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Analytic Normal Forms and Symmetries
of Strict Feedforward Control Systems

Issa Amadou Tall*and Witold Respondek
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76131 Mont-Saint-Aignan, Rouen , France, wresp@insa-rouen.fr

SUMMARY

This paper deals with the problem of convergence of normal forms. We identify a n-dimensional
subclass of control-affine systems, called special strict feedforward form, shortly (SSFF), possessing a
normal form which is a smooth (resp. analytic) counterpart of the formal normal form of Kang. We
provide a constructive algorithm and illustrate by several examples. The second part of the paper is
concerned about symmetries of single-input control systems. We show that any symmetry of a smooth
system in special strict feedforward form is conjugated to a scaling translation and any l-parameter
family of symmetries is conjugated to a family of scaling translations along the first variable. We
compute explicitly those symmetries by finding the conjugating diffeomorphism. We illustrate our
results by computing the symmetries of the Cart-Pole system.
Copyright (© 2009 John Wiley & Sons, Ltd.

KEY WORDS: Normal Forms, Feedback Transformation, Convergence, Strict Feedforward, Symmetries

1. Introduction

In the past twenty five years the problem of feedback equivalence of control systems under
change of coordinates and input has been studied extensively. Several methods have been
proposed to deal with the problem of transforming the nonlinear control system

II: &= f(z,u), ze€R" uelR™

into a simpler form

0: z=f(z,v), zeR" veR™
by an invertible feedback transformation of the form
= ¢(z)

I:
u = v(z,v),
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where the dynamics of the equivalent system are given by

f(z,0) = dg(¢71(2) - F(671(2),7(¢7 (2),0)).

When the system II takes its simplest form = Az 4+ Bu, that is II is linear, then the system
IT is said to be linearizable via feedback. Necessary and sufficient geometric conditions for this
to be the case have been given in [16] and [19]. Except for the planar case, those conditions
turn out to be restrictive and a natural problem of finding normal forms for non linearizable
systems arose and has been extensively studied during the last two decades (see, e.g., [6], [7],
[20], [22], [23], [24], [27], [37], [61], [62] and the recent survey [42]).

A very fruitful approach leading to normal forms has been proposed by Kang and Krener
[24] and then followed by Kang [22], [23]. Their idea, which is closely related with classical
Poincaré’s technique for linearization of dynamical systems (see e.g. [1]), is to analyze, step by
step, the action of the Taylor series expansion of the feedback transformation I' on the Taylor
series expansion of the system II. Using that approach, results on normal forms of single-input
control systems with controllable linearization have been obtained by Kang and Krener [24] for
the quadratic terms, and then generalized by Kang [22] for higher order terms. The results of
Kang and Krener [24],[22] have been completed by Tall and Respondek who obtained canonical
forms and dual canonical forms for single-input nonlinear control systems with controllable
linearization [47], [48] and then with uncontrollable linearization [49] (see also [29]). Recently
those results have been generalized by Tall [45], [46] to multi-input nonlinear control systems.

The theory of normal forms, although formal, has been very useful in analyzing control
systems. Using this method, bifurcations of nonlinear systems were treated in [25], [26] and
the references therein, a complete description of symmetries around equilibria were presented
in [38], [39], a characterization of systems equivalent to feedforward forms in [52], [53].
Their counterparts, in the discrete case, have also been obtained using a similar approach
[9, 10, 11, 12, 13, 14, 15].

The convergence of these normal forms and their normalizing transformations in the C*°
and analytic categories is still an open problem (see [4]).

A starting point is a result of Kang [22] derived from [27], and [28] (see also [17]) stating
that, if an analytic control system is linearizable by a formal transformation, then it is
linearizable by an analytic transformation. Kang [22] also gave a class of non linearizable
3-dimensional analytic control systems which are equivalent to their normal forms by analytic
transformations. In [57], we gave the largest class ever of m-dimensional systems, namely
the subclass of special strict feedforward forms, that can be brought to their normal form
via smooth and analytic feedback transformations. Notice however, that C*°-smooth and/or
analytic normal forms were obtained in [6], [18], [20], [36], [43], [63] via singularity theory
methods.

We will first address the problem of convergence of normal forms in section 3 by providing
the largest class ever of smooth (resp. analytic) control systems that can be brought to their
normal forms via smooth (resp. analytic) feedback transformations. The class of special strict
feedforward forms we consider here (see definition later) is a generalization of that, of the same
name, studied in [56] with the difference that the linearization is uncontrollable.

Although it is not clear if any smooth (resp. analytic) strict feedforward system can be
brought to its smooth (resp. analytic) normal form, we will define in section 4 a strict
feedforward normal form, that is close as much as possible to the normal form, to which
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any smooth (resp. analytic) strict feedforward form can be transformed via smooth (resp.
analytic) feedback transformation.

For simplicity of notations, we will deal with single-input nonlinear control system of the
form

M i = f(o,u),
where x € R™ and u € R. This system is in strict feedforward form if we have
jjl = fl(an--'axnau)
SFF
( ) Tp—1 = fn—l(xnau)
Tn = falw).

A basic structural property of systems in strict feedforward form is that their solutions can
be found by quadratures. Indeed, knowing w(t) we integrate f,(u(t)) to get z,(t), then
we integrate f,_1(xn(t),u(t)) to get x,_1(t), we keep doing that, and finally we integrate
Ji(za(t), ... an(t),u(t)) to get 1(t).

Another property, crucial in applications, of systems in (strict) feedforward form is that we
can construct for them a stabilizing feedback. This important result goes back to Teel [59] and
has been followed by a growing literature on stabilization and tracking for systems in (strict)
feedforward form (see e.g. [21], [32], [44], [60], [3], [33]).

The natural question of which systems are equivalent to (strict) feedforward forms arose
and has been investigated by several authors. In [31], the problem of transforming a system,
affine with respect to controls, into (strict) feedforward form via a diffeomorphism, i.e., via a
nonlinear change of coordinates, was studied. A geometric description of systems in feedforward
form has been given in [2]. Using the formal approach, we proposed a step-by-step constructive
method to bring a system into a feedforward form in [52] and strict feedforward form in [53].
Recently, (see [40]), we have shown that feedback equivalence (resp. state-space equivalence) to
the strict feedforward form can be characterized by the existence of a sequence of infinitesimal
symmetries (resp. strong infinitesimal symmetries) of the system.

Another topic of interest that we have been investigating is about symmetries of nonlinear
systems. We showed, even in the formal case, that there is a strong connection between the
existence of symmetries and the feedback equivalence to (strict) feedforward systems.

We will further that topic here by providing explicit symmetries of systems in strict
feedforward form via the smooth (resp. analytic) normalizing feedback transformation
constructed in section 3.

The paper is organized as follows. In section 2 we will recall the Kang normal form and our
canonical form for single-input control systems. Analytic normal forms for strict feedforward
and special strict feedforward systems are given in section 3, followed by their proofs. In
section 4, we discuss symmetries of control systems. Illustrative examples (cart-pole, Kapitsa
pendulum, etc) are given throughout the sections.

2. Normal and Canonical Forms

We start by briefly reviewing the results on normal and canonical forms obtained using the
formal approach.

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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2.1. Formal Normal Forms

All objects, i.e., functions, maps, vector fields, control systems, etc., are considered in a
neighborhood of 0 € R™ and assumed to be C*°-smooth (or real analytic, if explicitly stated).
Let A be a smooth function. By

h(z) = A z) + W (z) + WP (@) + - = i Rm ()
m=0

we denote its Taylor expansion around zero, where Al (x) stands for a homogeneous
polynomial of degree m.

