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FEEDBACK CLASSIFICATION OF NONLINEAR SINGLE-INPUT
CONTROL SYSTEMS WITH CONTROLLABLE LINEARIZATION:
NORMAL FORMS, CANONICAL FORMS, AND INVARIANTS*

ISSA AMADOU TALLT AND WITOLD RESPONDEKT

Abstract. We study the feedback group action on single-input nonlinear control systems. We
follow an approach of Kang and Krener based on analyzing, step by step, the action of homogeneous
transformations on the homogeneous part of the same degree of the system. We construct a dual
normal form and dual invariants with respect to those obtained by Kang. We also propose a canonical
form and a dual canonical form and show that two systems are equivalent via a formal feedback if
and only if their canonical forms (resp., their dual canonical forms) coincide. We give an explicit
construction of transformations bringing the system to its normal, dual normal, canonical, and dual
canonical forms. We illustrate our results by simple examples on R? and R%.
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1. Introduction. The problem of transforming the nonlinear control single-
input system

S €= (&) +g(E)u

by a feedback transformation of the form

o= 6(e),
Py —a@ + e

to a simpler form has been extensively studied during the last twenty years. The
transformation I' brings ¥ to the system

S i = f(2) + g2,
whose dynamics are given by

f: ¢« (f + ga),
g= (b*(gﬁ)a

where for any vector field f and any diffeomorphism ¢ we denote

(0 f)(x) = dp(6™" (x)) - f(¢™ (2)).
A natural question to ask is whether we can find a transformation I' such that the
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transformed system X is linear, that is, whether we can linearize the system ¥ via
feedback. Necessary and sufficient geometric conditions for this to be the case have
been given in [13] and [18]. Those conditions, except for the planar case, turn out
to be restrictive, and a natural problem that arises is to find normal forms for non-
linearizable systems. Although natural, this problem is very involved and has been
extensively studied during the last twenty years. Four basic methods have been pro-
posed for studying feedback equivalence problems. The first method is based on the
theory of singularities of vector fields and distributions, and their invariants, and using
this method a large variety of feedback classification problems have been solved; see,
e.g., [4], [7], [14], [15], [18], [19], [27], [29], [32], [38]. The second approach, proposed
by Gardner [9], uses Cartan’s method of equivalence [6] and describes the geometry of
feedback equivalence [10], [11], [12], [28]. The third method, inspired by the Hamilto-
nian formalism for optimal control problems, was developed by Bonnard [3], [4] and
Jakubezyk [16], [17] and has led to a very nice description of feedback invariants in
terms of singular extremals. Finally, a very fruitful approach was proposed by Kang
and Krener [26] and then followed by Kang [21], [22]. Their idea, which is closely
related with Poincaré’s classical technique for linearization of dynamical systems (see,
e.g., [1]), is to analyze the system X and the feedback transformation I' step by step
and, as a consequence, to produce a simpler equivalent system ¥ also step by step.

Our paper is deeply inspired by those of Kang and Krener [26], [21] and can be
considered as a completion of their results. In [21], Kang constructed a normal form
for single-input nonlinear control systems with controllable linearization using succes-
sively homogeneous feedback transformations, and he proved that the homogeneous
terms of a given degree of his normal form are unique under homogeneous feedback
transformations of the same degree. He also showed that a nonlinear system can
admit different normal forms under feedback resulting from the action of lower order
terms of the feedback transformation on higher order terms of the system. The main
goal of our paper is to propose a canonical form for the class of single-input systems
with controllable linearization and to prove that two systems are equivalent, via a
formal feedback, if and only if their canonical forms coincide.

In [26] Kang and Krener constructed two normal forms for the quadratic part of
a single-input system. In the first normal form, all components of the linear part of
the control vector field are annihilated and all nonremovable quadratic nonlinearities
are grouped in the drift; in the second normal form, all quadratic terms of the drift
are annihilated and all nonremovable nonlinearities are present in the control vector
field. Kang normal form is a generalization, for higher order terms, of the first normal
form. In this paper, we generalize the second one and produce a dual normal form
for higher order terms. We also construct dual invariants of homogeneous feedback
transformations. They contain the same information, as Kang invariants, encoded in
a different way. We also give a dual canonical form and prove that two systems are
equivalent, via formal feedback, if and only if their dual canonical forms coincide.

The third aim of the paper is to construct explicit homogeneous feedback trans-
formations which bring the homogeneous part of the system of the same degree into
its normal, or dual normal, form. For any fixed degree, our transformations are easily
computable via differentiation and integration of polynomials. A successive appli-
cation of those transformations gives formal feedbacks that bring any system to its
normal form, dual normal form, canonical form, and dual canonical form.

