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1. Introduction.

Carl de Boor’s algorithm [1] provides a clever way to compute the mixed-radix
FFT in a series of steps. Using this algorithm, the intermediate results produced by the
algorithm have a meaningful interpretation. In this paper, we will describe this algorithm
as published by de Boor. We will then introduce a compact new form of matrix notation,
the Kronecker product, and a special-purpose matrix called the shuffle permutation.
Finally, using some elementary properties of the Kronecker product and shuffle
permutations, we can demonstrate how the de Boor algorithm can be rewritten as a
product of matrices in a variety of powerful and simple ways.

At the heart of the algorithm, de Boor rewrites an N-vector (one-dimensional
array) interchangeably as a two- or three-dimensional array whenever it is more
convenient; we will use de Boor’s left-subscript notation (1) to communicate how this is

done:

1) LA+1) - zZ(A[B-1]+1)

22) 2(A+2) Z(A[B-1]+2) or , z(m,n):=z(m+ A[n-1]).

M aozi=| o
(4) 224) - z(4B)
The three-dimensional form will be
e Ha,bo):=2(a+ A[b—-1]+ AB[c-1]).
When we actually rewrite the algorithm in terms of matrix multiplication, such

matrix expressions of z won’t be very useful. For the most part, we will instead view this

description as a system to index the location of each component of the vector.



Since we will use complex exponential terms frequently, for compactness we
write:
(2) _coA:ze'z“”",A=l,2,---,sothatm:=1.
Furthermore, we will number the components of any arbitrary N-vector from 1 to N, in

accordance with de Boor; hence, we use de Boor’s equation for the DFT accordingly:

N
(3)  Hn):=D e, 1<avs N,

vel
This equation differs from other analysis equations, such as the one used by
Kammler [3], not only in the numbering but also in the lack of a 1/N constant on the right
side. These differences are only a matter of preference, and will not pose a problem as

long as we remember to adjust the results, or use the corresponding synthesis equation.

2. De Boor’s algorithm.

The algorithm works for the mixed-radix or general case N =P P, P, -.-P,,, where
P, P, P, are positive integers. We will construct a series of data arrays, numbered
z, through z,,. For each integer k such that 0 < k < M, we define

A=PF P, P, A,=1
(4 B=PP-P_fork>2; B=1fork=0,1

P:=PF, F:=1.
It should be noted that 4, B, and P depend on %, and properly should be written as
A,, B,, and P, , respectively. For the majority of this paper, we will be treating k as a

constant, and will omit the subscripts for notational convenience. The subscripts will be



utilized only when it becomes necessary to clarify to which values of 4 and B we are
referring.
Now we write our original N-vector z as a two-dimensional BP x 4 array, and let

Z, be an 4 x BP array such that each column of z, is the DFT of the corresponding row

of z, like so:

21) =BP+1) z(2BP+1) - zBP[A-1+D)| |,
22) zZ(BP+2) z2BP+2) 2(BP[A-1]+2)| |,
=] Z3) ZBP+3) z(2BP+3) Z(BP[A-11+3) |=]

Z(BP) z(2BP)  z(3BP) - Z(N)

Yer lapca
f'l(l) f'z () f'3(1) l':m’(l)
n(2) 1,(2) K(2) Tz (2)

Axgply = f'l(3) i:2 (3 i"a (3) f'ﬂp 3

f'l(A) f'z(A) f's(A) FBP(A)

AxBP

or compactly

A
axpp Ly (myn) =T, (m) = Z g Z DO g-l)(m-l) ,

f=1

A
(5) AxBP Li (m:n) = Z z[n + BP(! - 1)](D E;—l)(m—l) ,0<k<s M.

i=1
Since it is readily apparent that A, = A P, and B,_,P,_, =B, we can deduce

immediately that

AP AP '
(6) APx B zk—l (m’n) = Z BxAPz(n:v)O) (Av}:l)(m_l) = Zz{n + B(V - 1)}‘0 (:‘}:lxm-l) » 1 < k < M-
v=] v=1
We note that in equation (5) we set each component of z, to a complex

polynomial with coefficients taken from z, selected by “steps” of size BP; in (6), we
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found z,, by a similar process, the difference being that steps of size B were used
instead. One might guess that by summing the correct P components of z, we would
collect all of the necessary samples of the original vector z, and possibly derive a
component of z, . In fact, by adjusting the ® multipliers appropriately, a modification
of this summation will determine z,_, .