Similarly, for a map ¢ of an open subset of R™ to R™ (resp. for a vector field f on an
open subset of R”) we will denote by ¢l (resp. by fI"™) the term of degree m of its Taylor
expansion at zero, i.e., each component ¢£-m] of ¢l (resp. f][-m] of fIM) is a homogeneous
polynomial of degree m in x.

Consider the Taylor series expansion of the single-input system II, given by

=3 — fla,u)=FotGus S fm(z, ), (2.1)

m=2

where F' = %(0,0) and G = %(0,0). Except otherwise stated, we will assume the linear
approximation around the origin to be controllable.
Consider also the Taylor series expansion I'*® of the feedback transformation I' given by

: = é(z)=Tr+ i@ml(x)

re: (2.2)

u = y(z,v)=Kz+Lv+ 3 4M(z,0),

m=2

where the matrix T is invertible and L # 0. The action of I'* on the system II*° step by step
leads to the following normal form obtained by Kang [22] (see also [24] and [47]).

Theorem 2.1. The control system II°°, defined by (2.1), is feedback equivalent, by a formal
transformation I'*® of the form (2.2), to the formal normal form
g : 2= Az + Bv+ Zf[m](z,v),
m=2
where (A, B) is the Brunovsky canonical form and for any m > 2, we have
S 2Pz, ), 1<j<n—1,
(2.3)

0, J=mn

with P][ZFQ] being homogeneous polynomials of degree m — 2 of the indicated variables, and
Zn+1 = U.

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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7
8 The Kang normal form has been re-normalized [47] to obtain a canonical form
9
o0
ig IEp :2=Az+ Bv+ Z (2, 0),
12 e
ii with the components sz[m] (z,v) satisfying (2.3) and, in addition
15 mo Flmol
16 A (2.4)
17 Ozt - 0z
18
19 Moreover, for any m > mg + 1,
20 _
gmo fFlml
2 I 0,0 =0,
0z -+ 0z,

23
24 For the definitions of the integers mg, j*, and s, we refer the reader to [47].
25 The importance of the canonical form resides in the fact that two systems X° and X5° are
26 formally feedback equivalent if and only if their canonical forms X7 and X5°% coincide.
27 The canonical form played a key role in computing the symmetries of control systems.
28 If the linearization of the system around the origin is uncontrollable, we introduced weights
29 corresponding to the uncontrollable variables [49]. Assuming the linearly uncontrollable part
30 to be of dimension s, we split the coordinates as (z1,...,xs), denoting the uncontrollable
31 variables, and (zs41,...,%,), denoting the controllable variables. We then proved [49] (see
32 [55]) that any single-input system, with uncontrollable linearization, is feedback equivalent to
33 a weighted normal form
34
35 n+1
36 Zj = Rj(Zl,...,ZS)—|—ZS+1S]'(21,...,ZS)—|— Z zfQ?‘ii(zl,...,zi), 1<5<s
37 1=s+1

¥z : ntl
38 NE i = zip+ > ZPX(z,.,2), s+1<j<n—1
39 i=j+2
40 Zn = Zpny1 =0,
41
42 where the functions Qf; and P77 are formal power series in the controllable variables
43 Zs41s---52n,v whose coefficients are smooth (resp. analytic) functions of the uncontrollable
44 variables (z1,. .., zs). Those results stand for the single-input case, and have been generalized
45 in the multi-input case [45, 46].
46 The problem whether an analogous result holds in the smooth (resp. analytic) category
47 is actually a challenging question, which can be formulated as whether for a smooth (resp.
48 analytic) system II the normalizing feedback transformation I'° gives rise to a smooth (resp.
49 convergent) I' and thus leads to a smooth (resp. analytic) normal form Il or canonical form
50 IIcp. One of the difficulties resides in the fact that it is not clear at all how to express, in
o1 terms of the original system, homogeneous invariants transformed via an infinite composition
52 of homogeneous feedback transformations. We will study in this paper a special class of smooth
53 (resp. analytic) control systems, namely special strict feedforward systems, that can be brought
gg to their thus normal form by smooth (resp. analytic) transformations.
56 Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
57 Prepared using rncauth.cls
58
59
60
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3. Smooth and Analytic Normal Forms

Let start by recalling the results obtained by Kang for 3-dimensional systems. He pointed out
that any system of the form

i1 = o+ fro(®e) + 23 fi3(x2) + 23P (21, 22, 23)
o = x3+ x3fos(xe,xs3)
ig = u,

where fi 2, f1,3, and fa 3 are analytic functions, is feedback equivalent to its normal form

N _ 2

21 = 2o+ 25P(21, 22, 23)
22 = Z3

23 = .

Indeed, the change of coordinates and feedback

Al = X1 — / f113(6)d6
0

zg = x2+ fi2(z2)

z3 = x3+w3fa3(x2,x3)

v = Z3=(0z3/0x1)%1 + (023/0x2)Ea + (023/0x3)L3
do the job.

He also gave a class of 3-dimensional systems with one uncontrollable mode, namely, systems
of the form

&g = Axo+ fo(wo,x1,22)
i1 = 22+ fi(zo, 1, 22)
L.EQ = u,

that can be brought to a normal form

2o = Azo+21Qo(20) +2Q1(20, 21) + 23 P(20, 21, 22)
2:’1 = 22
Z'g = v

Notice that while the first class is linearly controllable, the second class has a controllability
index p = 2 and is the analytic counterpart of our weighted normal form when s = 1 and
n=3J.

In the following we will give an n-dimensional class of smooth (resp. analytic) control
systems, with uncontrollable linearization, that can be brought to their normal form (weighted
normal form) via smooth (resp. analytic) feedback transformation.

Consider the class of smooth (resp. analytic) single-input control systems

II : i:f(x,u),

either locally in a neighborhood X x U of (0,0) € R™ x R or globally on R"™ x R, in strict
feedforward form (SFF), that is, such that

(SFF) fj(x’u) = fj(xj-l-la"-vxn:u)v 1 S] <n.

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
Prepared using rncauth.cls
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Notice that for any 1 < i < n, the subsystem IT?, defined as the projection of II onto R7*~i+1
via m(x1,..., &) = (x4, ..., Ty), is a well defined system whose dynamics are given by

J'Jj = fj(Ij+1, e ,xmu)
for i < j < n. Define the linearizability index of the (SFF)-system to be the largest integer p
such that the subsystem II", where p+r = n, is feedback linearizable. Clearly, the linearizability
index is feedback invariant and hence the linearizability indices of two feedback equivalent
systems coincide.
Notice that each component of a strict feedforward system (SFF) decomposes uniquely,
locally or globally, as:

fi(z,u) = hj(wjp1) + Fj(wj41, -0, Tn,u)

Fj(241,0,...,0)=0, 1<j<n, (3.1)
F, =0.
Let s be the smallest integer such that
B
Oh; (0)£A0 fors+1<j<nmn, (3.2)
0zj1

where x,,11 = u. This means, in particular, that the linearization of the system around the
origin is controllable when s = 0 and is uncontrollable when s > 0.
A strict feedforward form for which

hj(xj1) = kjzjqn, s+1<j<r—1, (3.3)

for some non zero real numbers kg1, ..., k._1, will be called a special strict feedforward form,
shortly, (SSFF).
The first result of this paper is stated as following.