The theory of normal forms initialized and developed by Kang and Krener [26]
and Kang [21], [22] and continued in the present paper (and in [33], [34]) has proved
to be very useful in analyzing structural properties of nonlinear control systems. It
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has been used to study bifurcations of nonlinear systems [23], [24], [25], has led to a
complete description of symmetries around equilibrium [30], [31], and has allowed us
to characterize systems equivalent to feedforward forms [35], [36], [37].

The paper is organized as follows. In section 2 we will introduce, following [21]
and [26], homogeneous feedback transformations. We give a normal form obtained by
Kang and discuss invariants of homogeneous transformations, also obtained by him.
We provide an explicit construction of transformations bringing the system to Kang
normal form. In section 3 we construct a canonical form and give one of our main
results stating that two control systems are feedback equivalent if and only if their
canonical forms coincide. Proofs of results presented in sections 2 and 3 are given in
section 4.

Section 5 dualizes the main results of section 2: we give a dual normal form,
explicitly construct transformations bringing the system to that form, and define dual
invariants of homogeneous transformations. Similarly to normal forms, a given system
can admit different dual normal forms. In section 6 we thus dualize the results of
section 3 by constructing a dual canonical form and proving that two control systems
are feedback equivalent if and only if their dual canonical forms coincide. Section 7
contains proofs of results presented in sections 5 and 6. Throughout the paper, we
illustrate our results by simple examples on R? and R%.

2. Normal form and m-invariants. All objects, that is, functions, maps,
vector fields, control systems, etc., are considered in a neighborhood of 0 € R™ and
assumed to be C*°-smooth. Let h be a smooth R-valued function. By

h(z) = h%z) + WM (2) + M (z) + - = i Al ()
m=0

we denote its Taylor series expansion at 0 € R™, where hl™ () stands for a homoge-
neous polynomial of degree m.

Similarly, for a map ¢ of an open subset of R™ to R™ (resp., for a vector field f on
an open subset of R") we will denote by ¢l (resp., by fI"!) the homogeneous term

of degree m of its Taylor series expansion at 0 € R™, that is, each component gbg»m} of
o™ (resp., fj[m} of fI™M) is a homogeneous polynomial of degree m in .

We will denote by H" (z) the space of homogeneous polynomials of degree m
of the variables z1,...,7, and by H=™(z) the space of formal power series of the
variables x1, ..., z, starting from terms of degree m.

Analogously, we will denote by RI"™(z) the space of homogeneous vector fields
whose components are in H™ (z) and by RZ™(z) the space of vector fields formal
power series whose components are in H=™(x).

Consider the Taylor series expansion of the system > given by

oo
(2.1) 2% E=Fe+Gut Y () + g U(u),
m=2
where F' = g—é(O) and G = ¢(0). We will assume throughout the paper that f(0) =0
and ¢(0) # 0.

Consider also the Taylor series expansion I'*° of the feedback transformation I'
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given by

r=TE+ Y M),
(2.2) > . i
w=K¢+Lo+ Y (al() + g (o),

m=2

where T is an invertible matrix and L # 0. Let us analyze the action of I'* on the
system %°° step by step.
To start with, consider the linear system

£ = F¢+ Gu.

Throughout the paper we will assume that it is controllable. It can be thus trans-
formed by a linear feedback transformation of the form

1'\1 . T = Tfa

u= K¢+ Lv

to the Brunovsky canonical form (A4, B); see, e.g., [20]. Assuming that the linear
part (F, G), of the system %> given by (2.1), has been transformed to the Brunovsky
canonical form (A4, B), we follow an idea of Kang and Krener [26], [21] and apply
successively a series of transformations

z =&+ ¢lm(g),
(2.3) rm

u=v+alm() + g (e)o
form=2,3,... . A feedback transformation defined as a series of successive compo-
sitions of I'™, m = 1,2,..., will also be denoted by I'*® because, as a formal power

series, it is of the form (2.2). We will not address the problem of convergence and will
call such a series of successive compositions a formal feedback transformation.

Observe that each transformation I'"* for m > 2 leaves invariant all homogeneous
terms of degree smaller than m of the system ¥°°, and we will call I'™ a homogeneous
feedback transformation of degree m. We will study the action of I on the following
homogeneous system:

(2.4) sl €= A¢+ Bu+ fIM(€) + g™ (©)u.
Consider another homogeneous system, sl given by
(2.5) sl i = Az 4+ Bu+ ff(z) + g™ (2.