We begin by using a double summation for the right-hand side:

AP
apxg Ly (M,0) = ZZ[b + B(v-Dp (;;l)(m-l)
v=l"

P A

=>>'7b+ B+ Pli-1]-Dp PN v =q+PG-1).

nel =l
In order to simplify the exponential term, we convert z, | to a three-dimensional array

with the substitution m=a + A(p—-1),1<a<Al<p<P:

P A
wreaZea(@pB) = X D alb+ B — 1)+ BP(i = Do -k tod

n=1 i=l
P 4 - . -
=3 b+ B(n = 1) + BP(i — I (5 et 4(e- gy 7=y 4r=p-h
n=l i=l

The last @ ,p factor reduces to 1, and the next to last reduces to a power of @, :

P A
A PuB zk-l (a,p,b) = ZZ db + B(T] - 1) + BP(f _ l)](O g-lxa—l)m (AI'II;])IE-|+A(P—|)]

n=l i=l

)

P
n=l

A
{ 2b+ B(n ~ 1)+ BP(i — Do § ™ }w (- la-te A=D1
1

j=

Now we see that the summation inside the braces can be written in terms of z, :

S b+ Bn~1)+ BPG - Do = 2, [a.b + Bn 1)

i=1



=AxBxsz (a,b:ﬂ) s

leaving

P
(7) AxPx B zk—] (ai p’b) = Z AxBx P zk (a3b3nb T;DIG_HA(F_”I

n=1
as de Boor’s expression of z,_, in terms of z, .

Now that we have a procedure for finding each vector from the one next higher in
number, we examine the meaning of the first and last in the series. Following the
discussion presented earlier, z,, is constructed by forming z into an N x1 matrix and
finding the DFT of each row; since the DFT of a 1-vector is certainly itself, the result is a
1x N matrix storing the original vector z. On the other hand, to find z, we write z as an
N x 1 matrix, or a single row. Since only one row is present, z, contains the DFT of the

entire vector z. We can show this formally using equations (5) and {6); since 4,,= 1,

®  zyln] = ppzylln] = ZILZ[H + NG -Dp " =4n],

and using (6) and the fact that B, = 1,

O ol =zl = 3 A1+ =D G = 3 2yl 0 = ).

va] v=l

3. Efficiency and implementation of de Boor’s algorithm.

The summation performed in equation (7) is simply the evaluation of a complex
polynomial of degree P =P, -1, requiring 1 operation (defined as a complex
multiplication followed by an addition) to adjust the & factor, and P, —1 operations to

compute each component.  The procedure can be implemented as follows.
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Let x(a,p):=w%"**"; we can compute the summation in equation (7) by the

following nested multiplication.
set T :=z, (a, b, P)
for nu=P-1to 1 step -1
(10) set T .= T-x(a,p)+z (a, b, nu)
next nu
setz, s(a,p, b) =T

Ignoring the minimal cost of copying the temporary variable T into and out of the arrays

in the first and last lines of the algorithm, the cost is equal to P, =1 operations, with
x(a,p) already computed. Since x(1, 1) = 1 and x(a,p)=x(a—-1,p)-® ,,, we can

perform the whole computation of z,_, by using the following algorithm:

setx =1
(11) forb=1tcB
forp=1toP
fora=1to A

! Compute the summation with code (10) here, using x (a, p) =x
setXi=Xx-0 4
next a
next p
nextb

A savings of B operations would be possible if the outermost loop simply reset x = 1,
instead of multiplying it by w,p when a = 4, b = P; it might also improve the precision
by eliminating the floating-point error in calculatinge 3 =1. As it is written here, the
algorithm (11) consumes P, operations in the innermost loop, for a total of 4;B,P.P; =
NP, operations. To compute the entire DFT, we only need to load the z,, array, construct

a loop which sets 4, B, and P and executes the algorithm in (I11) for each £ from M to 1,

and then unload the z; array. When this is done, the cost of computing z, from z,, is



