tfu(t)) — o(tla()]|7]

3K [ A @)l - o @ola)

If we compare between ¢, and ¢., we note that g. = hy §,. Therefore, by using
inequality (5.91), we get

1

(B [[19.(u() = gu(@®)lE [u(t) a(t)] ) < Ka(Na@) [ut) = alf;
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and

(fo(w())nm = (Fol@(£)))nm
B —(F1 + ay ||u(t)||i2(D))cn,m(t) — (K + hi[F1 + ay ||U(t)||i2(m)])vn,m(t)
L+ he s+ hi(Fy +ag Hu(t)H]?ﬁ(]DJ))
—(Fy + ag ||(t)][£2p))énm (1) — (5 + he[Fy 4 ag [[@(0)][L2p)]) B (1)
L+ hy K+ hi(Fi(n,m) + ag ||ﬂ(t)||i2(m))
— [ s+ BER] [ By + a2 u(8)[Ea o) | cnan(8)

(1 i+ B(F + aa [[0(®) o) [L+ ks + DR, m) + a2 [1(8) 2 )]

axhi ||u(t H]L2 (D) + az |[u(t HL2(D ] Crm(t)

Lo ki BRORL + 0o (O] Fagy) | [14+ B+ 3L, m) + a [[(8) 12 )

[1+ hyk + h2FY)

)|
[ﬂ+@mmm2}%mw
L+ hi i+ WE(Fy+ ag [[u(®)] Lo | |14 bk + hE(Fi(n,m) + a [[a(1)]|f2(p))

i
ash? | a(t) WQ[E+@mmm2]%Mw

L+ hg k + h(Fy + ag ||u(t )||L2 @) | |1+ h i+ hi(Fi(n,m) + az ||a(t )||]2L2(D))

)
[+ﬁw+Wﬂ[ﬂ+@W4Mwﬂ@m@
)

+ I =
L hy s+ BE(Fy + az [[u(t )||L2 )| |1+ her+ h2(Fi(n,m) + as ||a(t )||i2(D))
azh ||u(t) mz[ﬂ+nmmnm )] ()
+ I -
L+ hiow + WE(FY + as |[u(t)|[Fapy) | |1+ s+ BE(Fu(n,m) + az [[a(6)|If2 o)
+

)
[1+ hyr + h2F)] [F1+a2||u 22| Bt
(1 hucr o+ B(F + aa [[u(®) )] |1+ ok + B2 (R, m) + 0o [0 o))

ash [u(t)|E2qo) |2 + 02 O] oy | Fnam(®)
+

(1 ik o+ B+ aa [[u(®) o)) [1+ ok + B2 (R, m) + 0o ([0 o))
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hence

~ ~

(o)) = Fol@l8))nm
_ Fi[1+ hik + hi Fi] (Gnm(t) — com(t))
1 a4 B(F + aa [[u(®) )] |1+ o+ B (R, m) + oo |10 2 o))

az [1+ s+ 2 B3] (1108) 1220 Enan (D) = 10(8) 20 nam(®))

+

(1 hucr o+ B+ aa [[u(®) )] |1+ ok + B2, m) + 0o [0 o))

aWEOMW$5m@—W@%m%M®

1+hw+ W (Fy A+ asJu()llgamy)| |1+ hik + B (F1(n,m) + az [|a(t)]|£2p)

(t
ashi ||a ()l m) |IU(t)|Iiz(D> (Enm(t) = cam(t))
1 + by s+ RE(Fy A+ ag [fu(t)]I72 )] |1+ R+ B(Fi(n,m) + a 1a()]122m))

(k4 heF1) [1+ hk/i —|— hEEY] (Opm () — V(1))

1 + hi k + hi(F) + as ||u(t)||L2 D)) L+ hi &+ hi(Fi(n,m) + ag ||U(t)||i2(m>)>

e 1+ s+ B2 (100 ) B (1) = ([0 2 (1)

1+ hyk + h2(Fy + ag ||u(t)||i2(D)) L+ he s+ hi(Fi(n,m) + ay ||ﬂ(t)||]2L2(D)>

ash? (s + b F2) (1[0l F) B (t) = 50| E2p) van (1))

(1 hacr o+ B(F+ o [[u(®) )] [L+ o+ BR(Fi(n,m) + a2 10 2 o))