Theorem 3.1. Consider a smooth (resp. analytic) special strict feedforward form (SSFF)
given by (3.1)-(3.2)-(3.3) in a neighborhood of (0,0) € R™ x R. There exists a smooth (resp.
analytic) local feedback transformation that brings the system (3.1)-(3.2)-(3.3) into the normal
form

n+1
2j = Rj(ZjJrl?"'aZS)+Zs+lsj(zj+17"'728)+ Z Zng,i(zj+1v"'vzi)7
1=s+1
if1<j<s
n+1 5
o= ozt X 5P, 7)),
Hssrnr : i=j+2
ifs+1<j<r
2.:7"-&-1 = Zr+42;
»é'n—l = Zny
Zn =  Zp4l =0,

(3.4)
where Rj(zj41,...,%s) and S;(zj41,...,2s) are smooth (resp. analytic) functions depending
on the uncontrollable variables only, Q; (241, .., %) and Pj;(zj11,..., %) are smooth (resp.
analytic) functions of the indicated variables and zp+1 = v. Moreover, if the system is defined
globally on R™ x R, then so are the feedback transformation and the normal form.

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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This result, although stated for strict feedforward systems, remains true even if the
uncontrollable part corresponding to the variables (z1,...,25)" is not in strict feedforward
form. In other words, if the projection II° is in strict feedforward form (with s defined as
above), then the system is smoothly (resp. analytically) feedback equivalent to its normal
form. This provides the largest class ever of nonlinear control systems that can be brought to
their normal form via a smooth (resp. analytic) feedback transformation.

When s = 0, that is, the linearization about the origin is controllable, the normal form
reduces to (see [41], [56])

n+1

K3 _ 2
21 = 2o+ ZZZ-PLZ'(ZQ,...,Zi),
=3
n+1 5
i =zt Y 5Bz, 2),
i=j+2
HsspNr : ntl
: _ 2
Zr = Zr+1 T+ Z 25 Pr7i(zr+17~-~7zi)a
1=r+2
2r+1 3 Zr42,
Zn_1 = Zn
Zn = 0.

A main observation is that the above normal form gspyF given by (3.4) is itself a (SSFF)-
system and, on the other hand, it constitutes a smooth (resp. analytic) counterpart Iy g of
the formal normal form II, (actually, the weighted normal form) given by Theorem 2.1.
However, the convergence to the canonical form is only guaranteed in the analytic case.

A question of importance is whether we can always transform a strict feedforward form, say
(3.1)-(3.2), into a special strict feedforward form (3.1)-(3.2)-(3.3). To answer that question,
consider another smooth (resp. analytic) system

I : 2= f(z0),
in strict feedforward form (SFF), that is, such that

Filz,u) = hy(zie1) + Fj(zj41, - 20,0),
Fi(2j41,0,...,0) =0, 1<j<n, (3.5)
F, =0.
Let ¢ denote the smallest integer such that
Oh
9zj11
It is in the special strict feedforward form (SSFF) if

(0)#0, for54+1<j<n. (3.6)

hi(zjt1) = kjzjpr, S+1<j<7-1 (3.7)
for some non zero real numbers ];'g_i_l, N
Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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Theorem 3.2. If two smooth (resp. analytic) (SFF)-systems given, respectively, by (3.1)-(3.2)
and (8.5)-(3.6) are feedback equivalent, then s = §, r = 7 and

hi(lis1zi41) = Lhi(z41),  s+1<j<r-1,
for some non zero real numbers lsy1,...,l—1.

The following corollary provides the answer to the question stated above.

Corollary 3.3. A strict feedforward system (SFF), given by (3.1)-(3.2), is feedback equivalent
to the special strict feedforward form (SSFF), given by (3.5)-(3.6)-(3.7), if and only if

hj(xj41) = kjxj4n,

for s+1<j<r—1, that is, the (xsy1,...,x.—1)-part of the system is already in (SSFF) in
its original coordinates.

Notice that the terms hj(x;41) for s +1 < j < n are feedback linearizable (actually h; form
exactly the feedback linearizable terms of the form Igpyp given by Theorem 3.1). Basically,
Theorem 3.2 and Corollary 3.3 imply that the linearizable terms h;(z;41), for s+1 < j <r—1,
of a strict feedforward form (SFF) cannot be linearized (unless they are already linear) via
any feedback transformation that preserves the strict feedforward structure of the system.
This means that special strict feedforward forms (SSFF) define the only subclass of strict
feedforward systems that can be brought to the Kang normal form Ilyp still being in the
strict feedforward form. Whether it is possible to bring a (SFF)-system into its normal form
IIyF by a smooth (resp. analytic) transformation is unclear but if true, then the normal form
IIyp will loose the structure of (SFF) (unless the system is (SSFF)). On the other hand,
any strict feedforward form (SFF) can be brought to a form IIgpnp, called strict feedforward
normal form (introduced by the authors in [52] in the formal category), which is close as much
as possible to the normal form Iy that is generalized here as

n+1
. 2
Zi = Rj(Zj41, %) + 264155 (2150 28) + D0 27 Qji(Zj41s s i),
1=s+1
if1<j<s
n+1 9
i = hilzir)+ X Z Pz, 2),
- =42
SSENE - ifs+1<j<r
zr+1 = Zr42,
Zn—1 = Zn,
Zn = 0.

Moreover, if the system is defined globally on R™ x R, then so are the feedback transformation
and the normal form.

In order to explain relations between various results proved in this section, let us recall that
according to Theorem 2.1, we can bring the infinite Taylor expansion II*° of a control system
into its formal normal form II7;:

formal

I 5.

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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Theorem 3.1 says that any smooth (resp. analytic) strict feedforward system can be
transformed into its strict feedforward normal forms via a smooth (resp. analytic) feedback
transformation, locally or globally:

o
Uspr —— srnp.

Provided that the linear approximation is controllable, the linearizability index of a general
(SFF)-system on R? is at least one while the linearizability index of a general control-affine
system on R3 is at least two. It follows that in those two cases the functions h; are not invariant
(compare Theorem 3.2), which implies the following:

Corollary 3.4. Any smooth (resp. analytic) strict feedforward form (SFF) on R?, given by
(8.1)-(3.2), is feedback equivalent to the normal form

7;'1 = 22 +1)2P173(ZQ,'U)
Hssrnr

2:’2:11,

where Py 3 is a smooth (resp. analytic) function of the indicated variables.
Any smooth (resp. analytic) control-affine strict feedforward (SFF) on R® is feedback
equivalent to the normal form

. 2
21 = 2o+ 25P1 3(22,23)
ssrnr : Z9 = 3
23 = .

where Py 3 is a smooth (resp. analytic) function of the indicated variables.

Normal forms for strict feedforward systems on R? with noncontrollable linearization are given
in [40].

Examples

Example 3.5. Cart-Pole System. In this example we consider a cart-pole system that is
represented by a cart with an inverted pendulum on it [34], [58]. The Lagrangian equations of
motion for the cart-pole system are

(m1 4+ ma)ds + malcos(qa)ja = malsin(qm)ds + F
cos(q2)d1 +lGo = gsin(ge),

where m; and ¢; are the mass and position of the cart, ma, I, ¢ € (—7/2,7/2) are the mass,
length of the link, and angle of the pole, respectively.
Taking Go = u and applying the feedback law (see [34])

F = —ul(my + mq sinz(qg))/ cos(gz + (m1 + mao)gtan(gz) — mglsin(cp)q'g,

the dynamics of the cart-pole system are transformed into

jtl = T2,
to = gtan(xsz) — lu/cos(xs),
. (3.8)
T3 = T4,
Jb4 = u,
Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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where we take x1 = q1, T2 = ¢1, T3 = @2, and T4 = ¢o.
This system is in strict feedforward form (SFF) with the linearizability index p = 2. We
showed in [38] that the diffeomorphism

2 =0o(x) = (01(x),09(x), 03(x), 04(x)) "

defined by
3 ds
z1 = o1(x) =pxy + ul/ ,
o COSS
29 = 0'2(17) = Uxo + 'ul(jos 3
zz = o03(r) = pgtanws,
() s
zg = oy(z)=
4 4 Hg cos? 3
takes the system into its canonical form X gpcp:
21 = 29,
s : 2
2 = st g napr
23 = 2,
54 = .