M
Z NP, operations, as expected. With the modification, the cost savings when N = 0",
k=1

(ie, P=P = .- =P, =0Q)isabout

2B 207 quy vy
M

Sin Sg o o a

An improvement of about 5% results when N =1024 =2,

4. Kronecker products and shuffle matrices: definitions & properties.

We would like to rewrite de Boor’s algorithm in matrix -form, using only N x N
matrices. The matrices that express each step of the algorithm are patterned, but
confusing and bulky to write. We will introduce a new notational tool called the
Kronecker product, used to write large matrices made up of repeated submatrix “blocks”

that differ from one another by a scalar multiplier. The notation looks like this:

A[Ll}-B : A[12]-B A[lL]-B
Al21]'B | A[22]B A2,1]-B
(12) A,,,®B,, .= ...................... ...................... .....................
A[K1]-B A[K.2]-B A[K,L]-B
: - KMxIN




In terms of individual components, we have

(13) A, ,®B, y[m+ M(k-1),n+ N({-1)):= A[k,I]-B[m,n].

In this paper, we will be working exclusively with square matrices; thus we will always
set M = N. Also, we use an even further abbreviated notation for the special case when

the left matrix is an identity:

I, ®B, =

NPx NP
I,.,®B, y[m+ Nk-1),n+ N(l -1]=1[k,/}-B{m,n].
For compactness, we will sometimes write this as B, .
Two simple properties of Kronecker products will be useful. The first one,
associativity, is tedious, but not difficult to show. ForA, ,, B, y,and C,_,, we have
[AQBRQO)}Ho+O(m-1)+ MOk -1),p+ P(n—1)+ NP({-1)]
= A[£,1]-(B®C)o+ O(m~1),p+ P(n-1)]
= A[k.1]-(B[m,n]- Clo, p]) = (Al%,[]-B[m,n]) - (o, p]
=(A®@B)[m+ M(k-1),n+ N(I-1)]- (o, p]
={(A®@B)RC}o+O0(m-1)+ MO(k-1),p+ P(n-1)+ NP(I -1)]
so that |
(14) A®BRC)=(A®B)®C.
The second one is slightly longer. For A, ., B, 1> Crix s Dasess» we have
(A®@BYC®D)[b+ M(a-1),c+ M(d~1)]

8



I
M=
M

(A®B)b+ M(a—-1),i + M(j-1)]-(COD)[i + M(j —1),c + M(d -1)]

1 i

L
1]
Il

N M

=Y Ala, j}-B[b,i]- C[j,d]-D[i,c]

J=1 i=t

= 2_Ala,j]-C1/,d1)_B[b,i]- Dli,c] = (AC)[a,d] - (BD)[b,c]

=1
= {AC®BD}[b+ M(a-1),c+ M(d-1)]
so that
(15) (A®B)C®D)=ACQ®BD.
(This result also holds for matrices that are not square, as long as AC and BD are
defined.)
In addition to the Kronecker product, we will also need special notation to
describe the operation of rearranging the components of an arbitrary vector by “shuftling”

its components. We write S, , to denote a permuted PQ x PQ identity matrix with the
following action: first, the arbitrary PQ column vector z is laid down asa O x P array by
columns, and then the rows are picked up to produce the produci vector, 8, ,z. Thus we

lay down z by columns

4l A4Q+1] - AAP-~-1)+1]
42] 7Q+2] 40(P-1)+2]

40] 4201 - AP0l lop

and pick up the rows to obtain



Sppz:=AILAQ+1), -, AP -1 +1],42], 40 +2],---,4Q(P-1) +2],
401,420, -, 4 PO])".

