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Abstract

Quantum computers have enormous advantages over classical computers. A
quantum computer can be used to calculate the factors of a number, which is
sometimes impossible during one’s lifetime with a classical computer. Quantum
information processing techniques can also be used for encryption, which makes
eavesdropping impossible. Noise from the environment is a great challenge in build-
ing a reliable quantum computer. To build a reliable quantum computer, one has
to protect the information content of the system from the environment. Otherwise,
the information associated with the system will decay as the system interacts with
the environment. The noise resulting from the system-bath interaction can be re-
moved by using quantum error correcting codes or decoupling pulses. In addition,
one could also use DFS encoding to make the information content of the system
immune to the noise. In this paper, the various types of errors that could arise in a
specific DF'S encoding of a 3 spin qubit have been classified according to their effect
on the state of the qubit. Also, the application of a specific decoupling pulse on the
system, which is coupled to the environment through hyperfine Hamiltonian, has

been analyzed.



1 Introduction

A quantum dot is a physical entity that is used to confine a finite number of electrons or
holes in a specific region. The states associated with the spins of these electrons can be
used to represent information. The idea of a quantum computer is to use the states asso-
ciated with some quantum mechanical property, which can be spin, to store information
and perform calculations faster than a classical computer using superposition states and
entangled states. More specifically, a classical computer uses a high and a low voltage
to represent 0’s and 1’s. Using this representation, a classical computer stores informa-
tion and does all the required processing. A quantum computer, on the other hand, can
use the z-component of the spin angular momentum to represent 0’s and 1’s. Since the
z-component of the spin can also be in a superposition state and could also be entangled
with the z-component of other spin, these states could be used for storing information
and performing faster calculations. Therefore, one could use a single quantum dot with
a single electron in it as a system and represent the information of the system by the su-
perposition state 1)) = «|0) 4+ 3|1) where [0) = |S. = 3) and |1) =[S, = —1). However,
using a 3 or higher dimensional spin system allows one to use a noise avoiding method
called DFS encoding, which is described in more detail in section 3. Hence, this paper is
focused towards a triple quantum dot system where a single electron is present in each
of the quantum dots, which is coupled to the electrons present in the other two quantum
dots as in [1]. This system allows one to take advantage of the DFS encoding. However,
this DFS encoding is immune to only certain types of noise acting on the system. The
remaining noise, at least a part of it, can be eliminated by using quantum error correcting
codes (QECC) and decoupling pulses. In fact, in this paper, I will present a combination
scheme of DFS and decoupling pulses to eliminate as much noise as possible that results
from the noise Hamiltonian. Even though similar work has been done before in [2], it has
been done using a different DFS encoding and it did not utilize the noise obtained from

the experimental data as in this paper.



If one could completely eliminate noise resulting from the coupling of the spin states
of the electrons in the quantum dots with the environment, and if the spin states of these
electrons can be reliably manipulated, one has a reliable quantum device. This paper has
been written with an intention to help achieve this purpose. The remaining part of the
paper is organized as follows. First, a brief discussion on the spin angular momentum
states is presented in section 2 to clarify the discussion on the DFS encoding mentioned
in section 3. In section 4, the noise is classified in the DF'S subspace. Then, in section 5, a
brief discussion of the exchange pulses is presented in order to help the reader understand
the decoupling theory mentioned in section 6. Followed by it, the application of a pulse
sequence on a specific Hamiltonian has been analyzed in section 7. Finally, all the results
of this project have been summarized in the conclusion along with the future direction of

this project.

2 Addition of Angular Momentum

Since this paper is based on the spin system of a linear triple quantum dot, I will present
the eigen-states of S? of a triple spin system in this section. If there are two particles
present in a system with the corresponding spin quantum numbers, S; and S3, then the
total spin quantum number of the system can have one of the following values: |S; +
Ss|,|S1 + S3 — 1], ...,]S1 — S3]. In a triple quantum dot, if the spins of the electrons in
dot 1 and dot 3 are added, S13 can be either 0 or 1. If Si3 is 0, Si23 can only be 1/2. On
the other hand, if Sy is 1, Si23 can be either 3/2 or 1/2. Since the operators Sz, Sis,

and Sia3 form a complete set of commuting observables, the system is in one of the linear



combination of the following eigen-states:

1 1

= 5Ly = (D) =24t + 714)
2= 1503 = 5 () = 114)
BH= 3L = (1) =200 + 1)
= 15050 = 5 {1t = 1)
= 513 — (1)
6= 15.15) 7<rm> —211U1) + 11))
H= 5L = (1) + 1) + 1)
8) = |§7 L, _73> = (J44))

where eigen-states are in the form [S, S13,.57)

3 Decoherence Free Subsystems

As mentioned in the introduction, the information associated with the system is chosen
to be represented by the eigen-states of the system rather than the physical states, which
are measured experimentally. More specifically, the physical states of the electron spins
in the quantum dots can be represented by the following eight states: [000), [001), [010),
011), |100), |101), [110), |111) where |0) represents S, = +3 state and |1) represents S,
= —% state. However, the information associated with the system used in my project is
rather represented by [¢) = «|0r) + S|1.) where |0,) and |1) are the first two eigen-

states of the system mentioned in section 2. Information is represented this way because

any arbitrary linear combination of |0,) and |1.) is invariant under the action of noise



Hamiltonian generated by the uniform external magnetic field [1]. Hence, the subspace
spanned by |07) and |1.) is called the DFS for my system against the uniform external
magnetic field. Also, these logical qubits allow the Heisenberg exchange interaction alone
to be used as a universal gate for this system, which is discussed in more detail in section
5. The transformation, Uy, that generates logical states or encoded states from physical

states, as shown below, is called the DFS transformation matrix for the system.

0 %g Q—% 0 %g 0 0 0 | 1) %g<|m>—2\m>+\m>>
0 ;—; 0 J% 0 0 | 1) %5(|¢TT>—|TN>)
0 0 0 %g 0 Q—% \/% 0 | 1) %g<|m>—2|m>+|m>>
0 0 0 %5 0 0 ;—% 0 | 1) _ %(\TM—HW)
1o 0 0 0 0 O | 1) (1)
0 %g \/% 0 \/% 0 0 0 | 41 \/%(IHT>—2\NT>+\TN>)
0 0 0 %g 0 %g % 0 | L) %g(mwrm)ﬂm»
oo 0 0 0 0 01 RN ([444))
Hence, Uy, is given by

0 % ;—g 0 %a 0 0 0

0 \—/—g 0 0 V% 0 0 0

0 0 0 %6 0 ;—g fg 0

Uige = 0 0 0 \/% 0 0 ;—; 0

1 0 0 0 0 0 O

0 % % 0 % 0 0 0

0 0 0 «Lg 0 \/Lg J% 0

00 0 0O O 0 0 1

One should also note that the transformation, Udfs.Aa.Ugfs, will block diagonalize the



operators against which the system is immune. Hence, the logical states will have the
same form when a noise operator acts on the system. The physical qubits or the noise
operators transformed by the DFS transformation are said to be in the DFS basis. A

more detailed review of DFS is provided in [3],[4] and [5].

4 (Classification of noise

The error algebra, A, which consists of operators that can be used to frame all the types
of noises acting on the system, is generated by the set {Hg, S,} [2]. The operators Hg
and S, are discussed in section 6. The error algebra for a 3 qubit system consists of 64
operators, which is shown explicitly in the appendix. One should note that these error
operators are denoted by a; in the DFS basis as opposed to a; in the physical basis. The
set {a;} can be classified into three types of operators: logical operators, leakage operators

and orthogonal operators.

4.1 Logical Operators

Logical operators are the operators that act only on the logical qubits (or logical subspace).
These operators contain elements in either/all of the positions labeled by a1, a12, as; and

a9 as shown in the matrix below.

ain a2 00 0 0 0 O
asx ax» 0 0 0 0 0 O
0 0 00O0O0O0O
- 0O 0 00O0O0O0O0
0O 0 00O0O0O0O0
0 0 00O0O0O0O0
0O 0 00O0O0O0O0
0 0 00O0O0O0O



The action of these logical operators on the state of qubit is shown below:

i
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() = 21101) + 1)
(1) = IT1)
(1) = 2[0) + [41)
(1) = [H)
(1)
Z(1) =211 + 1)
Zo (ML) + 1) + [W4)
(H40)
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a11|0z) + aia|ly)
a2 |0L) + agn|lr)
0

o o o o O

There are four such logical operators in the error algebra, a; through ay. These four

elements can be written as (140,)®(1+40,)®0; where 7, is a Pauli matrix and ; can be

any of the Pauli matrices or a 2 by 2 identity operator. One should note that there is a

tilde over the Pauli matrices just to emphasize that a;’s are in the DFS basis.