We will say that the homogeneous system ¥ is feedback equivalent to the homoge-
neous system L™ if there exists a homogeneous feedback transformation of the form
(2.3), which brings X" into Xl modulo terms in RZ™*+!(z,v).
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Notation. Because of various normal forms and various transformations that
are used throughout the paper, we will keep the following notation. We will denote,
respectively, by ") and £ the following systems:

sl E= Ag+ But fIM(€) + g™ (€u,

v €= Ag+ But Y (1) + gt ().

k=2

The systems "™ and $>° will stand for the systems under consideration. Their state
vector will be denoted by € and their control by u. The system (™ (resp., the system
%) transformed via feedback will be denoted by X" (resp., by £°°). Its state vector
will be denoted by z, its control by v, and the vector fields, defining its dynamics, by
f¥ and k=Y. Feedback equivalence of homogeneous systems L™ and 2™ will be
established via a smooth feedback, that is, precisely, via a homogeneous feedback I'™.
On the other hand, feedback equivalence of systems £ and £°° will be established
via a formal feedback I'*°.

We will introduce two kinds of normal forms, Kang normal forms and dual normal
forms, as well as canonical forms and dual canonical forms. The “bar” symbol will
correspond to the vector field fI™ defining the Kang normal forms EK,”I], and X5
and the canonical form X%, as well as to the vector field g1 defining the dual
normal forms E[lgnz]v r and X%y and the dual canonical form X%¥.,. Analogously,
the m-invariants (resp., dual m-invariants) of the system ¥ will be denoted by
al™i 42 (resp., by b[mfll) and the m-invariants (resp., dual m-invariants) of the

J
normal form EE:,"} (resp., dual normal form Egljl,F) by al™7+2 (resp., by Bgm_l]).

The starting point is the following result, proved by Kang [21].

PROPOSITION 1. The homogeneous feedback transformation T'™, defined by (2.3),
brings the system SU™ given by (2.4), into yiml given by (2.5), if and only if the
relations

Laed™(€) — ol (6) = 7™ (©) — rI™(e),
Lo (€) = g e) — g e,

(2.6)
Lagol™ (&) + alm(€) = fi™ () — fire),

L™ (€) + sm=1(¢) = gl 1) — gl (9

hold for any 1 < j <n —1, where (bg»m] are the components of $™.

This proposition represents the essence of the method developed by Kang and
Krener and used in our paper. The problem of studying the feedback equivalence
of two systems X and by requires, in general, solving a system of first order partial
differential equations. On the other hand, if we perform the analysis step by step,
then the problem of establishing the feedback equivalence of two systems X" and
2l reduces to solving the algebraic system (2.6).

Using the above proposition, Kang [21] proved the following result.

THEOREM 1. The homogeneous system LU can be transformed, via a homoge-
neous feedback transformation I'™, into the normal form
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n
‘,tl = x99 + lezpl[f?_z](‘fl, . 71'1')7
i=3
. 2 plm—2]
Z; :33j+1+ Z ‘Tipj,i (501,... ,l’i),
[m) S
m
(2.7) Ynp ot
Tp_9 = Tp_1+ x%PT[LT;i] (T1,... ,x,),
Tp_1 = T,
Tp =0,
where P}Zl_m (z1,...,x;) are homogeneous polynomials of degree m — 2 depending on

the indicated variables.
In order to construct invariants of homogeneous feedback transformations, let us
define

XPHE) = (< adise i) B+ ()

and let Xi[m_ll be its homogeneous part of degree m — 1. By m; we will denote the
projection on the subspace

(2.8) Wi={{eR": &u1=-=¢& =0},
that is,

(&) = (&,...,4,0,...,0).

Following Kang [21], we denote by almliit2 (&) the homogeneous part of degree m — 2
of the polynomials

CATHX ™ X (mi(€)),
where C = (1,0,...,0)7 € R” and (j,i) € A C N x N, defined by
A={(,i))eNxN: 1<j<n—-2 0<i<n—j—2}.
T%le] homogeneous polynomials a™7+2 for (j,i) € A will be called m-invariants of
Y,

The following result of Kang [21] asserts that m-invariants al™7#+2 for (j,i) €

A are complete invariants of homogeneous feedback and, moreover, illustrates their

meaning for the homogeneous normal form EE@;

Consider two homogeneous systems L") and 2™ and let
(a2 (i) e A )
and
{almh2 . (ji) ey

denote, respectively, their m-invariants. The following theorem was proved by Kang
[21].
THEOREM 2. The m-invariants have the following properties:
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(i) Two homogeneous systems L™ and ™) are equivalent via a homogeneous
feedback transformation I'™ if and only if

a[m]j,i+2 — &[m]j,i+2
for any (j,1) € A.