If we write the equation in terms of individual vector components, we have

(16)  {S,,pz}{p+(q-DPl:=2q+(p-1Q], 1<psP,1<g<Q

The action is called a P-shuffle of z, and the 8 , , array can be described as a Q-shuffle of
the columns of the PQ by PQ identity matrix. The effect of §,, is to shuffle the

adjacent components of z to positions P apart; conversely, it brings together components
that were originally spaced ( positions apart.
When we examine the shuffle permutation’s effects on vectors interpreted as 2-

dimensional arrays, the following property follows immediately from equation (16):

pe0 8 p o2 (P:9)= 5. p 24, D)

Reshuffling the shuffled vector, we have:
02 880,78 p 2G> P)= 5o (S p o Z)(P9)
=oxr 24, D),
and in this way we deduce that
So.rSpp =1,
(A7) S7,=S,s.
If we shuffle a vector and express it 3-dimensionally, we get:
apxn S 42 (@, p,b) = {8 ppzi[a+ (p-1) A+ (b-1)AP]
=S wzla+[p+(B-1)FP-1]4]
=gp+(b-DP+(a-1)BP]

10



(18) = pess8P:0.0)
Since the application of S ,,, cycles the subscripts to the left, we can apply three
successive shuffle matrices to bring back the identity:
axpx8 8 4 p8S p 4S5 4 TN P,B)= b 54 {8 5 2aS 5 4 ZH(P,0, )
= uaxr 95 42 (5,4, p)
= ppxs ™4, P,0)
and, in this way, we see that

=1.

S 1055 r.54S 5.4r
It then follows that
(19) S, = (SA,PBSP,BA)-] =854 pS g4
Setting B =1 in equation (19) shows that a 1-shuffle is simply the identity:
20) S, ,=S5,,8,,=L 8, = (S, )" =1

Let’s consider the action of a Kronecker product of an identity and a shuffle
permutation, say S/} . When this matrix is applied to an N-vector z, it partitions z into
AB-subvectors and performs an A-shuffle on each piece. Since the A-shuffle reverses the
2-dimensional interpretation of each AB-subvector from Ax B to Bx 4 , and the total
matrix leaves the order of the subvectors unchanged, the result is to convert

o pab,p) 0 5 pZ(b,a, p). We can demonstrate this formally:

wener SUst(ab,p) = {,,, ®S, )z a+(b-1)4+(p-1)4B]

= i(lm ®S,pla+(b-DA+(p-1)A4B,n]-z(n)

n=l1



AB P

- >34, ®S la+ (-1 A+(p-1)AB,i+ AB(j - 1)]-di + AB(j - )]

= S'1,.,[p.J1-S, sla+(b—1)A,i]- i + AB(j —1)]

i=l j=1

= fsmla +(b-1)A4,i]-4i+(p-1)4B]

ial

= f:s,,_,, [@+(6=1)4,1] 4y,p 2L, D) -

i=n]

Letting y[i] = 5., 2(i,p), 1<i < P, we have

wsxp 432} (a,b, p) = ZP:SA,B [a+ (b -1 A4,ilyli]= 1S , sy} a + (b -D4]

i=l

= {S A.By}(asb) =p.4Y0,a)=y[b+(a-D)B] =, . db+(a-1)B,p]

so that

(21) AxBxP{Sg:l);z}(aabap) = BxAxPz(bsaap)
Thus, with combinations of shuffle permutations like those in equations (18) and (21), we
can construct matrix sequences that permute the indices in a 3-dimensionally interpreted

vector in any desired way.

5. Single-step matrix expression of de Boor’s algorithm.
Now let’s try to express equation (7) in terms of N x N matrices. We will find
an expression for the matrix T, such that.

g,.,=Tz,, 1<k<M.

12



In other words, T, will perform a single “step” of de Boor’s algorithm; because it doesn’t
produce a complete FFT, but only an intermediate result, we will call it an intermatrix. In
this section we will write out the matrix formula using a “brute force” approach, and then
find a compact expression for T, using Kronecker products. For comparison we will
tackle de Boor’s equation (7) directly, using shuffle products to find another expression
for T,. After we find T;, we will arrive at a complete Fourier transform just by
multiplying all of the T, together:

z=z,=TT,T,---T,z, F,=TT,T,---T,,.