4.2 Leakage Operators

The leakage operators move elements of the qubit from the logical subspace to the or-

thogonal subspace. These operators are of the form shown below by the matrix L.

0

0 l13 l14 ll5 l16 l17 l18

0 l23 124 l25 l26 l27 l28

lss» O 0 0 O 0 O
lpg O 0 O O O O
Il 0 0 0 O 0 O
le 0O 0 0 0 0 O
lw 0 0 0 0 0 O
lsgp O 0 0 O O O




The action of these leakage operators on the qubit state is shown below:

0 0 bhLs L lis Le L7 s |0r) l13]3) + ... + 113]8)
0 0 log log los log lor log I1.) lo3|3) + ... + log|8)
by sy 0 0 0 0 0 0 13) I ]01) + Lo 11)
i e 0 0 0 0 0 0 ) || tal0z) + dallr)
i s 0 0 0 0 0 0 15) Is1]02) + Is2|11)
o lp 0 0 0 0 0 0 16) lo1]01) + Lo 11)
lm s 0 0 0 0 0 0 17) In|02) + I 11)
i s 0 0 0 0 0 0 8) ls102) + lsa|11)
where the sates |0.), |1), |3), ... , |8) are the same S? eigen-states mentioned in section

2. There are 24 such leakage operators in the error algebra. These leakage elements are
of the form ((o, ® 5, + 0, ® 0,) ® 7y), (0, ® o, — 0, ®0Ty) ®7;), (0, +0,) ® 0, ® 7;),

(0, +0.)®0, ®0;), (0, ® (0, +0,) ®0;) and (0, @ (0, + 7,) ® ;).

4.3 Orthogonal Operators

The orthogonal operators act only on the orthogonal subspace of the qubit state. These

operators have the form shown by the matrix O below.

O O o033 034 035 036 037 038
0 0 043 044 045 046 047 Os8
0 O o053 054 055 056 057 Os8
0 0 o063 0Osa 065 Ogs Oe7 Ops

0 0 or3 o4 075 076 O77 O78

O O o083 084 0s5 Oss Os7 Osg



The action of these orthogonal operators on the qubit state is shown below:

00 0 0O 0 0 0 O 0r) 0
000 0 0 0 0 0 I1;) 0
0 0 033 034 O35 O35 037 038 |3 033’3 .. +038|8

O O 043 044 045 O46 047 Osg |4 .+ 0458

0 0 053 054 Os5 Os6 Oz7 O58 |5 ..+058|8
0 O o063 0sa 065 Os6 Os7 Ops |6 --+068’8

0 0 or3 o 075 076 O77 O18 |7 ..+ 0758

)
)
)
)
)
)

0 0 083 0g4 085 08 087 088 |8 ~+088|8

Note that these operators do not affect either the |0.) or the |1.). Therefore, if an error
Hamiltonian can be decomposed into orthogonal operator(s), the orthogonal operator(s)
will not affect the information stored in the logical subspace of the qubit state. The error
algebra contains 36 of these orthogonal operators, all of which can be condensed into one
of the following forms: ((1+7,)®0;®0;), (14+0,)®(1—0.)®0), (0.®(1—-7,)®7;),

(o, ®(1—0,)®0:), (0, ®0, +0,®0,) ®0;) and ((0, ® 0y — 0y R 7,) ® 7;).