In the next example, we consider a case where the linearization about the origin is not
controllable.

Example 3.6. (Kapitsa Pendulum) We consider in this example the Kapitsa Pendulum
whose equations (see [5] and [8]) are given by

& = p+ Psina
p = (gl— ’;’—22 cos o) sin v — ¥pcos o (3.9)
z = w,

where a denotes the angle of the pendulum with the vertical axis z, w the velocity of the
suspension point z, p is proportional to the generalized impulsion, g is the gravity constant
and [ the length of the pendulum.

Assume we control the acceleration a = w. Introducing the coordinates system
(21,2, 23,24) = (,p, z/l,w/l), we take u = a/l as a control.
The system (3.9) considered around an equilibrium point (o, po, z0,u0) = (km,0,0,0),
rewrites
B = o+ z124 + 24 P1(17)
By = €gox1 — TaZy + Toxy Po(x1) + 25Q2(21) + Ro(21) (3.10)
.’j?g = X4 '
£-E4 = u,

where g9 = g /I, e = +1, Py, Py, Ry are analytic functions whose 1-jets at (kw,0,0,0) vanish
and Q2 an analytic function vanishing at (km,0,0,0). Above, e = 1 corresponds to ag = 2nw
and e=—-1toay = (2n+ 1)m.
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We can notice that the linearization about any equilibrium point is uncontrollable with a 2-
dimensional controllable part. Since the projection of the system on the controlled variables is
in linear canonical form, hence in strict feedforward form, we expect the system to be brought
to its normal form via analytic feedback transformation (according to Theorem 3.1).

Indeed, one can easily check that the quadratic feedback transformation

Yy = T1— X123

re . Y2 = T2+ TaT3
' Yys = I3
Yga = T4

brings the system (3.10) into the system

i = Yo+ yysPi(ys) + Q1 (v1,y3)

Jo = egoyr +v1ysPa(y1,ys) + yaQ2(y1,y2,y3) + y3Ra(y1, y3) + Sa(y1) (3.11)
Ys = Y4

Y4 = u

where Pi, Q1, Py, Q2, Ry and S5 are analytic functions.

Since the vector field defined in R3 by

f=Q1(y1,y3)0/0y1 + Qa(y1, Y2, y3)0/y2 + 0/ dys

does not vanish neither at (0,0,0)T € R3 nor at (m,0,0)" € R3, there exists an analytic
transformation z = ®(y) of the form

21 = ¢1(y1,Y2,¥3)
zo = ¢a(y1,Y2,Y3)
23 = Y3

such that
(@, f)(2) = 0/0z3.

This latter transformation, completed by z4 = y4 and u = v, brings the system (3.11) into its
normal form

21 = 29+ Ri(21,20) + 23P1(23) + 22Q1,4(23)

Zy = e€goz1 + Ra(21,22) + 23P2(23) + 23Q2,4(Z3)
2:’3 = Z4

2':4 = 0,

where Z3 = (21, 29, 23). Notice that

Pj(z3) = Sj(21,22) + 23Pj3(21, 22, 23), Jj=1,2.
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7
8 8.1. Proof of Theorem 3.1
20 Consider a system Ilgpp in strict feedforward form with linearizability index p = n — r
1 and uncontrollable linearization of dimension s. The system Igpp is given by (3.1)-(3.2)-
12 (3.3). Since the projection I1¥*! on R"~? depends exclusively on the controllable variables
13 Toit,..., 2T, we will first show that II*T! can be brought to its normal form. For simplicity
14 in the notation, we will assume s = 0. Notice that a short constructive proof was given in
15 [41] and an alternative proof in [56] in the case of controllable linearization. For the sake of
16 completeness we will provide a more detailed proof here that generalizes to the uncontrollable
17 linearization. Without loss of generality we assume the system in the form
ig Ty = hl(x2)+F1(x2,...,xn,u)
20 To = hg(x3)+F2(x3,...,xn,u)
21
22 T, = h?“(zr-i-l) + FT(xT+17 sy Ty U)
23 bl = 2as (3.12)
r+ - r+
24
25
26 si’n—l S T
27 Ty = u,
28
29 where hj, and F} are smooth functions such that
32 hi(zjp) = kjzjn (3.13)
32 Fj(l’j+1,0,...,0) = 0
33 forany 1 <j<r—1.
34 We will provide a constructive algorithmic proof by defining explicit changes of coordinates
35 whose composition takes the system into its normal form. The algorithm will be divided into n
36 major steps. The first step consists of normalizing linear terms in v in the first n—1 components.
g; Then, in the second step we will normalize linear terms in x,, in the first n—2 components, and
-1
39 so on. The algorithm consists of at most (n — 1)+ (n —2)4+---+2+1= % changes of
40 coordinates. Actually, there are fewer changes of coordinates if the linearizability index p > 2.
41 Applying the change of coordinates and feedback
42 .
43 Zj = k1~--k‘j_1mj, ISjST
44 Zr41 = ky--- krflhr(xr+1)7
45 Ziy1 = Z.j, ’l"+1§j§nfl
j? Vo= Zy,
48 we can assume h;(zj41) = xj41 for 1 <j <.
49 Step 1. Denote the system (3.12)-(3.13) by II,,411. We first decompose the component
50 F(Tr41,--.,%n,u) uniquely as
51
52 _
53 Fr(errlv"'vl'nau) - Fr(xqula"';xn)+U@r,n+1(1’r+1a~"7xn)+u2Pr,n+1(xr+17~"7mnau)
54 with F(2,41,0,...,0) =0
r\tr+1,Y; .- .
55
56 Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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The diffeomorphism z = o7*!(z) whose components are

zj = Jffl(x) =zx;, if j#r
Tn
Zr = af;"l(x) =z, — / O nt+1(Trg1, - .- Tn_1,€)de,
0

allows to normalize the linear terms in u in the rth component, and transforms it as

3 [ 2
Zr = Zr41 + Fr(zr+1; B Zn) +u Pr,n+l(zr+1; B Znau)v
where
n—1 Zn 8@
N — r,n+1
Fr(zr41y--v2n) = Fr(zrg1y.ey2n) — E zk+1/ T(zr+1,...,zn_1,e)de.
k=r+1 0 k

Notice that the inverse of z = o7 t1(x), say @ = n**1(2), is given by

r; = nﬁjl(z) =z, if j#r
Zn
Ly = 7777};_1(2) =2zr+ / 6r,n+1(zr+17 sy Rn—1, 6)d67
0

Assume that the linear terms in u are normalized in the rth component through the (i + 1)st
component, that is,

T, = .732+F1($2,...,$n,u)

To = $3+F2<$3,...,$n,u)

& = Tpp1 + Fr(Trg1, . T, u)
i'r-‘rl - Tr42
Tp_1 = Tn

Tn = U,

where F; are smooth (resp. analytic) functions such that

Fj(xj+1a07'~~a0) = 0
and moreover,
Fi(zjq1,. o an,u) = Fj(@jp, ... 20) + UQPj,n—O—l(xj—l—l, S, T, )
foranyi+1<j5<r.
Decompose the ith component F;(x;y1,...,%n,u) uniquely as
FZ'(:I:’L‘+17 ey Ty u) = Fi(mi+1; o ,xn) =+ U@i,n+1<$i+17 - ,l‘n) + U2Pi,n+1($i+17 ey Ty, u)

with F(z;41,0,...,0) = 0.