Let’s proceed to write out the entire matrix on a line-by-line basis. Referring to

equation (7), we get the following unwieldy result:

w w w
0.0 0.t 0.r -1
W w w
1.0 0 LP-i
w w W
2.0 2.1 r-1
, ‘w
SO OO UUUURRNE SRR bl . SO UUOUOUOTRURURRUE SOOPUUVONUNNRNE SUUY. oot . bodt SOUUNUUROPOR
w w w
0.0 0.1 0.r-
w w W
1.0 LI Lr-1
w w W
2.0 20 20—
= W w ¥
(22) L it 1 U UUNUR SUNUUURRPORONY e e, PoLfo
..................................... R R e
0.0 0.
w w
1.0 Ll
W W
2.0 21
w : W :
P-10" Pl




The vertical lines separate B columns of submatrices, the horizontal lines separate

rows, and W, ,is an 4 x 4 submatrix given by

o
o Ko
W= o i
(23) m&kgu_l)l Ax A
1
®'
—otl e

Wup " laxa

The pattern to this expression is apparent if we observe that in each row of T,, the
submatrices are spaced by B; this indicates that dividing the vector following T, into A-
vectors and P-shuffling the subvectors would simplify T;. Since the submatrices act on
subvectors spaced B apart, we use an adaptation of the S, ; shuffle to bring the subvectors

together, so that the matrix that acts after the shuffle will simplify to the following:

w w
i wl [N |
w w W
L al L=
w w w
B e e
w w w
0,0 0l LU LR )
W w w
10 11 Le-a
(24) T& = tw w W : : '(S!’,H ® lm,l)-
Y E Y T Polr-l :

w w w

0,0 LA [LRF |
w w w

1.0 1l .r-i
w w w

r-L0 -1 P-LP-1



Finally, we can rewrite this using another Kronecker product to get

(25) T, =(I15;9® QA,P)(S.P,B ®I1,.,),

wo.o wﬂ,l T WO,P-]

W W A\ A

whereQ“.:= :I,O Lo . l:.P !
wP-—I.G wP-].l o wP-i,P-]

6. Intermatrix expression: another method.

Although the result in (25) is valid, it has the drawbacks of being messy to write
and difficult to verify without a lot of matrix computation. Instead, we can use shuffle
permutations and Kronecker products to derive a result directly from de Boor’s equation.
We proceed by noting that if we break up a vector z into P-size pieces and Fourier

transform each piece, it could be written as:

P
PxAxB {FISAB)Z}(p:asb) = Z PxAsz(n:a:bh) (;I-l)(p—l)

nal

or equivalently

P
(26) PxAxB {FIEAB)Z}(Paa:b) = Z praxs Z(N:a,0)0 (“AJ:UIA(P—I)]-

n=1
In order to bring this closer to de Boor’s equation, we define new N x N diagonal

matricesQ and(2, , as follows:
Q7)) Q,,=D,.,d,.d;,,dp), dypa =(l)(r|AP-1)(fz-1)

Q =D(d,.d,,dy, . dy),  dyponyariory =0 D
= IBxB ® QP,,;-

15



We can insert the QQ matrix into equation (26).

preaxsl2 Z](n,a,b) =@ (}3;1)(.1-1) peaxa ZN-G,D)

reas 5 0Q B (P,3,0) = D 1, s [Q 2], a,b)0 A

M‘n

=
L

(n=1}a-1)__ (n-D[A(p-1}}
praxg Z(N:3,0)0 5" o

[
M-~

=
L

(m=Da-1+4(p-1)]
pxaxs 2N, 2,000 ) .