N a3t ||a()ll22m) [u(OlIz2) (Tnm() = vam(t))

(1 it o+ B(F + aa [[u(®) )] |1+ ok + B (R, m) + 0o ([0 o))

and since

L+ 4 B (Fy + ag [[u(t)]|f2 () > 1.
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Taking the norm squared and the conditional expectation yield that

e |

< 8F [1+ i + BER)E [|[onm(t) = cnm (][}

~ ~

(fo(u(®))nm = (fo(@t))nm

u(t), )|

2
NI I 2
W)Ly Cnm(t) = [[u(®)|L2() Enm ()

+8a2 [1 4 hys + B2FR]°E [

86301 8 [[[J0l0)E ) 20mt) = 1500110 0 0], 0,200

804 | 101 O Gon(®) — e[ a0 0

+8(k + heF2)? [1+ i + B2R]E [H@mm(t) — U ()][2 [u(t), a(z)}

80302 [1+ s+ 1) E | [JG00IE )86~ [0y O] 0. 00
80301 5+ T FE 100 D) = 1) s 0] a0, 00)

W(OIz2w) [[u®)lIz2@) Fnm(t) = vam(?))

+ 8a5h [
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Using the inequalities (5.92), (5.93), and (5.94) we find that

E |

< 8FP 1+ hyts + hEF) (|G () = G (8]

2

~ ~

(fo(w®))nm = (fo(@t))nm

+ 7203 [L+ b+ B2 e i [0 1 enan(8) = Em (DI
+ 163t F1[a(t)llE2 o) llenm(t) = Enm (B
+ 1283 FY|[a() | llu(®) — a(®)| I3 12(0) ||
+ 8aghi |a(0)l[Ez o) |18 2o [1Enm (D) = com (@[
+8(k + W Fy)? [+ b+ B2E ] |G (8) — O (2)] [
+ 720303 [L+ b+ B2 o)1 le(ra) 1 [[0nm(®) = Bum @)
+ 16a3hi ( + b Fy)? [0 [Ea(o) lonam (6) = Tm (O]
+128a3hi (i + e F3)2 () llu(®) = a0 |1, 115017
+ 8azh ||a(®)l iz [1u(t) 2oy [10nm () = B (D]
< [4 [1+ ek + hio® N* (A + 51)]2 (20" N* (A1 + B1)* + 9a2 V2 (u(t)))
+ 2ashi V(@) (40* N* O+ B1)? + aaV (u(1))) } [l cmm () = G (8)]]72
+ [8 [1+ hyk + 202 N* (A + B1)]° ([H + ho® N2 (A + B1)]° 4+ 9a2 b2 v3(u(t)))
+2a BEV(@(0)) (4 [k + heo® N*Ou + 8] + a2 b V() | 1[onn(8) = Fnan (DI
+ (12803 it max {l[u®) 1 [a(8)],}V (@(2))
(N B0 + [+ o N2 Ow+ 8] | [ful) — a0
< KN, u(t), wlt)) || enm(t) = Eum(®f: + KN, ut), w(t)) [[vm() = Tnm(8)] [

+ Ko(N,u(t), @(t) [Ju(t) — a(t)| %
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where
K7(N,u(t), a(t)) = 4 [1 + hgr + 20> N2 (A1 + 81)]7 (20* N* (M1 + 51)% + 94V 2 (u(t)))
+ 2ash V ((t)) (40" N* (A1 + B1)* + aaV (u(?)))
and
Ks(N, u(t), a(t))

= 8[1+ hyi + h20? N2(\y + )] ([m + heo? N2y + 81)]° + 9 a2 b2 v3(u(t)))

+2as B2V (a(t)) (4 [k + heo> N2\ + B)]° + az b V(u(t)))

and
Ro(N. (e, 6)) = 128 1t e () €011} (0
: <04 N+ B2 + [k + heo” N2(\ + 51)}2) .
Thus
B || D) = (ol [, 0200
< ma (RN, u(0),1(0), BV, u(0). 50D} lenn(®) = e O
) = B (D12 ) + KoV, u0) 50 1u(6) — (0 [
< ma (RN, u(0).a(0). RV, u(t). 0} ult) = (0
RN, u(t),0(0)[ale) — o)
Hence