(i) The m-invariants a™7+2 of the homogeneous normal form ENF, defined
by (2.7), are given by

. o2
(2.9) al R (@) = oog—al P T @)

for any (j.1) € A.
Our first aim is to find explicitly feedback transformations bringing the homo-

geneous system Y™ to its normal form EE@, Define the homogeneous polynomials
=€) by setting 41757 (6) = 7€) =0,

210)  ¢lm e = —cart <ad;§§ig[m—” + Z(—1)tadf4£1adAn,_i_f,Bf[m])
t=1
if 1 <j<i<nand
211) ) = Lan-ipfL (mi(€)) + Lach™ 7 P (m:(€))
&i
%[mﬁ 1 (i 1(§))+/0 L gn- L+1B¢] L (mi(€))de;

if 1 <i<j, where w[m 1 (mi(§)) is the restriction of 77/1 m=1] (&) to the submanifold

W;. Define the components ¢£-m] of g™ for 1 < j<n and the feedback (a[m],ﬁ[m_l})
by

Z/ N m(€))de,  1<j<n-1,
&WaszM@+L%¢ 16),
alml(€) = — (F7(€) + Lacol (&) .
B () = = (ghn (e + Lol (9))

We have the following result.
THEOREM 3. The homogeneous feedback transformation

z =&+ gme),
u=v+alm(g) + g,

(2.12)

.

where o™, gIm=1 " and the components d)g»m} of #™ are defined by (2.12), brings the

homogeneous system XU into its normal form E[ ] » given by (2.7).
Proof of Theorem 3. Denote by

»m i = Az + Bu + f[m] (z) + g[m—l] (x)v
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the system [ transformed via the feedback transformation T defined by (2.12).
From the expressions of al™(¢) and Bm~1(¢) given by (2.12) and the last two
equations of (2.6), we get

fird@y=0  and  gin (@) =o0.

Plugging qﬁg-m], defined by (2.12), into the second equation of (2.6) gives

P2y = gl (@) — g (@),

which, by (2.10), implies gﬁm‘” () =0for 1 < j <n-—1. Now we consider the

first equation of (2.6). From the expression of ¢£:n ) e get f}lnfll (z) = 0, and for any
1 < i < n, we obtain by differentiating

af’?[m] f[nL] 8¢[m] ¢[m] 6¢[m]
2.1 i — Lay—2 Itl
( 3) 3:@ 8!51 +Lde 8% 8951 1 8:&

[m]

o™ . )
In the above formula, the term af?_l is not present in the case ¢ = 1.
If i>741, we get

6]'5][7”] af[m] a¢£'m] 8¢£-m] 8¢£$]1
8$i (ﬂ—iil ((E)) N 8$l LAI 8.231 + axi_l B (9331 (Wiil (SL’))
afim

oo (o1 (@) + Lastyly(mica ()
+ O (i (@) = 0 (miea (@).

Hence, by an induction argument, we obtain

afim
8131'

(M1 (@) + Lag®l (s (@) + 7 (s (2) — 7 M mia(x) = 0
and, finally, we get

afim
a.’IJZ'

(2.14) (71','_1(33)) =0.

If 1 <4<y, then, using (2.12) and (2.13), we obtain

o [m] ml gplml
ik <x>>—< fi 0% %% ¢’+1>(m(w))

ai)’]l 8%1 81’2 8xi_1 811
afm
- g (mi@)) + Lawts ™ (@) + 05 (i ()

- m—1],
. QU ) gt ).
0 ,

Ori_q
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Using the expression (2.11), it follows that

afim
81‘,‘

(2.15) (mi(z)) = 0.

From the relations (2.14) and (2.15), we conclude that

n

f][m} (z) = Z :c?Pj[zl_m (T1,...,2;),

i=j+2

which proves that Yl is a normal form satisfying (2.7). Thus the system ™ given

by (2.4) is feedback equivalent to the normal form EE:,”}V given by (2.7). 0
Ezample 1. To illustrate results of this section, we consider the system XU

given by (2.4) on R®. Theorem 1 implies that the system XI™ is equivalent, via a

homogeneous feedback transformation I'™ defined by (2.12), to its normal form EE(Z],
(see (2.7))

. 2 m—2

T = To + x3P[ ](xl,xg, x3),
jj2 =3,

.i‘g =,

where Pl"—2l (1,2, x3) is a homogeneous polynomial of degree m — 2 of the variables
T1,T2,T3. 0