The diffeomorphism z = 0! () whose components are

. 41 . o .

zj = o () =uw;, i j#i
Tn
1
z = opt(x) =Iz‘—/ Oint1(Tig1, .-, Tn_1, €)de,
0
Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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7
8 allows to normalize the linear terms in « in the ith component, and transforms that component
9 as .
10 Zl = Zit1 —+ Fi(zi+1a ey Zn) —+ u2P17n+1(zi+1, ey Zn, U),
11 where
12 )
13 . . © 00, nt1
14 Fi(zit1, -, 20) = Fizigr,--,20) — Z Zk+1 / azi,w(zi-i-lv ooy Zn—1, €)de.
- 0 2k

15 k=i+1
i? Notice that the inverse of z = o} *!(2), say = = "' (), is given by
18 zp o= it (z) =z, G A
19 n+1 -
20 T = mpy(2) =2+ Oint1(Zit1s- s 2n—1, €)de.

0
21
22 The recursive method can be then applied to define diffeomorphisms o1, . .. ,a?“, allowing
23 to normalize the linear terms in u of the corresponding component.
24 The composition o™t = Uf“ o---00"! of the successive coordinates changes transforms
25 the system into (we reset the variable to x)
g? T = mg—l—Fl(xg,...,a:n,u)
28 5,272 = .’E3+F2(1’3,...,(En,u)
29
32 T = Tyt F’I'(x’l"i‘lv <oy Ty u)
32 -'I.f‘r+1 = Tr42
33
34 Tp-1 = Tn
% e
37 where F; are smooth (resp. analytic) functions such that
gg Fi(2;41,0,...,0) = 0, 1<j<m
40 and moreover,
41 -
42 Fj(mj-‘rla Cy T, U) = Fj(mj+1a e Tn) + U2Pj,n+1($j+17 ey Ty )
43 forany 1 <j <r.
44 Step 2. Let IT,, = 0" "' (Il,,11) be the system IT,,;; transformed via the diffeomorphism o"**.
45 We deduce from above that Fj(z;11,0,...,0) = 0 for 1 < j < r. Let decompose the
jg component F,.(z41,...,%,) uniquely as following
48 Fr(mrJrla--wxn) = Fr<xr+1;-~-7xnfl)+xn®r7n($r+17-~-axnfl)+$%Pr,n<xr+1;-~-axn)
‘5‘8 with F)(2,41,0,...,0) = 0.
51 The diffeomorphism z = ¢7(x) whose components are
52 zj = op(x)=wx;, if j#£r
53 Tp_1
54 2z = op(x) =2, — / Orn(Tri1s- .- T2, €)de,
55 0
56 Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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allows to normalize the linear terms in x,, in the rth component, and transforms the component
as

zr = Zr+1 +Fr<zr+1a--~7zn71>+Z%Pr,n<zr+17~-~7zn)+u2Pr,n+l(Zr+l7~-~aZnau)a

where

(ZT+1, ey Bn—2, G)dG.

n—2 Zn—1 a@
- R N
Fr(zrg1,o-ov2n—1) = Fo(zpg1, ..o, 2n-1) — g Zk+1/
0 Oz,
k=r+1

Following the same line as in step 1, we would suppose that coordinates changes oy, ..., 07" 4
has been defined such that their composition transforms the original system into (we keep the
variable as x)

T = xg—l—Fl(xQ,...,xn,u)

To = x3+F2(m3,...,xn,u)

1.»'»,« = Lr41 +FT('T7'+17"'71‘TL7U)
-'I'f"r+1 - Tr42
L.En—l 3 Tn

Tn = U,

where F; are smooth (resp. analytic) functions such that

Fj(l‘j+1,0,...,0) = 0, 1§]§7",
and moreover,
Fj(zj+17--~7zn) = Fj(ll?j+1,...,l‘n,_1)+£E%Pj7n(l‘j+1,...,In)+U2Pj7n+1(l‘j+1,...,xn,u)
foranyi+1<j5<r.
Decompose the ith component F;(2;11,...,Zn,u) as
Fi(zig1,.-,2n) = Fi(@is1,. o @n-1) + 2200 (@ig1, ..., Tno1)
2 Py (Tig1s s ) + U P g1 (Tig1, o Ty )

with Fi(xi+17 O, e 70) =0.
The diffeomorphism z = o}'(x) whose components are

zj = oylw)=w; if j#i
Tn—1

zi = UZ(JU):JH—/ Oint1(Tiv1, ... Tpoo,€)de,
0

allows to normalize the linear terms in z, in the ith component, and transforms the ith
component as

zZ; = zi+1—i—Fi(ziH,...,zn_l)—|—z,21Pi,n(zi+1,...,zn)—|—u2Pi7n+1(zi+1,...,zn,u),

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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where
. _ #n-1 9O,
Fi(zig1,-- v 2n-1) = Fi(zig1,---5 2n-1) Z Zk+1 2 (Zig1s - Znezs €)de
8zk
=1+1
Keeping up with the algorithm we define, successwely, oy, ...,07 whose composition is the
diffeomorphism ¢” = o} o --- o g} that takes the system into
:tl = .’E2+F1(1'2,...,(En,u)
i'2 = I3+FQ(I3,...,In,U)
Tr = Tpp1+ Fr(Trg1,. . T, u)
i’r+1 - Lr42
j:n—l = Tn
T, = u,

where F; are smooth (resp. analytic) functions such that

Fi(zjt1,...,2n) = Fj(xj_,_l, vy @) F 2P (T, ) F U P 1 (Tt s Ty )
for any 1 < j <r with
Fj(xj41,0,...,0) = 0.
We notice that all coordinate changes defined in step 2 depend only on the variables
Z1,...,Tn—1 but not on the variables (z,,u), which is the reason why the linear terms in

u are not created after the completion of step 1. Now, step 2, like the remaining steps of the
algorithm, could have been viewed as step 1 carried over on lower dimensional systems. Indeed,
taking II,, as the restriction of system II,, on R"~! with coordinates (z1,...,2n—1) and control
Ty, step 1 would be applied to normalize the linear terms in the new control z,,.

Starting from the original system II,,;, we then define a successive sequence of

diffeomorphisms o**1! given in each step as o**! = gf*1 0. 0okt for k = n,n —1,...,2
yielding a successive sequence of strict feedforward systems II,,,II,_1,...,IIs, where for any
2 < k < n, the system II}, is the transform of I ; via o**!. Moreover, each system IIj is in
the form
xr, = .1‘2+F1($2,...,$n,u)
To = $3+F2<$3,...,$n,u)
T = Tpp1 + Fr(Teg, . Tp,u)
Trp1 = Tryo
:tnfl = Tn
Tn = U,
where for any 1 < j <7
N n+1 5
Fi(@ji1, . van,u) = Fi(jp,.ome) + 30 27 Pa(Tj, ..., 25)
i=k+1
Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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with Fj(ijrl,O, ...,0) = 0. The functions Pj;(%;+1,...,2;) are smooth (resp. analytic) in
their arguments, and are zero if i < j + 1.

The composition o(z) = 0300 0™ () of these diffeomorphisms transforms the original

system II,, 41 into its strict feedforward normal form, which indeed coincides with IIs.

To complete the proof we need to show that the uncontrollable part can be brought to a
normal form without changing the components of the controllable part, already in normal
form.

Reconsider Ilgpp given by (3.1)-(3.2)-(3.3), and assume its linear uncontrollable part to be

of dimension s. We will denote, for the sake of clarity, the controllable variables 41, ...,z
by @1, ..., T, where m = n — s. Without loss of generality, we can assume IIggp in the form
T = F]({EQ,...,$5,$17...,$m,u)7
i‘j = Fj(ajj+1,...,xs,:cl,...,acm,u),
T = Fs(wlv"'vwmau)v
n+1 9
) r1 = X2+ Za:iPu(a:g,...,wi)
Mspr: =
n+1 9
x; = mjp+ Y, T Pi(xi,.,T)
i=j+2
. _ 2
Tm—1 - Tm +u Pm—l,m,—i—l(wmy U)
Ty = U

The projection II°*! is already in normal form following the normalization algorithm
underlined above.