[
M~

=
[

The right side almost matches de Boor’s equation; we only need to substitute Sp 43z, for z

and simplify:

P
PxAxB {FJEAB)Q SP,A.sz}(p:a:b) = Z PxAxB [SP,A.sz Im,a,b)» (;};—l){a—kﬁ!(p—l)]

n=l

P
- (n-Dia-1+ A(p-1}]
_ZA‘xBxsz(a’b’nbAqP A
n=1

Now we use de Boor’s equation (7) to write

Px dx B {F;AB)Q SP,Asz}(psasb) = gupZg-1 (@5 P, D).
At this point, we insert a shuffle permutation of the type defined in equation (21), and all
of the subscripts match up. Since the indexing is the same on both sides, we can

discontinue the indices altogether and write

axPxZi-1 (@, 2,8) = 4 pep {S{j}F;AB)Q Sp a2 Ha,p.b),
or equivalently

Z, = S(,f:)vF 0 S p asZe-

Since by definition z,_, = T,z, , we see that

16



(28) T, = SZB}F;AB)Q}& Spap-
The expression (28) is moderately simple, but we would prefer to combine the
two shuffle permutations. In order to do this, we observe that I , =1, ®1,, and use the

special properties of the shuffle permutation and Kronecker product:

Tk = (sta ®SA,P)(IAB):AB ® FP)(IBxB ® QP,A)SP,AB
= (IBxB ®SA,P)(IB)(B ® IAxA ®FP)(IBxB ® QP,A) SP,AB
= {Lpy OIS 1 p (L y ®F)Q, 138, 4
= {Lpy @I(Fp @, )8 4 Q5 41} S s

To go further, we would like to commute the S and  terms:

PxA [QP,AZ](P! a)y=w (ﬂ:lxa-l) s Z(P,a),

axr[S A,PQP,AZ](asp) =0 (Aj.,v-‘)(a_‘) pxa Z(P>0)

=0 f-f;'_lxa—l) 4xp[S4p2Zl(a, P).
Comparing the right side with the first equation, we substitute S,z for z, switch the

indices, and combine to get

b [S 4825 4Z1(@, P) = 4 p[€2,4 S 4 p2](a, D) ,

. le.

S, pQp 4=, pS 5
Returning to the factorization of T, , we write

T, = {l;,; ®U(F, ® IAxA)QA,PSA,P]} Sp,,lg
= {IBxB ®[(FP ® IAxA )QA_P]}(IBxB ®SA,P) SP,AB'

17



Now we can combine the shuffle permutations. Basically, the left one swaps the first two
indices, and the right one cycles all three indices to the left, with the result that only the

second and third indices interchange, as follows:

axpxe(Usxp ©8 4 p)Sp 52Ha, p.b) =, 45[S p 152} P50, D)
= 18- 23,0, D)
=AxPxB[(SP,B ®1,,.)zl(a,p,b).

We substitute the new shuffle in place of the old ones to obtain

Tk = {sts ®[(FP ® IAxA)QA,P]}(SP,B ® IAxA)

(29)
= (IBxB ®FP ® IAxA)(IBxB ® QA,P)(SP,B ® IAxA)'

Because of the side proofs, this derivation is a little longer than the proof of our earlier
matrix expression (25), but the steps are much easier to verify.

As a check, we can derive (25) from the last result if we notice that

WO,P—I
We only need to combine the three terms inside the square brackets:

Tk = {IBxB ®[(FP ® IAxA')QA,P]}(SP,B ® IAxA)

(D?,I (J)(;,I (DOPI WO,O
(F ®1 ) _ (O?,I 0.):,[ (DS,P_I)I - “(0‘1
P AxA AP~ . . .
@ (;.I ® (PP—l)I e ® S,P_IKP_I)I wO,P—l

18



o 0 o
0, Woo 0,W,, ©pW,,,
0 1 (P-1}
- 0,Woo W, ®p "Wy,
0 (P-1) (P-IXP-1)
(30) 0pWo, @, "W, O, W,
Wo,o wo,l o Wo,P-l
_ W, W, W o, _
- : .. : - Q AP
Weo We W, r

In this way, we can demonstrate again that
Tk = (sts ® QA,P )(S P.B ® IAxA,)'

Thus, the two different forms of T, we’ve found are, in fact, interchangeable.

