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Norm Euclidean quaternionic orders

Robert W. Fitzgerald
Southern Illinois University
Carbondale, 1L 62901-4408

rfitzg@math.siu.edu

Abstract
We determine the norm Euclidean orders in a positive definite
quaternion algebra over Q.

Lagrange (1770) proved the four square theorem via Euler’s four square
identity and a descent argument. Hurwitz [4] gave a quaternionic proof using
the order A(2) with Z-basis: 1,4,,1(1+i+ j + k). Here i = j* = —1 and
1J = —ji = k, the standard basis of the quaternions. The key property of
A(2) is that it is norm Euclidean, namely, given «, § € A(2) with 3 # 0, there
exist ¢, € A(2) such that a = S¢+r and N(r) < N(f). Liouville (1856)
showed there are exactly seven positive definite quaternion norm forms (that
is, 2-fold Pfister forms) a2 + ay? + bz* + abw?, with a, b positive integers, that
represent all positive integers. These are (1,a,b,ab) = (1,1,1,1) and

(1,1,2,2) (1,1,3,3) (1,2,2,4)
(1,2,3,6) (1,2,4,8) (1,2,5,10).

See volume III of Dickson [1] for more details.

Recently Deutsch constructed norm Fuclidean orders to prove the univer-
sality of all but the last. Here we show there are, up to equivalence, exactly
three norm Euclidean orders in a positive definite quaternion algebra over

Q. This includes one in (_2(@_5).

1 Quaternionic orders

Q will denote a positive definite quaternion algebra over Q. Write Q) = (%’)
Here a,b < 0 are rational and @ has a basis e; = 1, e, e3,¢4 with €2 = q,
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e2 = band ege3 = —ezey = 4. For a = w161 +T9ea+ 363+ 74€4 the conjugate
is & = x1€1 — oy — w3e3 — T4€4, the trace of a is tr(a) = a+ @ and the norm
is N(a) = aa = 23 + ax3 + bx3 + abx3. An order in Q is a finitely generated
Z-module A C @ such that A is a ring and Q ®; A = Q.

The following is well-known but hard to find in precisely this form. Our
proof is a slight variation on that of [1] Lemma 2.

Lemma 1.1. Let A be an order in Q).
1. AnQ C Z.
2. A is closed under conjugation.
3. N(A) C Z.

Proof: (1) If p/q € A for relatively prime integers p and ¢ then all
p"/q" € A, contrary to A being finitely generated over Z.

(2), (3) An element o € A is root of p(z) = 2? — tr(a)x + N(a) € Q[z].
If p(z) factors over Q then « € ANQ C Z so that « = @ € A and N(«) € Z.
If p(z) is irreducible over Q then, as « is integral over Z, we have tr(«),
N(a) € Z. And a = tr(a) —a € A. 0O

Let @1 and Q2 be quaternion algebras over Q and let A C @, B C Qs
be orders. We call A and B isomorphic if they are isomorphic as rings. An
isomorphism ¢ : A — B fixes Z so ¢ is a Z-module map that preserves
conjugation. In particular, N(p(«)) = N(«) so that if A is norm Euclidean
then so is B. Further, if ¢; is a norm form for A and ¢ is a norm form for
B then ¢; and ¢, are Z-isometric.

Conversely, if ¢; and ¢y are Z-isometric then the isometry extends to a Q-
isometry and so an isomorphism ()1 — (J2. This restricts to an isomorphism
A — B. For details see [6] or [5].

The key to our classification is an unnamed property considered by Estes-
Nipp [3]:

(*) If Ais an order of @, @ € A and b € Z with N(«) = be, (b,c) = 1,
then there exists 8 € A such that a = (v for some v € A and N(5) = b.

Proposition 1.2. If A is a norm Euclidean order in Q) then property (*)
holds.