This part of the proof follows a similar line as previously. Decompose the component
Fy(x1,...,2m,u), uniquely as:

Foxy,. .., &mu) = Fy(@1,... xn)+uQs(@1, ..., Tm)+u2P(ey, ... Tm,w).

The change of coordinates (z,x) = (77""1(x), ) whose components are defined by

5 = Ty =ay, 1< <s -1,
Tm

Zs = T;T;Jrl(x) = I —/ Qs(xl,..,wm,l,e)de
0

allows to cancel the linear terms in u in the sth component. Assume that linear terms in « in
the sth-component through the (i + 1)st component have been canceled. Then decompose the

ith component F;(;t1,...,Ts, &1, .., ETm,u) uniquely as follows:
Fi(miJrlv"',ws,a:lv"wwmau) = Fi(xiJrlv~"7xsvwla"'7mm)+uQi(xi+1a"'7xsvw17"'amm)
2
+u Pi(xi+17 ey Lgy Ly ,mm,u).
Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31
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7
8 The change of coordinates (z,x) = (77! (z),x) whose first s components are defined by
9
10 z o= Tt @) =1y, 1<j<i-1,
11 T
12 zi = T,ZL+1((L') :xz_/ Qi(xi+17"7$S7w1;"7w7n7176)d6

0
ii zj = Ti’?ﬂ(az):xj, 1+1<j<s
15 allows to cancel the linear terms in u in the ith component.
16 The composition 7! = 77" o ... o0 7"*1 allows to cancel all linear terms in u in all s
17 components.
18 Similarly, we define transformations 7™, ..., 72, where for any 2 < k < m+1, 7% = 7fo- . .or¥
19 is the transformation that linearizes the terms in x; in all the s components. Notice that
20 the linear terms in @; cannot be canceled in any of the first s components. The composition
21 7 =720---07™*! takes the system into its normal form. Each transformation is smooth (resp.
22 analytic) and the algorithm involves a finite number of such transformations whose inverses
23 are also smooth (resp. analytic). Moreover, due to the structure of the strict feedforward form,
24 the components of the controllable part remain unchanged during the normalization of the
gg uncontrollable part. This completes the proof of the theorem.
27
gg 4. Symmetries of Nonlinear Systems
30 We will first recall our results on symmetries obtained in the single-input case using the
g; canonical form. In the second subsection, we will give explicit symmetries of strict feedforward
33 systems, and finally we will discuss, in term of symmetries, the feedback equivalence to a strict
34 feedforward system
gg 4.1. Symmetries via Canonical Form
37 Consider the single-input control-affine system
38
39 X od = f(x) + g(z)u,
40 where x € X, is an open subset of R”, and v € U = R, f and g are smooth vector fields on X.
j; The field of admissible velocities is the field of affine lines
43 A(z) = {f(z) +ug(z) : uwe R} C T, X.
44
45 A diffeomorphism ¢ : X — X is a symmetry of X if it preserves the field of affine lines A (in
46 other words, the affine distribution A of rank 1), that is, if ¥..4 = A.
47 A local symmetry at p € X is a local diffeomorphism 1 of Xy onto X7, where Xy and X3
48 are, respectively, neighborhoods of p and ¢ (p), such that
49
50 (I/J*A)(Q) = A(Q) for any q € X1~
51 A local symmetry ¥ at p is called a stationary symmetry if ¢¥(p) = p and a nonstationary
52 symmetry if ¥(p) # p.
53 Symmetries take a very simple form if we bring the system into its canonical form. Indeed,
54 we have the following result (see [38] and [39] for proofs and details):
55
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Proposition 4.1. Assume that the system X is analytic, the linear approximation (F,G) of &
at an equilibrium point p is controllable and X is not locally feedback linearizable at p. Assume,
moreover, that the local feedback transformation, bringing ¥ into its canonical form Ycop, is
analytic at p.

(i) X admits a nontrivial local stationary symmetry if and only if the drift

f(x) = Az + > f™(z) of the canonical form ©%, satisfies

m=mqg

that is, the system is odd. -
(ii) X admits a nontrivial local nonstationary symmetry if and only if the drift f(x) of the
canonical form ¥y satisfies

f(z) = f(xy +c1,20,...,1,), forsomec, € R
that is f is periodic with respect to x;.
(iii) X admits a nontrivial local 1-parameter family of symmetries if and only if the drift
f(x) of the canonical form X3y satisfies

f(z) = flxa,...,2,).

In the case the diffeomorphism transforming the system ¥ into its canonical form o g is not
analytic, we have obtained formal symmetries (see [39, 38]).

4.2. Explicit Symmetries of Strict Feedforward Systems

In this subsection we consider the case when II is affine in control, that is, the class of smooth
(resp. analytic) single-input control systems in strict feedforward form (SFF)

&= f(z) +g(x)u,

fi@) = fi(@j41, .. an), 1<j<n-1,
gi(z) = gj(zjt1,...,mn), 1<j<n-1
fo(x) = fr € R and g,(x) = g, € R*.

Following section 3, for any 1 < i < n, the subsystem X% .. denotes the projection of Lgrp
onto R"“*! via 7;(z1,...,2,) = (2, ...,7,) with dynamics given by

i?j = fj(.’EjJrh...,{IJn) +gj(xj+1,...,xn)u, ) S] <n.

The linearizability index of X gprp is thus the largest integer p such that the subsystem ETSPIF,
where p +r = n, is feedback linearizable. We will assume here that the linear approximation
around the origin is controllable which implies that p > 2. The set £ = {a° € R™ | f(2°¢) = 0} of
equilibrium points consists of lines parallel to the x1-axis; in other words, any equilibrium point
is of the form 2° = (c1,...,¢41,0,...,0)". For any nonzero real numbers Ay,..., A\, A € R*
and any cj,...,¢41 € R, put A = (Aq,..., A, \...,; ) and C = (¢1,...,¢41,0,...,0) and
define a scaling translation by

T
Tac(z) =Mz +c1,00, AnZn +¢0)

with ¢,yo=---=c¢c,=0and A\, 1 =--- =X, =\
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Theorem 4.2. Consider a smooth system YXgpp in strict feedforward form with linearizability
index p =n —r. Any symmetry ¢ of YXgrr is of the form

Yp=0"oTrco o,

for a fized (A, C), where z = o(x) is the diffeomorphism of the transformation taking Y spr into
its strict feedforward normal form YspnF given by Definition 4.3 below. Any local 1-parameter
family of symmetries 1., of Lspr is of the same form with ¢; € (—e1,€1).

Theorem 4.2 says basically that strict feedforward systems have 1-parameter families of
symmetries conjugated to scaling translations. Recall that in [38] we showed that any symmetry
is conjugated to at most two 1-parameter families of translations along the first variable; those
translations being the only symmetries of the canonical form (Proposition 4.1).

The constant parameters Ay, ..., A, A are likely to be either +1 or —1 and will be uniquely
determined by ca,...,¢, (given by other equilibrium point) because, together, they should
satisfy some strong conditions (SC), see below. The only free parameter is ¢;. In Example 4.9
we provide a case where some of the parameters A{,..., A\, A are not equal to +1 or —1 as
well as some constants ca, ..., cr41 that are non zero. We then compare the results obtained
here with those of [38], and show no ambiguity between them.

The importance of this result is that we can always put a (SFF)-system into a strict
feedforward normal form (SFNF) via smooth feedback transformation while the canonical
form is only guaranteed in the formal category. Moreover, the feedback transformation taking
the system into its strict feedforward normal form (SFNF) can be constructed explicitly, for
smooth systems, see section 3.1.