We would like now to discuss the interest of Theorem 3. As we have already
mentioned, Poincaré’s method allows us to replace a partial differential equation
by solving successively linear algebraic equations defined by the homological equa-
tion (2.6); see [26] and [21], and Proposition 1. The solvability of this equation was
proved in [26] and [21], while Theorem 3 provides an explicit solution (in the form
of the transformations (2.12), which are easily computable via differentiation and
integration of homogeneous polynomials) to the homological equation. As a conse-
quence, for any given control system, Theorem 3 gives transformations bringing the
homogeneous part of the system to its normal form. For example, if the system
is feedback linearizable, up to order mg — 1 (see [27]), then a diffeomorphism and
a feedback compensating all nonlinearities of degree lower than mg can be calcu-
lated explicitly without solving partial differential equations. More generally, by a
successive application of transformations given by (2.12) we can bring the system,
without solving partial differential equations, to its normal form given in Theorem 4
below.

Consider the system X of the form (2.1) and recall that we assume the linear part
(F,G) to be controllable. Apply successively to 3°° a series of transformations I'™,
m = 1,2,..., such that each I'™ brings [ to its normal form Z[Iz,n},; for instance
we can take a series of transformations defined by (2.12). Successive repeating of
Theorem 1 gives the following result of Kang [21].

THEOREM 4. There exists a formal feedback transformation T'*° which brings the
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system X°° to a normal form Xy given by

n

. 2

T1 = 292 + E ;P i(2y, ..., 24),
=3

n
i’j = 1Ej+1 + Z x?Pj’Z-(xl,. .. ,{Ei),
(2.16) o =it+2

Tp_9 = Tp_1+ xipnfzn(xh cee 7xn)a

Tp_1 = Ly

Ty = 0,

where Pj;(x1,... ,2;) are formal power series depending on the indicated variables.

Ezxample 2. Consider a system ¥ defined on R? whose linear part is controllable.
Theorem 4 implies that the system ¥ is equivalent, via a formal feedback transforma-
tion I'*°, to its normal form X7,

. 2
T = X2+ $3P($1,$27$3)7

&g = 3,
i’g =,
where P(z1, 22, 23) is a formal power series of the variables x1, xo, x3. ]

3. Canonical form. As proved by Kang and recalled in Theorem 2, the normal
form EK,nIL is unique under homogeneous feedback transformation I'*. The normal
form X3 is constructed by a successive application of homogeneous transformations
' for m > 1 which bring the corresponding homogeneous systems %™ into their
normal forms EK,”I], Therefore a natural and fundamental question which arises is
whether the system ¥°° can admit two different normal forms, that is, whether the
normal forms given by Theorem 4 are in fact canonical forms under a general formal
feedback transformations of the form I"*°. It turns out that a given system can admit
different normal forms, as the following example of Kang [21] shows. The main reason
for the nonuniqueness of the normal form X7 is that, although the normal form E[,(Z],

is unique, homogeneous feedback transformation I' bringing " into ZE:,”}, is not. It
is this small group of homogeneous feedback transformations of order m that preserve
EE@? (described by Proposition 2 below), which causes the nonuniqueness of X5.
The aim of this section is thus to construct a canonical form for ¥°° under feedback
transformation I'*°.
Example 3. Consider the system

5:1 =&+ €5 — 2643,
(31) §2 = £3a

&=u

on R3. Clearly, this system is in Kang normal form (compare with Theorem 4). The
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feedback transformation
x =& — € — 363,
xy = &2 — 26162,
€3 — 2(&3 + &163) — 26263,
u = v+ 682€s + 12616283 — 463 + 2(&1 + 267 + 26263)v

brings the system (3.1) into the form

rss .

T3

. 2
T = X2 + 3,
1.'2:1'3;
3'33:11

modulo terms in RZ*(z,v). Applying successively homogeneous feedback transfor-
mations '™ given, for any m > 4, by (2.12), we transform the above system into the
normal form

& = x9 + 22 + 2P (),
(3.2) j?g = I3,
Lt'g =,

where P is a formal power series whose 1-jet at 0 € R? vanishes. The systems (3.1)
and (3.2) are in their normal forms and, moreover, feedback equivalent, but the latter
system does not contain any term of degree 3. As a consequence, the normal form
X¥r is not unique under formal feedback transformations. O

Consider the system X of the form (2.1). Since its linear part (F,G) is assumed
to be controllable, we bring it, via a linear transformation and linear feedback, to
the Brunovsky canonical form (A, B). Let the first homogeneous term of 3°° which
cannot be annihilated by a feedback transformation be of degree mg. As proved by
Krener [27], the degree my is given by the largest integer p such that all distribu-
tions D¥ = span{g, .. .,ad’}’_lg} for 1 < k < n — 1 are involutive modulo terms of
order p — 2. We can thus, due to Theorems 1 and 2, assume that, after applying a
suitable feedback, X°° takes the form

§=Ag+Bu+ frl)+ Y (£ + g u)

m=mo+1

where (A, B) is in Brunovsky canonical form and the first nonvanishing homogeneous
vector field f™o! is of the form

o Sooepm e, 6), 1<j<n-2
G ERNTE
0, n—1<j5<n.