Proof: Let a € A with N(a) = be where (b, ¢) = 1. Greatest common
divisors exist in A since it is Euclidean. Set 8 = (a,b). Then o = (v for
some v € A. N(3) divides N(a) = bc and N(b) = b?. Hence N(3) divides b.
Further,

06 = as+ bt forsome s, te A
B = sa+bt
B3 = N(a)N(s)+ [ast+ bsa + btt]b
N(B) = bcN(s)+ db,
where 6 € A. Thus N(3)/b=cN(s)+06 € QNA =Z and so b divides N(f3).
As @ is positive definite, N () = b. O

Estes and Nipp show that there are, up to isomorphism, exactly 24 orders,
in some positive definite quaternion algebra, with property (*). We will test
the norm Euclidean property for each one to get our classification.

Lemma 1.3. Let A be an order in Q). A is norm Fuclidean iff for all h € Q)
there exists a ¢ € A such that N(h —q) < 1.

Proof: (—) Let h € Q = Q ®z A. Clear denominators to get n € Z
such that nh € A. We have nh = nq + r for some ¢, € A with N(r) <
N(n) =n? Then N(h—q) = N(r/n) < 1.

(«—) Let a,3 € A with 8 # 0. Set h = 7la € Q. We have by
assumption ¢ € A with N(h —¢q) < 1. Set 7o = h — q. Then a = Bq + fry
and N(0rg) < N(p). O

2 Classification

We follow the notation of Estes and Nipp. For each order we give the norm
form, complete squares and deduce a Z-basis v; = 1, vq, v3,v4. We then test
1.3. We use the notation throughout of ¢ = > a;v;, with each a; € Z so that
q € A. We also write ¢ = > gse;.

2.1 Orders in @ = (_1@_1)

i A(2)



22+ 2 + 22+ w? + 2w + yw + 2w
(24 30)* + (y + 3w)* + (2 + 50)* + (F)?
Vg = €2 Vg = €3 U4:%(1+62+63+€4)

This is Hurwitz’s algebra and so norm Euclidean.
ii. A(4)
22+ y? 4 22 + w?
Uy =€y U3 =€3 Uy = €4

Take h = (1 + es + €3+ e4). For any ¢ € A(4), each ¢; is an integer so that
N(h —q) > 4(3)? = 1. Hence A(4) is not norm Euclidean.

iii. A(6)
22 4+ % + 222 + 2w + 2y + 22w
(z+39)°+ Gy+2°+ Gu+w)?+ (=59 + 2+ w)?
1)2:%(14—624-63—64) U3:62+64 U4:63+64

Take h = (1 + €3 + €3 + e4). For ¢ € A(6)" we have:

Q=0+ 50 @=a3+ 502 g3=a1F 502 G4 = a3+ g — S0

If ay is even then the e;-coefficients of h — ¢ have the form (2n; + 1)/2 with
n; € Z. Then N(h—q) > 4(3)* = 1. If ay is odd then the e;-coefficients of h—q
are integers. So N(h—¢q) < 1 implies h = ¢q. But then CL3+%CL2 = % = a4+%a2
gives a3 = a4 and adding a3 + %&2 = % to as + a4 — %0,2 = % yields 3az = 1,

contrary to az € Z. Hence A(6)" is not norm Euclidean.

iv. A(8)

22+ y? + 222 + 2u?
2+ P+ (z+w) + (2 —w)?
Vg =€y VU3 =€3+€4 VUg—=e€3—¢€y

The same argument as for A(4) shows A(8) is not norm Euclidean.

v. A(8)

22+ y? + 322 + 3w? + 2y + 22 + zw + yw + 3zw

(z+ §1y+ 1zt iw)* 4+ (Sy— §f+ 2w)?+ (Fy+ gz +3w)? - (—3y+ 32+ lw)?
Vg = 5(1+62+63—64) V3 = 6(3—5624—763—}—564) Vy = 6(3+562+563+764)
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Take h = &(e3 + €4). For ¢ € A(8) we have:

1
q1 = (2&1 +ax + a3z + CL4) Q2 = 6(3&2 — 5@3 + 5@4)

N —

1 1
g3 = 6(3&2 + Tas + Say) = 6(—3&2 + bas + Tay)

To get N(h — q) < 1 requires each (h; — ¢;)? < 1 and so

k k

QI:§7 -1<k<1 Q2:6, —5<k<5hH
k k

=75 2< k<13 =g 2< k<13

A computer search shows there are only seven such ¢ arising from integral
Q;:

(C_I1><J2><J3><J4) N(h - C.I)
1 51 27
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Hence A(8)" is not norm Euclidean.
vi. A(10)

22+ y? + 322+ 3w + 2+ yz + vw 4+ yw + 2w
(z+iz4 3w+ (y+iz4 Jw)? + 2+ 3w)* + (32 — Lw)

Vg = €9 '113:%(14-624—634—364) 1)4:%(1—}—62—}—363—64)

2

Take h = (1 + es + €3 + e4). For ¢ € A(10)" we have:

1 1
q1:a1+§(a3+a4) q2:a2+§(a3+a4)
1 1
qs = 5(0,3 + 3&4) qs = 5(3&3 — a4).



If a3 = as (mod 2) then each ¢; € Z and N(h —q) > 4(3)? = 1. If a3 =
as + 1 (mod 2) then each g; is of the form (2n; 4+ 1)/2 for some n; € Z. So
N(h —q) < 1 implies h = ¢q. But then az + 3a4 = 1 and 3a3 —ay = 1 and so
10a3 = 4, contrary to az € Z. Hence A(10)’ is not norm Euclidean.

vii. A(12)"

22+ 2y% + 222 + 3w? + 2yz
2?4 (y+w) + (y + 2 —w)* + (2 + w)?
U2:€2+€3 ’U3:€3+€4 U4:62—63+€4

The same argument as for A(4) shows A(12)"” is not norm Euclidean.
viii. A(16)
22 + 2y? + 222 + 4w?

2+ (y+ 22+ (y — 2)* + (2w)?
Vg = €y + €3 VU3 =€y — €3 U4:2€4

Again the argument for A(4) shows A(16) is not norm Euclidean.
ix. A(16)"
2?2 + 3y? + 322 + 3w? + 2yz + 2yw — 2zw
A+ (y—32+ 2w+ (y+ 2z — 3w+ (—y + 52 + 3w)?

Vg =€y + €3 — €4 Ug= %(—62 + 563 + 64) Vg = %(562 —e3 + 64)

Take h = %(3 + Tes + Tes — ey). For ¢ € A(16)” we have ¢; = a1 and

1 1 1
qo = Q2 + g(—ag + 5&4) q3 = Qg + 5(5&3 — a4) gy = —Aa2 + g(ag +CL4).

To get N(h — q) < 1 we require each (h; — ¢;)* < 1 and so:

k
=k 0<k<1 @ =3 1<k<6
k k
=73 1<k<6 =3 —3<k<2.

A computer search shows there are only four such ¢ arising from integral a;:
(0,1,1,-1),(1,1,1,-1),(0,%, %, 2) and (1,% 2,2). In each case, N(h —q) =

)35 373 )37 3
1. Hence A(16)” is not norm Euclidean.

x. A(18)



22+ y? + 522 + 5w’ + 2 4+ yz + vw + yw + 2w
(x+ 32+ %w1)2 +(y+ 32+ 3w)*+ (32 +1%w)2 + (32 — 3w)?
Vg = €9 Vg = 5(1+62+363+364) Vg = 5(14—624—363—364)

Take h = (1 + €5 + €3 + e4). For ¢ € A(18) we have:

1 1
q1:a1+§(a3+a4) q2:a2+§(a3+a4)
3
qui(a3+a4) Q4=§(CL3—CL4)-

If a3 = a4 (mod 2) then each ¢; € Zand N(h—q) > 4(3)? =1. Ifaz = 1+ay
(mod 2) then each ¢; has the form (2n; 4+ 1)/2, for some n; € Z. Thus
N(h —q) < 1 implies h = ¢. In particular, g3 = = = ¢4 which implies
3az = 1, contrary to a; € Z. So A(18) is not norm Euclidean.

xi. A(18)

N[

2?2 4 2y% + 322 4+ bw? + x2 + 2yz + 2yw + 2w
(x4+32)+ (Y +32+2w)?2 + (y+ 32 —w)? + (32)?
Vg = €9 + €3 ngé(1+€2+€3+3€4) U4:2€2—€3

Take h = (1 + €5 + 3 + €4). For ¢ € A(18) we have:

1 1
q1:a1+§a3 qQ:a2—|—§a3+2a4

1 3
q3 = az + 502~ 4 44 = 503
If a3 is even then each ¢; € Z and N(h — q) > 4(1)* = 1. If a3 is odd then
each ¢; has the form (2n; +1)/2, for some n; € Z. Thus N(h—q) < 1 implies
h = q. In particular, ¢4 = % which implies 3az = 1, contrary to a; € Z. So
A(18)" is not norm Euclidean.

xii. A(22)
22 + 2y? + 322 + 6w? + 12 + 2yw

(z4+32)2+ W+32—w)?+ (—y+ 32— 2w+ (32 + w)?
Vg = €9 — €3 UgZ%(1+62+63+364) U4:€2+263—64



Take h = (1 + €5 + €3 + e4). For ¢ € A(18)" we have:

1 1
Q1:a1+§as q2:a2+§a3+a4
3
q3 = —ao + §a2 + 2ay qs = 5@3 — Q4.

If az is even then each ¢; € Z and N(h —¢q) > 4(3)* = 1. If a3 is odd then
each ¢; has the form (2n; +1)/2, for some n; € Z. Thus N(h—gq) < 1 implies
h =q. Adding g5 = % to g3 = % gives as +3a, = 1. Combine this with ¢, = 1

to get 1lag = 5, contrary to a; € Z. So A(18)" is not norm Euclidean.

2.2  Orders in Q = (===2)

i. A(3)
2y 4 22+ w +ry + 2w
(z + 2y)2 + (2 + 3w)? + 3(3y)? + 3(3w)?
Vo = %(1 + 63) Vg = €y Uy = %(62 + 64)
The norm form of the algebra H; 33 constructed by Deutsch [1] is 2 4+ y* +
22 +w? + zw + yz which is clearly isometric to above the norm form of A(3).
Hence A(3) is isomorphic to H; 33 and so norm Euclidean.
ii. A(6)
x2+y2+2z2+2w2+x2+yz+xw+yw+zw
(x4 324+ 3w0)?2+ (Y + 32+ 3w)2 + 3(32 + 3w)? + 3(532 — sw)?
vo=e v3=3(l+ertez+es) vi= (1+€2+€3—64)

Take h =1+ %62 + %63 + e4. For ¢ € A(6) we have:

1 1
q1:a1+§(a3+a4) q2:a2+§(a3+a4)
qui(a3+a4) Q4=§(CL3—CL4)-
Suppose N(h —¢) < 1. Then g3 = 0,3 or 1 since otherwise N(h — ¢q) >
3(3—¢3)* > 3. If g3 = Oor 1 then N(h— q) (3—a2)?+3(3)? > 1. If g3 = 5
then ¢; = a;+1 and ¢4 = ——a4 Then N(h—q) > (5—a1) +3( —i—a4) > 1.
Hence A(6) is not norm Euclidean.
i, A(12)



22 + % + 322 + 3w?
Vg = €2 Vg =2¢€3 Vg =¢€s

Take h = 2(1 + €3 + e3 + e4). Any ¢ € A(12) has integral ¢; so N(h —q) >

(3)%+ (3)* +3(3)* +3(3)* = 2. So A(12) is not norm Euclidean.