The notion of strict feedforward normal form plays a crucial role in proving Theorem 4.2
and, in the affine case, takes the following form.

Definition 4.3. A smooth strict feedforward normal form, denoted Y spnp, is a strict
feedforward form

itl = Fl(‘r%"'axn)
j:r = FT(:CT—Fl""aIn)
Try1 = Trg2
Tp-1 = T
T, = U

for which p = n — r is the linearizability index and

n

(SFNF) Fi(x) = hy(xi) + D aiPya(wjn, o a)
i=j+2
for any 1 < j < r, where h; and P;; are smooth functions of the indicated variables.

The above strict feedforward normal form ¥ g gy p was introduced in [41], where we proved the
following:

Theorem 4.4. Any smooth strict feedforward form can be transformed into a strict
feedforward normal form via smooth feedback transformation.
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Remark 4.5. (i) The explicit construction of the feedback transformation (in particular, the
diffeomorphism z = o(z)) taking a (SFF)-system into its (SFNF), was given in the proof of
Theorem 3.1. We have assume there, without loss of generality, that h;(z;11) = ;41 but the
algorithm remains the same.

Then using the commutative diagram

YSFF YSFF
g g
YSFNF YSFNF

where 1/; is a symmetry of the strict feedforward normal form YXgryF, all we will have to prove
is that all ¢’s are exhausted by scaling translations Ta ¢ defined above.

(ii) We will use this item to deduce, as a corollary, necessary and sufficient condition for a
system to be brought to a strict feedforward form (see Theorem I1.4 of [40]).

B1. Proof of Theorem 4.2

We will prove Theorem 4.2 by showing that symmetries of systems in strict feedforward normal
form ¥ gp nF are exhausted by scaling translations Tz ¢ defined above. Let us consider a system
in the strict feedforward normal form Xgpxp, given by definition 4.3.

Notice that if 2 = 1[)(36) is a symmetry of Ygpp (in particular, of ¥spyF), then it
preserves the structure of the strict feedforward form. Hence (see [51]), we have #; = 1);(x) =
U;(xj, ..., xp_1) for 1 < j < n—1. This implies that 7, (1) = (¢, (2), ..., 1%, (x)) is a symmetry
of the projection Eg}lN r of ¥grpr whose dynamics are

n
gy = he(zeg) + X B Pri(@rt1,. . w)
i=r42
:trJrl =  Tr42
Tpo1 = Tp
T, = U.

We claim that ¢;(z) = 4;(z;) for any 7 < j < n—1. Indeed, we have t, () =

~ 0
Yn—1(xn—1). Let k be the largest integer, r < k < n— 2, such that 81/% # 0 for some s > k+1
':Z:S
(we can take s to be the largest integer that yields this property). Thus
B 8"[’]@ . aik ~ 7
Tk = B, Tk +- Bz, Tett = e = Vit1(2)

gives a contradiction because g y1(x) = g1 (Txy1). We conclude that ¢;(z) = 4);(x;) for
r<j< n-—1. Since

2 = V()i = T = Y1 (j41),
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7 ~ ~

8 we deduce that 9;(z;) = A\jz;j+c¢; for all r+1 < j < n—1. Similarly we get ¥, (x,) = A2, +cr

9 and hence R

10 T (Y(x)) = Ay + Cry Ar 1T + Crg1y e v oy AnTn + cn)T

i% In fact, it is easy to see that A\,y1 = --- = A, = A and ¢42 = -+ = ¢, = 0 but for

13 homogeneity of notation, we will carry those constants as such.

14 Notice that A, and the pairs (Mg, ci), 7 + 1 < k < n should satisfy the strong condition:

ig (SC),. Eo(Ari1Trg1 + Crg1y ooy AnTn + 1)) = M Fr (T, -+, @),

17 and

18 .

19 Fo(Tri1, -y @n) = hp(Tpg1) Z TiP i (Trgty ooy X)),

20 1=r+2

21 We can remark that (SC),. is equivalent to the conditions

22

23 (SC), he(Ar 1@ g1 + Cry1) = Ahe(2041)

24

25

26 (8C), P i(Ag1®rs1 + Crgt1, ooy N ) = )\2 Pi(rs1,...,2), T+2<i<n.

27

28 A similar argument will imply that v;(z) = ¢(x;) for all 1 < j < — 1. Taking j = r — 1,

29 we should have

30 ) _ ) )

31 Tr_1 Z’(ﬂ; 1($7 1)F (mT,...,xn) :Fr_l(.fr,...,i‘n)

gé which implies that 1/37’0_1(%_1) = A\r_1, and consequently, zl;r_l(z,a_l) = N 1Tp_1 + Cr_1.

34 A straightforward recurrence shows that for any 1 < j < r, we have 9;(x;) = \jz; + ¢;.

35 At each step, the constant \; is related to the pairs (A, c), for j +1 < k < n, by the strong

36 conditions

37 . .

38 (Sc)j Fi(Njp1%j01 4 Cigty -, Nitn +¢n) = N Fj(xq, .0, 20),

ig and

41 Fi(xjs1,. .., Tn) = hj(z11) Z IP; i (Tpgts ooy ).

42 i=j+2

43 Notice that the constant c¢; can be chosen arbitrarily. The proof of Theorem 4.2 is then

jg completed by the commutative diagram giving the explicit diffeomorphism z = o(z) of the

46 feedback transformation bringing Ygpp into its strict feedforward normal form (see Proof of
Theorem 3.1).

47

48 . .

49 B2. Feedback Equivalence to Strict Feedforward Systems

50 The problem of transforming a system, affine with respect to controls, into (strict) feedforward

51 form via a nonlinear change of coordinates was studied in [31], and a geometric description of

52 systems in feedforward form has been given in [2]. We proposed a step-by-step constructive

53 method to bring a system into a feedforward form in [54] and into a strict feedforward form

54 in [50].

55
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Recently (see [40]), we have proved that feedback equivalence (resp. state-space equivalence)
to the strict feedforward form can be characterized by the existence of a sequence of
infinitesimal symmetries (resp. strong infinitesimal symmetries) of the system. We give here
as a corollary, a restatement of the equivalence conditions obtained in [40] in terms of the
symmetries of strict feedforward systems.

Corollary 4.6. Consider a smooth affine system ¥ with linearizability index p =n —r. The
following conditions are equivalent.
(i)X is, locally at q € X, feedback equivalent to the affine strict feedforward form (SFF);
(it)Each system X1, ¥o,... X, possesses an infinitesimal symmetry v;, whose local flow ¢!
18 conjugated to a scaling translation

Vi

’yCi 0-;1 o Ti\,C 00, ¢ € (_€i7€i)a
where X1 is the restriction of ¥ to a neighborhood X, and

i1 =%/, 1<i<r—1

Above, the equivalence relation ~,, is induced by the local action of the 1-parameter local
group v.¢ defined by wv;, that is, such that g1 ~,, ¢z if and only if they belong to the same
integral curve of v;, and for any 1 < i < r — 1 the scaling translation Tj\,c is the composition
of Tp ¢ with the projection m;:

']I‘j\c(x) = (NZi 4 Ciy ooy Mpg F Cry ATy 1, .., ATy |
Examples

Example 4.7. (Cart-Pole Cont’d) Reconsider the cart-pole system given in Example 3.5.
It has been shown that the cart-pole system can be put into its canonical form

21 - 22,
L — A 2
S N NPT TR
i3 = 24,
2:’4 = v

via analytic feedback transformation. It is straightforward to verify that
Tia,c(2) = (21 +c1,22,23,21) | and  T_jac(2) = (—21 + 1, —22, —23, —24) |

constitute two 1-parameter families of symmetries for the canonical form. By Theorem 4 (see
[38]), they exhaust all possible symmetries of the canonical form.