Let (i1,...,%n—s), where iy + -+ + in_s = mp and i,_s > 2, be the largest, in
the lexicographic ordering, (n — s)-tuple of nonnegative integers such that for some
1 <7 <n-—2, we have

amo f'][m()]
dEw - OES

n—s

£0
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Define

gmo flmol
jf=supqj=1,... ,n—2 : 17317é0 .
{ agi ... gginy

n—s

We have the following result.
THEOREM 5. The system X°° given by (2.1) is equivalent by a formal feedback
' to a system of the form

(3.3) orp @ & =Ax+ Bv+ Z fiml (),

m=mqg

where, for any m > my,

additionally, we have

amo _[TO]
Ozt -0z, =
(md, moreover, fOT any m > mg + 1,
8’”’7,0 _[T]
Ozt -0z, =S

The form Xy satisfying (3.4), (3.5), and (3.6) will be called the canonical form
of ¥°°. The name is justified by the following.

THEOREM 6. Two systems X£3° and X5° are formally feedback equivalent if and
only if their canonical forms X% and X5 coincide.

Proofs of Theorems 5 and 6 are given in section 4.

Kang [21], generalizing [26], proved that any system 3°° can be brought by a
formal feedback into the normal form (3.3) for which (3.4) is satisfied. He also observed
that his normal forms are not unique; see Example 3. Our results, Theorems 5 and 6,
complete his study. We show that for each degree m of homogeneity we can use a one-
dimensional subgroup of feedback transformations which preserves the “triangular”
structure of (3.4) and at the same time allows us to normalize one higher order term.
The form of (3.5) and (3.6) is a result of this normalization. These one-dimensional
subgroups of feedback transformations are given by the following proposition.

PROPOSITION 2. The transformation T'™ given by (2.3) leaves invariant the sys-
tem XU defined by (2.4) if and only if

o = an i, 1<j<n,
(3.7) al™ = —a,, L3871,
ﬂ[m_l] = _amLBnglgin7
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where an, is an arbitrary real parameter.

Proof of Proposition 2. Observe that, following Proposition 1, the transformation
I leaves invariant the system X" if and only if it satisfies the following system of
equations:

Lacol™ — ¢ ()
LBQ%-m]

Lagon™ +alml(¢) = 0,
Loy + gm=1(¢) = 0.

Oa 1S]STL—1,

0, 1<j<n—1,

In order to solve the above system, let us remark, using the second equation of the
system, that for any j such that 1 < j < n — 1, the component gb[jm] does not depend
to the variable &,. Putting j = n — 2 into the first equation, we get

3¢£ﬁ2
afnfl

a&ﬂz

— glml
5 & = o1

&+

Since ¢£L7'l]1 and gbgn_]z do not depend on the variable &,, we conclude that gb[:i]z does

not depend on the variable £,_1. An inductive argument shows that ¢[1m] depends

only on the variable &;, that is, qb[lm] (&) = amé&]™. Now, all equations of (3.7) follow
easily. 0

Theorem 5 establishes an equivalence of the system ¥°° with its canonical form
Y& r via a formal feedback. Its direct corollary yields the following result for equiva-
lence under a smooth feedback of the form

o= 6(e),
B = a© + 8w,

up to an arbitrary order.
COROLLARY 1. Consider a smooth control system

S = f(6) +9(&)u

For any positive integer k we have the following:
(i) There exists a smooth feedback T transforming %, locally around 0 € R™,

. . ) <k .
into its canonical form Y& given by

k
Eg’; 2 =Ax+ Bv+ Z Fiml(2),

m=mygo

modulo O(z,v)**1, where fIml(z), for any mo < m < k, satisfies (3.4), (3.5), (3.6).
(ii) Feedback equivalence of ¥ and Eél}, modulo O(z,v)**!, can be established
via a polynomial feedback transformation T'S* of degree k.
(iii) Two smooth systems 31 and Yo are feedback equivalent modulo terms of
order O(z,v) Y if and only if their canonical forms ElgéF and E;gF coincide.
This corollary follows directly from Theorem 5 and its proof, g:iven in section 4,
which provides explicit polynomial transformations (4.4)—(4.5) bringing, step by step,
the system into its canonical form.
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We will illustrate results of this section by two examples.
Ezample 4. Let us reconsider the system ¥ given by Example 2. It is feedback
equivalent to the normal form