B ||| D)~ (A0 [, )]
< K. ut). (1) lu(t) — #(0) (5.99

where Ky = max {K7(N, u(t), a(t)), Ks(N, u(t), a(t))} + Ko(N, u(t), a(t)).
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Thus, by using inequalities (5.83) and (5.98) we get

E [[[o(t + hlu(t)) — o(t + hla(®)|l: [u(t), a(t))]

< 3E |llo(tlu(t)) — da(t)|[: |u), a)] + 3AEK(N, u(t), @) |lu(t) - a(®)|I}

T 3RUN, A1) [fult) — @)} (B AW@I1L)?,
but we know from Lemma 5.3.1 that
E|| AW ()|l = 3h,
thus
E [||0(t + hlu(t)) — 8(t + hla(®))| |7 |u(t), @(t))]

< 3E [||@(t|u(t)) — o(t|a(t))|[

U(t),ﬂ(t)] + 3hgKo(N,u(t), a(t)) [[u(t) — a(t)|[;
+ 3V (N, a(t)) [[ult) = a(t)l[5 b

therefore,

E [|lo(t + hlu(t)) — o(¢ + hla(t) I [u(t), a()]
u(t), a(t)|
B (N, (), a(t) [[ult) = @]} he (5.99)

< 3E |[[o(t]u(t)) — a(cla(0) [

where K1 (N, u(t), @(t)) = 3 hpKio(N, u(t), @(t)) + 3v/3 K1 (N, a(t)).
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Now, combine inequalities (5.96) and (5.99), we get
E [Je(t + hlu(t)) — &(t + hla(®)) |l [u(t), a(t)]
+E [|[o(t + Alu(t)) — o(t + hla(®)) |l [u(t), a(t)]

< 3E |[Je(tlu(t)) — e(ta()][;

u(t), ()| + Ko(N,ut), a(t)) lu(t) - a(t) [},

43K [||ﬁ(t|u(t)) —d(tla())|ly

u(), (t)] + Kua (N, (), a(0)) fu(t) — a(t) I}
< 3B ( [lle(t]u(t)) — eta(e) [} [ue), w(0)] + [|[o(tu(t)) — aela) ), a(0)] )
R (Nut). ) [[u(t) — (t)| 3

where KS(N, u(t), @(t)) = Ke(N,u(t), a(t)) + K1 (N, u(t), a(t)).

Thus
E (It + hlu() — i + hla(t))| [ (o), ()]
< 8E [[Ja(t + blu(t)) — a(t + Ala(t)| [ Ju(e), (1)
+ K5 u(t), a(t)) ) — (D) o
< 8lu(t) = a(t)| I + RSN, u(e), a(0) |ju(t) — a(0) 17 b
Therefore
E [|ja(t + hlu(t)) — a(t + blao)] i Ju(t), ()
< (34 B5(oult). a(0) h) llu() — a0 (5100)
The proof is completed. 0
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CHAPTER 6
SIMULATION

We simulate the following equation

Ut = 4 (Uxx + Uyy) — Uy + <1 - ||u||]?‘2(]D))> u+ <2 + ||u||L2(D)> W

(6.1)

where 0 < ¢ < 1 and I, =5, andl, =5 on D = [0, 5] x [0, 5]. We apply the two explicit

representations of linear-implicit Euler-type numerical approximations that we’ve found

in equations (5.12) and (5.13) at 0 = 2, a1 =1, a3 =1,bp =2, by =1, andk = 1,

which are

(14 )i (86) + T 0 () + Pt G (w(80)) 2 Wi,
1+ hy — he fom(u(ty))

1) € (trsr) =

and
21 (1) = Vi (t) + e fon (u(tr)) 370 (b)) + Gnm (uti)) D Wit
hm h 1 + hk - hi fn,m(u(tk))
where
n’m?  m?r? 9
and
2+ [|ull2p)
Gunlu(t)) = — -

We take the step size hy, = 1074, Also, we simulate the energy identity, which is
_ 1IE 2 2 2 1 4
e(t) = SE| [Jul” + 4[[Vul” = {lul” + 5 [lull"].

We use the following:
1) C' + + compiler, built in uniform generator.
2) Architecture: 64 bites/ Samsung/ 4 GB ram.

3) Polar Marsaglia method.
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4) Gnuplot for data.