7. Zipper identities.

If we take de Boor’s algorithm and apply it to the simple case M = 2, we can
reduce the product of the two intermatrices to simpler, memorable forms called “zipper”
identities. For example, the Fourier transform of an RQ-vector using equation (29)

reduces like this:

FRQ =TT, = {Im ®{(FR ®IQ>¢Q)QQ.R]}(SR.I ® IQxQ)'
{Ier © [(FQ ® lel)Ql,Q]}(SQ,R ®I,,)

Remembering that Q, , = I,, we simplify this to

FRQ =[(Fy ® IQxQ)QQ,R](IRQxRQ) (Tpur ®FQ)SQ,R .
and finally we get Kammler’s “twiddle factor” zipper identity [3]

(1) FRQ = (FR ® IQxQ)QQ_R (IR)«R & FQ)SQ,R'
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If we work out the simple case of our other intermatrix identity (25), it reduces as

follows:

Fop =[(1,a @ Qg XS, @, p)l[(1pp @ Qup XSy » @10
= [(QQ,P)(IPxP ® IQxQ N, ® QI,Q )(SQ.P )]
= (QQ,P )(IPxP ® QI,Q )(SQ,P)'

Here we observe using the definitions of W (23) and Q (25) that whend =1, W, =0,

and thus
1 Q-1
| 0] 5
1 2 200-1)
Q. = 0, W g _F
.90 — : : B ]
(@-1) Q- ... o {(Q-ING-D
o) ) )

Therefore, this formula yields another zipper identity.

(32) FPQ = QQ,PFQ(P)SQ.P

The reason for the name of this equation and (31) now becomes obvious: if we use a
zipper identity to find the Fourier transform of a A P, P;--- P,, -vector, the formula will
contain a Fourier transform operating on a P, P, -+ P, -vector, which will be replaced by
essentially the same formula, containing a Fourier transform matrix of size P,---P,,, and

so on. As the formula is simplified to the end, when it contains only Q and S terms, each
of the original M factors is peeled off through the P variable in the zipper identity (32),
and the F term continually “unzips”, throwing Q matrices to the left and S matrices to the

right.
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8. The FFT as a product of intermatrices.
The complete FFT, of course, can be written by stringing the intermatrices for

each k in order.

Fy={(T5.5 ®F, @1, Mpp QXS pp S0l
(33) [(I.Bzxﬂz ®FPz ®IA,><A, )(IBszl ®QA,.P, )(SP,,B, ®IA,M, )] REEE
[(IB.\J"BM ® F-P.u @ IA.\:"AM )(IBM"BM @ QA.\!-PM )(SP_u'B_u ® IA.U"A.U )]

In some cases, this might be the most useful way to write the Fourier transform, since we
can apply the same formula M times, only adjusting the 4, B, and P variables. We could
also, however, want to rearrange this formula, and collect all of the shuffles, for example.
Therefore, we want to find out how these matrices commute. This is not difficult since
each matrix contains an identity term in the Kronecker product, which can be rewritten as
the product of two smaller identities. Let’s examine how a shuffle commutes with a
Fourier term:
(Sg,a, ® IA,xA,. )(IB,xBj ® FP, ® IA,xAj )

= (Sﬂvﬂi ® 1";"‘4‘ )(Iﬂm"Bj«l ® IPM"'P}-I ®FPJ ® IAI"AJ ) ’ assuming l <']

=[(85,5 )15, x5, NOMX ., Xp ..r

i

-1 ®FP} ® I;'IJKAJ )]

=[(Xg, x5, XS5 s NOUA,

J;

LOF, ®L, )1,
=(Is, ¢, By, .r, ®F, ®1, )85 ®1,.,)
= (k5 ®F, ®1, ), ,; ®L,,,).
Thus, a shuffle term commutes freely with any Fourier transform term with a larger &
value, basically because the identity portions of the shuffle and the Fourier terms are

large enough to overlap. This result would be far from obvious if we examined the
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matrices involved directly, but it is easy to see using the properties of the Kronecker
product.