iv. A(12)'

2% 4+ y? + 422 + 4w? + zy + 42w
(z+3y)* + (22 + w)* + 3(3y)? + 3w?
Vo = %(1"‘63) U3:2€2 Uy = €3+ €4

Take h = ey. For ¢ € A(12)" we have:

1
Q1:a1+§a2 G2 = 2as + ay s =503 G4 = Oa-

If ay # 0 then N(h —q) > 3a2 > 3. If ay = 0 then ¢y is even and N(h —¢q) >
(1 —¢q2)? > 1. So A(12)' is not norm Euclidean.

v. A(12)"

:E2+2y2+222+4w2+aty+:vz+:vw+2yw+22w
(+3y+32+ 1w+ (y+ 22+ 2w)? + 3w + 3(3y — 52 — fw)?
= %(1—1—2624—64) V3 = 1—14(7+1Oe2 —9e4) wy= %1(7—1—12624—1463 —ey)

Take h = 3(1+ €3 + €3 + €4). For ¢ € A(12)” we have:
1
g1 — aq —+ 5(@2 + as —+ CL4) Q2 = 14 (7@2 -+ 10@3 + 12@4)
1
q3 ﬂ(21a2 —9as — ay) s = Q4

Suppose N(h —¢q) < 1. Then ay = 0 or 1 else N(h —¢) > 3(3 —a4)? > 4.

q
Hence 3(3 —aq)? = 2. Then ¢y = 3 else N(h—q) > (3 —q1)* + 2 > 1. We
further require (3 — ¢2)? < 1 and 3(3 — ¢3)? < 1. Hence:
—ﬁ 1<k<13 —ﬁ 3<kL11
q2 = 147 = = q3 = 147 = = .

A computer search shows there is no such ¢; arising from integral a;. So
A(12)" is not norm Euclidean.

vi. A(24)



2% + 3y? + 422 + 4w? + 42w
22+ (22 + w)? + 3y? + 3w?
Vg = €3 U3:2€2 Uy = €3+ €4

The same proof as for A(6) shows A(24) is not norm Euclidean.

2.3 Orders in ) = (_2@_5)

i. A(5)
The lengthy proof that A(5) is norm Euclidean is postponed to section 3.

ii. A(10)

2? + 2y° + 22° 4 3w® 4 xy 4 2y2z + yw + 22w
(z+ 3y)? + 23y + 2z + 3w)* + 5(3y)* + 10(3w)?
= %(1 —|—€2 +€3) V3 = € Vg4 = %(62 +€4)
Take h = 1(es + e3 + e4). For ¢ € A(10) we have each ¢; € 37Z. Hence
N(h—q) >2(3)*+5(3)* +10(5)? > 1. So A(10) is not norm Euclidean.
ii. A(20)
22 + 2y? + 322 + 5w? + 2yz
2? +2(y + 32)% + 5w? 4 10(32)?
Vg = €9 V3 = %(62 +64) Vg4 = €3

The same proof as for the previous case shows A(20) is not norm Euclidean.

2.4 Orders in Q = (=)
i. A(7)
22+ 9% + 222 + 2w? + vz + yw
(z+ 122 + (y+ tw)* + 7(32)* + T(Aw)?
vy=e€ v3=3(l4+e3) vi=1(ea+eq)

Take h = 1(1 + ez + €3+ €4). For ¢ € A(7) each ¢; € 3Z. Hence N(h —q) >
(l)2 +(3)24+7(5)? + 7(3)* = 1. So A(7) is not norm Euclidean.

A(28)
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22 4+ 3y? + 322 + 8w? + xy + 22 — yz + 2yw + 22w
(z+3y+32)°+ (y+z+w)?+ 7035y — 32)° + Tw?
:%(14—2624‘63) ’032%(14‘262—63) U4:€2+€4

The same proof as for the previous case shows A(28) is not norm Euclidean.