5 Exchange Pulses

The states of the electron spins in the quantum dots are generally manipulated by either
performing a single qubit operation, which is achieved by manipulating the local magnetic
field in the dot, or by performing a two qubit operation with the help of an exchange
interaction. This paper is focused on the systems that uses exchange interactions, which
are two orders of magnitude faster to perform than the single qubit operations [6][7]. Since
the Heisenberg exchange Hamiltonian commutes with S* and S?, it can only manipulate
states to other states having same S* and S2. Hence, our encoded states were chosen to

have same S* and S2, so that the Heisenberg exchange interaction alone would suffice as



a universal quantum gate [6]. The Heisenberg exchange Hamiltonian, H.,, for a 3 spin
system is given by

Hop = J12S) - Sy + Jo3Sy - S5+ J5195 - Sy (1)

where S7, Sy, and S5 are the total spin operators acting on the first, second and the third
electron correspondingly, and Jio, Joz and J3; are the exchange coupling parameters. We
also set Ji3 = 0 so as to be compatible with the experimental implementation of the
system discussed in [1]. Setting J;3 = 0 and expanding spin terms in equation 1, we

obtain

Hep = J12(0,00,01+0,00,01+0,80,81)+J23(100, R0, +1®0,Q0,+1Q0,R0,) (2)

Jo+Jss 0 0 0 0 0 0 0
0 Jo Jss 0 0 0 0 0
0 Jos 0O 0 Jg 0 O 0
o 0 0 0 Jy3 0 Jo 0 0
0 0 Jo 0 Jyz3 0 0 0
0 0 0 Jo 0 0 Jog 0
0 0 0 0 Jyg Jz O 0
0 0 0 0 0 0 0 Jo+Jog

Transforming this exchange Hamiltonian into DFS basis through the transformation

Udfs.Hex.U;fs, we obtain

—%(J12+J23) —@(—J12+J23) 0 0 0 0 0 0
—é(—le-&-J%) L(J12+J23) 0 0 0 0 0 0
I 0 0 *%(J12+J23) *@(*J12+JQ3) 0 0 0 0
er — 0 0 —@(—Jm-‘rh:s) %(J12+J23) 0 0 0 0
0 0 0 0 Ji2+J23 0 0 0
0 0 0 0 0 J12+J23 0 0
0 0 0 0 0 0 Jio+J23 0
0 0 0 0 0 0 0 Ji2+J23

10



Hence, the exchange Hamiltonian in the logical qubit space is given by

—3(J12 + J23) —\/75(—:]12 + Jo3)

H — 2
_\/73(—J12 + Jag) %(Jm + Jag)
Hem — _\/g(—(]m + J23>0_x _ (J12 + J23) o, (3)

2 2

6 Decoupling Theory

Given a Hamiltonian under which the system will evolve, decoupling theory provides a
means to alter the evolution of the state of the system such that, over an average time
interval, the evolution operator becomes equivalent to an identity operator. Therefore,
over an average time interval, the state of the system remains unchanged. In order to
use the decoupling theory, we first need to solve for the unitary associated with the
Hamiltonian acting on the system. The Hamiltonian acting on a system can be always

be written as

H=H¢®Ig+1Is® Hg + Hgp (4)

The first term of the Hamiltonian acts only on the system, and the second term only on
the bath. However, the third term, which acts both on the system and the bath, couples

the system to the bath. The third term, Hgp, can be expanded as follows:
Hsp = Xo=xy,z Sa ® By (5)

Given this Hamiltonian and the initial state of the system, the state of the system can be

solved by using the Schrodinger’s equation expressed below:

ou(t)
S = il () (6)

11



The above problem is equivalent to

dlcfl_it) =—iHHU@F) & U(0)=1 (7)

The solution for U(t) can be obtained using the Magnus expansion [8]. According to

Magnus expansion, U(t) is given by the following expression:

U(t) = exp(3_ 0(1).U(0) (®)

where

O (t) = / ()
ur) = / ity / dt[—iH (b)), ~iH (L)

0u(t) = g [t [ dts [ dta((=im ). [ ), =i () =i ). (i (), i (0)])

and so on. Therefore, through this method, one could obtain unitary, U(t), associated
with the state of the system upto any order of interest. Having obtained U(t), the goal
is to implement N pulses periodically with the system undergoing free evolution for time
period At between those pulses such that the U.sr(T") becomes equivalent to an identity
operator. Also, if the external pulses are strong enough then the Hamiltonian, Hgp, can
be neglected when the external pulses are applied. The effective unitary, U.;¢(T'), for T

= nAt can then be expressed mathematically as

N-1

Uesr(T) = [] UilU (AU (9)

n=0

where Uj is the unitary associated with the external pulse that will be acting on the system.
Since the effective unitary, U.sr(T), will become equivalent to an identity operator after

T, the idea is to repeat such pulse sequence after every time interval T. However, for our

12



project, U(t) that contains only terms upto first order in time will be used. This simplifies
the problem to a great extent. Using this approximation, H.sy is solved upto first order

in time in the following subsection.