Similarly, we can break up the I factor of the Q term in the same way, and
demonstrate that the shuffle will commute with all of the higher-numbered Q terms.
Since the shuffle commutes freely with all of the non-shuffle terms to the right in the

equation, we can collect the shuffle permutations at the end of the equation:

M M
(34) F, =]‘[(1,,',,,, ®F, ®I,,,),.5 ®Q,,h,,,)-1‘[(s,,h3k ®L,,,)

k=l k=l
The Q term would commute with lower-numbered F terms; unfortunately, the F term
with the same value of X stands in the way, preventing the Q terms from being collected
on the left. We can still use equation (30), which we der.ived when we showed that the

two intermatrix expressions we found were interchangeable, to obtain:

M M
(35)  Fy=]]p. Q) [[Shs @L,..)
k=1

k=1
This form of the DFT can also be found by expanding the zipper identity (31).

Since we cannot commute the matrices any further, let’s reexamine the collected
shuffle permutations. Let’s extend the indexing system we used earlier to express vectors
as 2- or 3-dimensional matrices to the M-dimensional case; then we could write

by UP Py Py) =Apy + B(py =D+ - + AP - - Py(py, - 11
We analyze the effect of the shuffles on an arbitrary vector z, as usual, but express the

result M-dimensionally:
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k=1

{[H (Spp ®Ly.y )}z}(ﬁ’m »Ppo1s s P> Py)
Pugx Py yx---x By

y ,
= {[H (Sp s ®L,.4 )]z}(pM’pM—l s P )
Pyx Py yxeoxp k=2

since the first shuffle reduces to an identity. The second shuffle is not an identity; rather,

it swaps the last two indices:

M
= {[H(SP‘..B, ®IA}"A§ )}z}(pM’pM-—l’“.’pl’pZ)'
k=3

Py PpyxoxAxh

Furthermore, the third shuffle cycles the last three indices:

M

= {[H(Sﬂ.ﬂ. 2 P ):|z}(PMsPM-|:""Pnpzsps)-
Pyx Py xeex RxPyx Py AL k=4 l

The pattern continues; after the application of the shuffles for k = 1, 2, up to [ are

eliminated, the final / indices turn up in reverse order. The process continues to the

logical end:

M
{[H(S}’j,fﬁ ®IAU‘A[ )}z}(pM’pM—l’“-’pZ’pl)
Payx Py xox By

k=1

(36) = {[S Py D Layxay, ]z}(PMspl 23 Praez> Pasr)

Py Pyxe-x Py

= g, VB Py > Pagcts Pag -
Therefore, the set of shuffle permutations simply reverses the order of the indexing that
we used. In fact, this is a generalization of the idea behind the familiar “bit shuffle”
permutation used when F, =- P, = .- = P, =2, which Kammler [3] represents by B. If
we replace the shuffles by the shorthand representation B, the entire Fourier transform is

written
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k=1

37 F, ={1ﬂ[(1&x3. ®Q, , )}-B,

which we note is the version of the transform used extensively by Eubanks [2].

9. Summary.

Carl de Boor’s algorithm is tremendously useful because it provides a simple way
to factor a mixed-radix FFT into sparse matrices that can be applied to a vector one at a
time in an orderly fashion, while still leaving the meaning of the intermediate results clear
after each step. We can multiply the factors in an iterative procedure, if so desired, or we
can collect the components which “shuffle” the intermediate results at the end, making
the total FFT simpler in appearance. In the latt-er case, the reshuffling at the end takes the
form of a “bit shuffle.”

The elegance behind de Boor’s algorithm is revealed when we apply powerful
matrix notation, specifically Kronecker products, to simplify the intricate matrices
involved. Using simple properties of this notation, we can manipulate the results and
express the final form in a logical, readily understandable way, which would be much
more difficult and far from obvious without Kronecker products and shuffle
permutations. These matrix tools are applied, and simpl;: properties demonstrated, using
de Boor’s vector indexing system, which is used to create a 2- or 3-dimensional array
isomorphic to the N-vector. When we extend his vector-as-matrix concept beyond the 3-

dimensional case to M dimensions, the exact operation of the bit shuffle is made obvious.
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Improvements in the notation could make de Boor’s algorithm clearer. A
readable way to index the components of a matrix, in the same way de Boor indexes
vectors, would make the proofs of elementary properties of Kronecker products much
more intuitive. Also, it might be possible to devise a shuffle permutation notation that

would make the interactions of various shuffle permutations easier to visualize.

i
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