5) Sample size M = 10%.

We simulate the above equations at N = 5, 25, 50, and 100. We start with fairly
smooth initial data, as we can see from all plots of truncated displacements uy in
Figure 1. Now, as the integration time advances and the dimension N of
finite-dimensional truncation increases, the 3D plots are getting rougher, hence they
seem to ”"loose smoothness”. This observation is natural since our solutions of related
infinite-dimensional system and its derivatives are in L?(ID). Interestingly, the simulated
averaged energy displays monotone increasing convexity as time t increases - a fact
which has not been proven yet. This is due to the presence of multiplicative noise which

may show exponentially increasing energy.
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Figure 1. Initial displacement uy(x,y,0) for dimensions N = 5, 25, 50, and 100
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Figure 2. The displacement uy(z,y,0.25) for dimensions N = 5, 25, 50, and 100
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Figure 3. The displacement uy(z,y,0.5) for dimensions N = 5, 25, 50, and 100
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Figure 4. The displacement uy(z,y,0.75) for dimensions N = 5, 25, 50, and 100
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Figure 5. The displacement uy(z,y, 1) for dimensions N = 5, 25, 50, and 100
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Figure 6. The expected energy ey for dimensions N = 5, 25, 50, and 100
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shows the expected energy evolving with time ¢. The sample size for all plots in Figure
6 is left constant with M = 10*. Simulation with larger sample sizes was impossible due
to large computational times such as 13 hours for one plot. All 4 plots in Figure 6 use
different sets of random variables. All the plots show increasing energy which is feeded
by the interaction with external noise source. The computational complexity of
nonlinear equations (i.e. high dimensions N, large sample sizes M, small step sizes h,
long term integration with large T') restricted our possibilities to simulate. That is why

we had to work with the parameter ranges as given in figures above.
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APPENDIX I

Theorem 6.0.3. (The Borel-Cantelli Lemma) If {A,} C F, where F is a o—algebra of
all subsets of Q0 and Z P(A,) < oo, then

n=1

IP’( lim sup An) = 0.

n— oo

That is, 3 a set Qy € F with P(Qo) = 1 and an integer-valued random variable ng such

that for every w € Qg we have w ¢ A,, whenever n > ny(w).

Proof. P({A,i.0.}) = P(limsup A,)

n— oo

= lim P(|J Ax)
k=n

< 1 . :
nh_}rnoo Z P(Ay) and by the assumption Z P(A,) < oo, then the right hand

k=n n=1
side of last inequality approaches to 0 as n — oo. Thus

IP’( lim sup An) = 0.
n— oo

]

Lemma 6.0.4. (MVT Estimates) Assume f € C'(D), f: D — R, V f is convez on D,

D convex, too. Then ¥z, y € D, we have
1) f(x) = fly) = V) (z —y) (MVT)
wherev € [0,1]:n =y +v(z — y)
2) [[V f(n)]] < max { IV f (@), ||Vf(y)||}
)NV il < sup IV ()]
Lemma 6.0.5. Let X ~ N(0, hy), Vn € N, n > 1, we have
E(X)?*™ = (2n — 1)y,
where (2n — D! = (2n —1)(2n — 3)(2n —5) X ... x 5x 3 x 1.
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Proof. Since z ~ N(0, hy,), then the density function is

B 1 —x

fz) = CET explg7-

and therefore

o 1
/oo \/27Thk exp(Qhk

Thus

o0 1 2
Ez?" = / " exp( * Jdx

) \/27Thk th

2N . .
but 22" exp(==<-) is an even function, so
2hn )

~ —a? > g
" exp( * Ydx = 2/ " exp( * )dx
0

\/27Thk 2hk \/27Thk
2

— 27Thk(2n - 1) hk/o 222 exp( 2}2 )dx (by parts)

EIZn

Il
—

o 8

-3

= 2ﬁhk(2n—1)(2n—3)hi/0 gzt exp(2;fk)d$
= 2 (2n —1)(2n — 3)(2n — 5) h /00 g4 exp(_xz)dx
27 hy 0 2 hy,
= (2n—1)(2n —3) x ... X 3 X 1h;;/oo 2 g exp(_—xQ)dx
coe V2Tl 2 hy,
= 2n—1)(2n—-3) X ...x 3x 1h} = (2n — DAL
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