2.5 The order in Q = (==1)
i A(13)
22+ 2y% + 222 + 4w? + xy + yz + 2w + yw + 2zw
(z+ 1y +3w)? + 7(3y + 12+ Hw)* + 13(Gw)? + 91(32 + Lw)?
=2(1+e) v3=12(ea+es) va=15(7T+ex+Tez+ 64)

Take h = (1 + €3 + €3 + e4). For ¢ € A(13) we have:

_ +1 +1 _1 +1 +1
¢1 = ax 202 204 Q2—2az 703 4
1 1 +1
= —a = —qa —a
q3 23 q4 73 144

Assume N(h —q) < 1. From 13(3 — 1a3)? < 1 we get ag = 0 or 1 and so
13(— —2a3)? = 2. Thus (3 — q1)? ,7(l g2)? and 91(1 — ¢4)? are all less than
. We get:
k k k

q1:§’ 0<k<1 q2:ﬁ, 2<k<5h qs = — 3<k <4,

A computer search shows there are only four such ¢; arising from integral a;:
(3:2:0,3), (3,23, 1), (0,2,0,2) and (1,2, 5, 2). In each case, N(h—q) =

> 0m1) (5 i3 1) (0,2,
1. So A(13) is not norm Euchdean
This completes the analysis of the 24 orders with property (*). We sum-

marize:

Theorem 2.1. The norm Fuclidean orders in a positive definite quaternion
algebra over Q are, up to isomorphism, precisely: A(2), A(3) and A(5).

Note that the three orders of (2.1) are in distinct quaternion algebras and
that they are among the five maximal orders whose spinor genus and class
coincide, as determined in [3] page 232.

11



Corollary 2.2. Let Q be a positive definite quaternion algebra over Q. Let
A and B be orders in Q). If A and B are both norm FEuclidean then they are
1somorphic.

Corollary 2.3. If A is norm Euclidean order in a positive definite quaternion
algebra over Q then A is mazimal and Spn(A) = Cls(A).

Estes and Nipp consider a property called FNF: If A is an order of @),
a € A and b € Z with N(«) = be, then there exists § € A such that a = (y
for some 7 € A and N() = b. This is property (*) without the assumption
that (b,c) = 1.

Corollary 2.4. Let A be an order of positive definite QQ. If A is norm
FEuclidean then A has FNF.

Proof: The orders of Theorem 2.1 have FNF by [3] Theorem 6. O

3 Proof for A(H)

The norm form and a basis of A(5) are:
22+ y? + 222 + 2w + xy + 22 + 2w + Yyw + 22w

(+iy+z+w)?+ 20y + 32+ 2w))* + 5(3w)? + 10(3(—y + 2))?
ngi(2+€2—64) ’U3:i(2—|—3€2+64) U4:%(1+62+€3)

We will show thatA(5) is norm Euclidean. Let h = > he; € Q = (_2@_5).
We want to find a ¢ € A with N(h —q) < 1.
Set 71, = (hl, hg, hg, h4) Note that:
62:U2+’03—1 63:2’04—’02—’03 €4IU3—3U2+1,

are all in A. Hence we may assume each h; € [0,1]. Suppose h; € [%, 1]
and that for h* = (1 — hy) + > ;o5 hie; we have ¢* = Y ge; € A with
N(h*—¢q*) < 1. Then, as ¢; € %Z, we can write ¢; = k/2 for some integer k.
Soq=(1-q)+> 506 =q —(k—1) € Aand N(h—q) = N(h*—¢*) < 1.
Thus we may assume hy € [0, %] As g3 € %Z also, the same reasoning shows
we may assume hz € [0, 3]. Lastly, (des + e4) € A(5) implies that we may
assume ey € [0, %] also. In summary, we may assume

h e [0,%] x [0,1] x [0,%] x [0, %].