6.1 First Order Theory

In order to use the first order theory, one has to make the assumption that the time
interval over which the free evolution occurs is small enough that one can neglect second
or higher order terms in At. In other words, this assumption allows us to express U(At)
as U(At) =~ 1 - iHgpAt. Substituting this expression into equation 9 and expanding it,

we obtain the following expression:

Ues(T) ~ [Uy "L —iHsp(A)Uo)[Uy (1 — iHsp(A)U] ... [Uy' (1 —iHsp(At))Uy_1]
(10)

Neglecting higher order terms in At, we obtain
Uess(T) = 1 — iAtU; ' HspUy — iAtU; ' HspUy ... — iAtUN'  HspUn 1 (11)

Defining U.s¢(T') = exp(—iH.spnAt), which we can then be approximated as U.s¢(T") ~

1 —tH.synAt. Substituting this expression in equation 7, we obtain

N-1

1
Hepp = > U HspU, (12)
n=0

Having obtained an expression for H.s¢, the goal is to modify H.f; by manipulating
the unitaries associated with the external pulses so that the H ;s will be zero. If the
H.s¢ is made zero, the U.ss will be equivalent to an identity operator. Therefore, the
state of the system in the presence of noise Hamiltonian will not be altered after a time
period T. In general, however, H.¢; cannot be made zero. In that case, the goal is to

eliminate as many coefficients, which are associated with the decomposition of Hgp in

13



terms of the elements of the error algebra, as possible. In the following section, a pulse
sequence has been suggested that will eliminate most of the noise associated with a general
noise Hamiltonian. For more information on decoupling pulses refer [8]. Also, a different

method of decoupling the system from the noise has been provided in [7].

6.2 Elimination of errors

The unitary associated with an arbitrary exchange pulse, as mentioned in equation 2, is
given by
-t 5 & 5 &
U= exp Zﬁ(Jlgsl . SQ + JQgSQ . 53)

With this unitary various values for %Jlg and %JQ:; have been tried to eliminate as many
error coefficients as possible in the decomposition of Hgp. It was found that the following
sequence could eliminate 2 errors coefficients associated with the logical operators and 20
error coefficients associated with the leakage operators:
Ues(T = 4t) = [P3exp(_%tHSB)Pg][Pgexp(_%tHSB)Pg ][Plexp(%itHSB)PlT ]exp(%tHSB)
(13)
where P, = exp z'7r(§1 S+ S, - 53)} , Py =exp [zg(gl Sy + S, - 53)] and P3 = exp [z%”(gl S+ Sy - 53)
In particular, the effective Hamiltonian was obtained using first order theory (refer to

equation 8), which is expressed below.

1
Hepp = Z[HSB+P1]LHSBP1+PJHSBP2+P§HSBP3] (14)

Then, the ﬁ[eff was decomposed in terms of error operators (f[eff = Y% ¢ xa;). The
decomposition was done utilizing the fact that the set {a;} has been constructed to be

orthonormal, so the coefficient, ¢;, can be obtained by multiplying the decomposition form

14



of the Hamiltonian with some basis element E]- on both sides as shown below.

Heff = E?ilc[dl

Heff.Zij = (Efilclfil) .Eij

Heff.Eij = Cj.]].

1 1 ~
g* Trace(c;.1) =¢; = g Trace(Hess.a;)

1
¢j =g * Trace(H.ss.a;) (15)

Using this expression, all the coefficients, ¢;, of the effective Hamiltonian in the basis {a; }
has been obtained with the help of MATHEMATICA. It has been found that ¢; = 0 for
i= {235, ..., 20, 22, 23, 26, 27}. Also, for i from 29 through 64, the basis elements
are orthogonal operators. Hence, one need not be concerned about the presence of the
nonzero coefficients associated with these operators. Therefore, in total, there are only 5

nonzero coefficients that affect the system.

7 Application of our pulse to a specific system

In this section, the above mentioned pulse sequence will be applied to a specific Hamilto-
nian, which has been obtained experimentally. More specifically, our pulse sequence will

be applied to the hyperfine Hamiltonian in a uniformly coupled triple dot given in [1].