& = w9 + 25 P (21, T2, T3),

&g = 3,

i’g =,
where P(z1,x2,x3) is a formal power series. Assume, for simplicity, that mg = 2,
which is equivalent to the following generic condition: ¢, adyg, and [g,adsg] are

linearly independent at 0 € R3. This implies that we can express P = P(x1, 2, 73)
as

P =c+ Pi(x1) + 22 Py (21, x2) + w3 P3(21, 2, 73),

where ¢ # 0 and P;(0) = 0. Observe that any P(z1, 22, 3), of the above form, gives a
normal form X¢5. In order to get the canonical form X%, we use Theorem 5, which
ensures the existence of a feedback transformation I'* of the form

T = ¢(x),
v = a(z) + Ba),

which normalizes the constant ¢ and annihilates the formal power series P (z1). More
precisely, I'* transforms ¥ into its canonical form X,

I3 ~ ~2 T~ o~ o~
Ty = Ty + 25 P (%1, 22, T3),
Tg = I3,
iy =1,

where the formal power series P(Z1,Z3,Z3) is of the form
P(%1,%2,83) = 1+ B2 Po (&1, &) + T3 P3(21, T2, T3).

Now, we give an example of constructing the canonical form for a physical model of
variable length pendulum. 0

Ezample 5. Consider the variable length pendulum of Bressan and Rampazzo [5]
(see also [2] and [8]). We denote by & the length of the pendulum, by & its velocity,
by &3 the angle with respect to the horizontal, and by &4 the angular velocity. The
control u = 54 = 53 is the angular acceleration. The mass is normalized to 1. The
equations are (compare [5] and [8])

&1 = &,
& = —gsiné +&&7,
€3 =&,
54 =4u,

where g denotes the gravity. Notice that if we suppose to control the angular velocity
&4 = &3, which is the case of [5] and [8], then the system is three-dimensional but the
control enters nonlinearly.

At any equilibrium point & = (£10, €20, 305 40)T = (£10,0,0,0)7, the linear part
of the system is controllable. Our goal is to produce, for the variable length pendulum,
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a normal form and the canonical form as well as to answer the question whether
the systems corresponding to various values of the gravity constant g are feedback
equivalent. In order to get a normal form, put

x1 = &1,

Ty = &2,

T3 = —gsings,
Ty = —g&4 €08 &3,

v = g€ sin €3 — ug cos &3.

The system becomes

z.1 = T2,
T
. 2 1
Ty = X3+ T35,
g® — 3
T3 = X4,
{t4 =,

which gives a normal form. Indeed, we rediscover X395, given by (2.16), with P; 3 = 0,
P4 =0, and

T
Py =

s 9271,2'

In order to bring the system to its canonical form g, first observe that mg = 3.

Indeed, the function 3 g;’csz starts with third order terms, which corresponds to the
3

fact that the invariants (292 vanish for any 1 < j < 2 and any 0 < i < 2 — j. The
only nonzero component of f1% is f2[3] = xiPQ[ﬂ. Hence j* = 2 and the only, and thus
largest, quadruplet (i1, 2,1%3,14) of nonnegative integers, satisfying iy +is+1i3+i4 = 3

and such that

3 ¢[3]
% £0,
Oxy - - Oxyt

is (i1,142,13,14) = (1,0,0,2). In order to normalize f2[3], put

Ty = ayx;, 1<14<4,

U= aqv,
where a; = 1/g. We get the following canonical form for the variable length pendulum:

Tl = X2,

By = g+ 2L
2 — 43 417:2%;
I3 = T4,
Ty=17

Independently of the value of the gravity constant g, all systems are feedback equiv-
alent to each other. O
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4. Proofs of Theorems 5 and 6.

Proof of Theorem 5. The proof of this theorem will be done in two steps. In the
first step we will deal with terms of degree mg. Then we will prove the general step
by an induction argument.

First step. Let us consider the system X°° given by (2.1) and let mg be the degree
of the first nonlinearizable homogeneous part. We can assume that (see Theorems 1
and 2), after applying a suitable feedback transformation, the system X given by
(2.1) takes the form

(4.1) €= Ag+ Bu+ e+ Y () + g (),

m=mo—+1

where (A, B) is in Brunovsky canonical form and the first nonvanishing vector field
flmol is of the form

B Z §1§2Pj[j?072](€17'-'7€i)7 ISJS’I’L—Q,
R GERIETEE

0, n—1<j7<n.