12



Set ¢ = (q1, g2, q3,q4). The following g represent elements of A:

111 1
_U2+U4—>(O’Z’§’Z) —vg + vz — (0 727075)

1 1 1 1 11
Ul—v2_>(§>—1>0a1) L =2vy +vg — (5 55)
1 3 1 111

~20,0 =220
v = (5o p 0 ) v (5530

Set n(zy, T, T3, 74) = 73 + 2235 + 5735 + 1023 so that N3 z;e;) = n(z).

In the table below, for each block of h’s we give a § € A and compute
n(z) where z; is the maximum, over the block, of |h; — ¢;|.Each n(z) is less
than one, proving that A(5) is norm Euclidean.

hy hy hs hy q maximal norm
Lof0,3] [0,4] (0,51 [0 4] 0,0,0,0 n(i 11 16) = 18
0.1 [3,1] 0,0,0,0 (1151 = 6

o 0055 nhi ) =1

2 0.4 DA DA BE 50t Gk =
5.4 0b0% ekl =1

0.4 B3 LY ohii eGiie -8

o 0,1,0,1 (3355 = i

L4 2 0,4,4,1 n(1: 15 50) = %90

2,11 0.1,0,1 (155 1) =

ERTES IS S S

L] 0,1,0,1 (3 855) = o

04 04 B3 0d 0000 aGiL b=
) 0555  nlhieD=15

R 0,111 n(i 110 8) = 5

403 oA GAOGE O ohei eGiiD=3
2, 4] 10,41 (3 170 5) = 5
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4 Extending Hurwitz’s proof

We return to the notation of the introduction: (1,a,b,ab) denotes the form
2% 4+ ay? + bz% + abw?. There are exactly seven such forms, with a, b positive
integers, that represent all positive integers: (1,1,1,1),(1,1,2,2),(1,1,3,3),
(1,2,2,4),(1,2,3,6),(1,2,4,8) and (1,2,5,10). The first form, (1,1,1,1),
gives the four square theorem, proven by Hurwitz via the norm Euclidean
order A(2).

Deutsch [1] constructed three norm Euclidean orders: Hj 52 used to prove
the universality of (1,1,2,2),(1,2,2,4) and (1,2,4,8), Hy13 for (1,1,3,3)
and Hs 3¢ for (1,2,3,6). He was unable to find a norm Euclidean order in
(%) to prove (1,2,5,10) is universal.

Now the forms (1,1,1,1) and (1,1,2,2) are isometric over Q. Hence
H, 55 is isomorphic to the Hurwitz algebra A(2). Indeed, H; 29 can be found
as the image of A(2) under the isomorphism (_1@_1) — (_1@_2) given by

1= 1ir—ey,j— %(64+63), k — %(64—63). Similarly, (_1@_1) is isomorphic

to (%) and so Hj 3¢ is also isomorphic to the Hurwitz algebra. And H; 33
is isomorphic to A(3) by Corollary 2.2.

Lastly, we have shown that A(5) is a norm Euclidean order in (%)
Following Hurwitz’s proof with this order yields: given a positive integer n,
there exists a € A(5) such that N(«) = n. To prove (1,2,5,10) is universal
in the style of Hurwitz requires showing that for every a € A(5) there exist
units u; € A(5) such that uyouy € L(5) = Z — span{l, e, e3,¢e4}. But the
units of A(5) are £1, +ve, +(1 —wvy) and a check of the cases shows that there
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not units wuy, us such that uy(1 4 vo)ug € L(5).

Now, 4A(5) C L(5) which implies that (1,2,5,10) represents 16n for any
positive integer n. But we have been unable to find an extension of Euler’s
trick (which shows that if 2n is a sum of four squares then so is n). In short,
we have the required norm Euclidean order of (_2@_5) but not an extension
of Hurwitz’s proof to (1,2, 5, 10).
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