15



This hyperfine Hamiltonian is shown below.

Il,;m,n

Y
Blis —(B31o— 13212> —Blot (BYp1— Z’3101) (Bfm“Bul) ~Bls —(Bi3; —iBy5)) 0
6 6 243 2v3 26 32 62
—Blo1 (Bo1—BYop) Bdio ~(Bf10-Bf19) (Bio1+iBigq) —Blo1 (Bp1—B1n7) 0
23 2v/3 2 2 22 V6 2v6
—(B 212'“3212) B35 (B 1+’B101) Blot 0 —(B 121'“3121) Bl5 (B?il_ilelil)
6 6 23 2v/3 6v/2 3v2 26
BY
- B 101“3101) Biot -5 010+ZB 1) —Bdig 0 —(Bfo1—%Bp7) Bin (B 101“3101)
HHF _ 2V/3 2v/3 2 2v6 V6 2V2
= Sy Yy ;
(Bi3,—1B)5,) 0 (BYo1— ”3101) 0 Bii (Bf11-1BY,) 0 0
2v6 2v2 2 2V/3
—Bls1 —1(Bf5, —iBY5,) ~Blo1 ~(BYo1—iBg7) (Bf11—iBY})) Bi (BT11—iB{11) 0
3v2 6v2 V6 2V6 2v3 6 y
—(Big,+iB{3)) Bl5 - (Bfoi+iB{yp) Bio1 0 (Bf11+iBY1,) -Bin (Bf11—iBY) 1)
6v2 ENG) 276 76 3 G NG}
0 (Big +iB75)) 0 (Bloi+iBYp) 0 0 (Bi11+iB714) —Bi1
26 22 23
where B = IBY, +mBY, + nBY,, in which 1, m, and n are real numbers and p is

either x, y or z.

Note that the 2" row and 3¢ row of the Hamiltonian, Hpr, are interchanged in compari-

son to the Hamiltonian mentioned in [1]. These rows have been interchanged because the

DEFS transformation mentioned in this paper is not equivalent to the DFS transformation

in [1] rather the transformation mentioned in this paper interchanges the 2"* and 3"

eigen-states of the qubit mentioned in [1]. The application of the above mentioned pulse

sequence resulted in the Hamiltonian (in the DFS basis), which has been decomposed in

terms of basis elements, {a;}, as shown below.

(Bf4+¢6,4, (4+/6)

+BZ2\/02\/)

BIB

—44++/6,4

— B*
3+4v/6,6,3—46 5
4

Hypery =

Bm
_|_

(1+v3—v6),(—2+3v2—V6),(1-v/3—6)

72

+1BY

_|_

72

Vo T Blaavsve) s (IR

BJJ
+

(1+v3—6),(—2+3v2—6),(1-3v/3—/6)

72

+1B

NV i SN TV PR, WY

BY
+

(_3+\/§)7

72

—V3(2+3v/2),(3+V3) ~

y
B(—3+x/§),—

24

64

72/3

16

Qg5 +

723

V3(24+3v2),(3+V3) Gos + Z Cirdi

=29

(16)




8 Conclusion

To summarize this paper, first, a specific DFS encoding was utilized, which is compatible
with [1], to encode the information. This DFS encoding also allows the qubit states to
be immune from the noise resulting from the uniform external magnetic field [1]. Next,
the errors that could arise in such a DFS encoding were classified as either logical errors,
leakage errors or orthogonal errors. Then, a decoupling pulse sequence, which consisted of
a 7 pulse, a 7 pulse and a 37” pulse, was utilized to eliminate errors. This pulse sequence
is found to eliminate 2 logical errors and 20 leakage errors. However, the system is still
vulnerable to 1 logical error and 4 leakage errors. Finally, the application of the same
pulse sequence on a specific noise Hamiltonian mentioned in [1] has been analyzed so as
to provide useful information to the experimental physicists working on this system to

eliminate noise.

In future, we hope to perform similar analysis on the data associated with noise Hamil-

tonian obtained from the hybrid qubit mentioned in [9)].
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9 Appendix

Let A be any generic 8 by 8 matrix, whose elements A;; through A, 4 are 2 by 2 block

matrices.