The symmetries of (3.8) are obtained by computing
U(w) = 07" o Tiwc(z) 0 o()
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7
8 where the inverse z = 1(z) = 0~ %(z) is given by
20 vy = m(z) = gz +0(23),
- - 24
11 ry = m2(2) = gz — il ———5
12 1+ (/-LZ?))
13 rs = mn3(z) = arctan(fizs),
14 2y = mu(z) = _ fe
15 ! ST 1+ (zs)?
i? for a suitable function 6(z3). It follows easily that
18 ot oTcoo(r)=Tye(r) and o 'oT coo(z)=T_4e(x)
19 are both 1-parameter families of translations along the first component 1 of (x1, 2z, 3, 24) "
20 The meaning of the symmetries here, when expressed back in the original physical coordinates
21 (G1,q1,42,G2) = (@1 + c1,d1,92,G2), is that the experiment conducted on two similar carts
22 traveling at the same speed (either forward or backward) yields the same conclusions.
23
24 In the following, we give examples showing that symmetries as nonstationary translations and
25 scaling translations are possible.
g? Example 4.8. Consider the system in R* described by
28 1 = sinxg+ wi sin zg,
29 iy = sinwz+ad,
30 "1}3 = x47
g; j,‘4 = u.
33 This system is clearly in (SFNF) with linearizability index p = 2. It is easy to check that the
34 forward and backward translations
35 Tia,c(x) = (ﬂflJrCl,962+02,3733+C3,934)T and T_iqc(z) = (—z1+c1, —wa+co, —x3+C3, *5174)T
36 . .
37 are symmetries, where co and c3 are any multiples of 27.
38 Example 4.9. Consider the system
ig T1 = To+ 2x9e®3sinxg + 2x26x3x37
o = e®Sginxg+ 322,
41 YsFF: .2 ’ !
42 I3 = T4,
43 i‘4 = U,’
jg in strict feedforward form with linearizability index p = 2. Due to the terms 2z5e™® sin z3, this
46 system is not in strict feedforward normal form. However, it is straightforward to check that
47 the diffeomorphism z = o(x) defined by
48 21 =Ty — 5, 2y =Ty, 23 =3, 24 =Ly
‘518 takes Y g into the strict feedforward normal form
51 Z’l = Z22,
52 Zy = e®sinzg+e®z2],
YSsFNF T .
53 Z3 = 24,
54 24 = U.
55
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We can notice that the scaling translations
z = TA’C(Z) = ()\21 + 1, Azo, 23 + c3, Z4)T

with ¢3 = 2k, k € Z, and A\ = e°® form a family of symmetries of Ygpnyp parameterized
by c¢;1. Indeed, it is easy to see that they map Y gpnp into X gpnF given, around the equilibrium
q= (Oa 05 C3, 0)T7 by

21 = 227

ST 2 = cfgsmg”‘fz"’ii
23 = 24,
54 = u.

The composition & = 0~ 10Ty coo(z) expresses the coordinates 7 in terms of the coordinates x
as follows

T1 = v+ ()\2 — )\).T% + c1,
.’Z’Q = )\1'27

T3 = x3+c3

Ty = T4,

where c3 = 2w and A = e®3.
A straightforward calculation shows that

T1 = Mwg + 220€% sinxz + 22073 23) + 2(A2 — N)ao(e®? sinxz + e¥323)
= ATp + 2)\2z9(e® sinxg + e®313)
= I+ 2F0e®3sinds + 25726”53@21

because A\xo = T9 and

Ae*s sinxg = €”37% sin(x3 + c3) = €3 sin T3.

Similarly, we can show that

Ty = M€ sinzs 4 €% 2?7) = ¥ sin &3 + ™2 &5
Since Z3 = &4 and Z4 = u, it follows that the composition & = o=t o Ta,coo(z) maps Zgpr,
defined around the equilibrium (0,0,0,0)", into Ygrp described, around the equilibrium
q=(0,0,27,0)T, by the same dynamics

Ty = Tg+2F0e™8 sinds + 27267003,
Ty = e"sinds+ e®3i3,
YSFF : ~
r3 = X4,
.i‘4 = u.
Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2009; 00:1-31

Prepared using rncauth.cls

http://mc.manuscriptcentral.com/rnc-wiley

Page 26 of 31



Page 27 of 31

©CoO~NOUTA,WNPE

International Journal of Robust and Nonlinear Control

ANALYTIC NORMAL FORMS AND SYMMETRIES OF (SFF)-CONTROL SYSTEMS 27

We have the commutative diagram

(
~Srr S
ag g
(o) (2)
YSPNF T - SN
AC

Hence # = ¢(z) = 07! 0 Tp,c 0 o(x) is a 1-parameter family of symmetries of Xgpp.
For convenience of notation, we will denote ¥gpp, defined around (0, 0,0, O)T, by Eg‘% p and

the system Ygrp, defined around ¢ = (0,0,27,0)", by Zk(gq%F. The same notations apply to

the systems Zg?}),NF and Eg]}NF.

Now, in view of the results obtained in [41], we will compute the canonical form of Zg} F

and the transformations taking Ego} r and Zg]}), r to this canonical form.

It is easy to verify that y = ®(z), given by

Yy = T1— x%,

Y2 = T2,

ys = e"3sinxg

ys = €3(sinxs + cosxs)ry,

followed by an appropriate feedback, takes the system Eg)}; r into its canonical form

o= Y2,
> ) e = ys+O(ys)ui,
SFCF 4 .
Ys = Y4,
94 = 0,

1

e?3(sinxz + cos x3)? lzz=0-"1(ys)
On the other hand, applying the translation

where O(y3) = with 0(z3) = €73 sin x3.

i‘ - T(jj) - (i‘lajéa'i?) - C3,.i4)

to the system Zg}F, we can shift back the equilibrium point to (0,0,0,0). In the new

; (9)
coordinates, ¥.¢}» becomes

T = @+ 2o (% sindy + e™43),
X N Ga s A o 29
$0) To = A (e“’?* sin 3 + €I3£U4) ,
SFF * A o
r3 = T4,
QLL‘4 = u,
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o= AN - 3),

G2 = A lig,

gg = 623 sin i‘g

Js = e*3(sindz + cosdz)iy,

followed by an appropriate feedback, takes the system igo; r into its canonical form

g1 = U2,
5 o = g3 +0(3)i,
SFCF - i ~
Ys = Y4,
§4 = .

It follows that the composition § = W o T o 1) o ®~1(y) is a 1-parameter family of symmetries
of the canonical form according to the diagram.

0 (0
ZESVJ)F‘F . qu}’F
T
® S5k
/ Y
YsrCF —~ MSFCF
VoTopod

We explicitly find this family of symmetries by expressing the coordinates g as functions of
the coordinates y:

Gio= ATME - 33) =A@ - 33)
— A1z 4+ (A2 = N2k 4oy — A2%a23)
= m -3+ =y +ar.
Similarly, we get
g2 = A"l = A = A (Ma) = 2 =

T3+2m

U3 = e sinds =€ sin(Zs + 2m) = €™ sinxg = y3

and

Gs = e*3(sinds + cosdz)iy
= P27 (sin(T3 + 27) + cos(T3 + 27)) Ty
= e®sinrg + e = y,.
We conclude that the symmetries of the canonical form are exhausted here by a 1-parameter

family of translations along the first variable. This is in concordance with the results in [38].
Notice that the composition ® o1yo®~! does not yield a symmetry for the canonical form. The
reason is that, the system Eg% > being defined around the equilibrium g, is not transformed

into the canonical form Xgpcp by the same diffeomorphism ¢ as Eg‘)} P is.
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