Then, the elements of the error algebra, which also span 8 by 8 matrices are expressed

below.
1)Logical operators:

Basis elements a; through a, span block A;; of a 8 by 8 matrix.

a; = %((1 +0,)®(1+0)®1)
@ = %((1 5@ (145.) ®5)
iy — %((1 45 @ (1+5) 25,

= %((1 45 @ (145.) 95
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2) Leakage operators:

Basis elements a5 through a5 span A; 4 and A4; of a 8 by 8 matrix.

s = %((a’x ©3,)+ (5, ©5.)® 1)

s — %(@ +3,) + (3, ® ) ®72)
i = %((&m +5,)+(5,05,) 95,
s = %((a’x +5,) + (6, ®5.) ©5.)
o = %((&x +5) - (F,05,)® 1)

o = 5 (G +7) ~ (7,07) 97,
i — %((a—’x 15,) — (3,®7,) ®5,)
i = —=((7. + ) — (5, 05,) 9 5.)

3

Basis elements a;3 through ayy span blocks A; 3 and As; of a 8 by 8 matrix.

iy = %(ax@; (1+3,)®1)
i = %(a’x ®(1+3,) ®5.)
Q15 = %@ ®(1+0,)) ®dy)
s = %(ax ®(1+5,)®7.)
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ay; = %(bﬂy ®((1+0.)®1)

s = %(a’y ®(1475.) ©35.)
Q19 = %(5?, ® (1+0.)) ®0y)
a0 = %(a@, ®(1+5.)©5.)

Basis elements ag; through ass span A; 5 and A, of a 8 by 8 matrix.

Qg = %((1 +0.)®0,®1)
iy = %((1%—52) ® 5, ®7,)
Gog = %((1 +0,) ®0, ®0,)
gy = %((1 +0.)®0,Q0.)
gy = %((Haz)my@n
iss = %((1%—@)@@@@)
o — %((H@)@ay@ay)
s — \%((Haz)@ay@&z)

3) Orthogonal operators:

Basis elements agg through a4y span blocks Ass, Ass, Ass, and Ays of a 8 by 8 ma-
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trix

a9 = -
| 1 4 ® 1
| ®1)
~(1 = _\/_((1 — 0 g
31 1 Z) ® 1 ® o
) 1 (72) ® 1 ® 5
a - _\/_((1 —5 (Jy)
a3z = i — 0 o
| / z) &
| x ® 1)
ags = 1 :)® 0, ®0
| T ®0
| 1 L) R0
| T X o
z) ® x ®
z)
U7 = R
| y ® 1)
| 1 OZ) ®(7
| Yy ®O-
| 1 L) R0
| y Q0
a = _\/_((1 _5: ®0 y>
Z) ~y ® )
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T = %((1 ) ®F®1)

Gy = %((1 —0.)®0,Q0,)
s = %((1 ~5.)®5. 95,
Gaa = %((1 5. ®5.®5.)

Basis elements ay5 through ass span block Ay - of a 8 by 8 matrix.

s = 5((1+5) © (1-5.) 1)
o = 5(14+5.) (1 -7.) ©7,)
i = 5((1+5) © (1-5.) ©7,)

s = (1452 @ (1 -5.) ©7.)

Basis elements a9 through as¢ span blocks Az 2 and Ay 3 of a 8 by 8 matrix.

o = (525 (65,95, 1)
s — %((a ©5.) ® (5,075, ®5)
sy — %(@ 95,)® (3, ®5,) ©5,)
s — %(@ ©5,)® (3,035, ©5.)
i = (7. ©7) ~ (7,07) @ 1
i = (6. 07,) — (7, 97)) ©7)
s — %(((&m ©3,) - (7, ®5.) ®3F,)
i = (7, ©7) — (7,07) ©7)
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Basis elements as; through ags span As 4 and A, blocks of a 8 by 8 matrix.

= (@0 (1=7)) 1)

s = (.0 (1-7.)) ©7.)
Fso = %(@ ®(1-5.)®35,)
i = 57,0 (1= 7)) @7
- 1 -

o = (3,0 (1-5.) @)

s = %((ay ®(1-5.) ©5.)
o = —((3,© (1-7.)) 97,
o = (6, @ (1-7.)) 97
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