Notice that the linear feedback transformation

il T = a€,
: _ 1
U= v,
ay

where a1 € R and a; # 0, brings the system (4.1) into the following one:

o0

1 -
b= Avt Bot o @)+ Y (7M@) + g ).
al m=mo+1
By the definitions of (i1,... ,i,—s) and j*, we have
mo 7[m0]
‘8# £ 0,
ox} - 0z, =2

and thus we can suitably choose the parameter a; such that

mo 7[m0]
,8# = =£1.
ox} - 0,2

General step. Now, we assume that, for some [ > 1, the system X°° given by
(2.1), takes the form

mo+l—1
(42) X% : E=AE+Bu+ Y fUE)+ fImotl) 4 gt (u + (g, w),

m=mg

where r(&,u) € RZ™oHH+1(¢ ) and the vector fields fI™)(¢) for any m such that
mo < m < mg+ [ — 1 satisfy the conditions (3.4), (3.5), and (3.6). We will construct
a transformation I'>° which preserves all terms of degree smaller than mg + [ while
taking those of degree mg + [ into the canonical form defined by (3.4) and (3.6).
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Consider the following feedback transformation

z=E+ Y olm(g),

m=Il+1

where, for any m such that mo < m < mg + [ — 1, the triplet (¢!™, al™, glm=1]) is
given by (3.7) and ¢!™ =0, al™ =0, and g1 = 0 for m > mo + 1 + 1.

The transformation I'* is actually a polynomial transformation I'S™0+ and can
be viewed as a composition of a transformation IS0+ ~1 and a homogeneous trans-
formation '™+ defined, respectively, by

mo+1—1
y=¢+ > o),
(4.4) [<mo+i-1 . m=l+1
mo+I—1
u=w+ Y (al")+ " (Ew)
m=Il+1
and
(4.5) pmott . 0 Y +glmot(y),

w = v+ almotll(y) 4 gimoti=tl(y),,
Let us denote by $° the system %, given by (4.2), transformed via T<™0+=1_ Since

9 flmol
_ f7¢[l+1]

Flrl() = oty — o4 (y) — o) = frly) - S

(y) +r1(y),

where 71 (y) € RZ™o++1(y) and for any m > mg + 1,

Frml©) = fmi(y — o (y) — o) = Fl(y) + ra(y),

where ro(y) € RZ™o+H 1 (y)| we get

(4.6)
B mo+l—1 B N
£ :g=Ay+Bot > Fy) 4 For(y) 4 gt g)w 4y, w),
m=myqg

where 73(y, w) € RZ™oH+1(y w) and
flmo = g1 4. ool g4

[mo—+1—1]

g[moJrl*l] =g .

Let

{a[mo-‘rl]jﬂ-‘r? . (]72) EA}
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and
{d[mo-‘rl]jﬂ-‘r? . (]72) c A}
denote, respectively, the sets of (mg + [)-invariants associated with the homogeneous

parts of degree mg + [ of the systems (4.2) and (4.6). We have

(4.7) glmotllsit2 — ,lmo+iljit2 | &[m0+l]j,i+27

where
> (=1t (adAiBadfq_gkadAkB [f[m()]’¢>[l+l]D (mn—i(£))

k=0

glmotlliit2 — o g1

i—1
+ (—1)t+k (adAz'JrlBadf:gk_ladAkB [f[mg]a¢[l+1]D (Wn—z(g))] .
0

>
Il

Since the identity

ad’y. 1 gadych = ad’ycad’y, i gh
holds for any vector field h and any k,7 > 0, we get by differentiating
(4.8) LM, jalmottiie2

> ()" (ad g padiFad e pady !, o [0, 0] ) (mmi(€))

k=0

1—1
e (adAi+1Badf45 Lad g pad®i, |:f_[mo]’¢[l+1]}> (mi(g))] .
k=0

— A1

Due to the definition of the (n — s)-tuple (i1, ... ,in—s), we obtain

d;}jll |:f‘[mo],¢[l+1]:| = |:adi141n713f[m0]7ad%n713¢[l+l}}
(4.9)
+ ¢ |: d“n 1le mo) dl+1 1B¢l+1:| ’

where ¢, and ¢, are strictly positive integers. From the relations
adynm1 g = a1+ DG o 60)T,
ad'{t, g = a1+ 1)1(1,0,...,0)7,

one can easily deduce that identity (4.10) can be rewritten as
adipt!,  [Fe) o] = yiadiy, ),

where we set v, = —a;+1(I + 1)! (c1(mo — 41 + 1) + ¢2). Plugging the above identity
into the formula (4.8), we obtain
Lzl +llBa[m0+l]j 42
S (=1 (adif - padacsadiFad s ) (m0-i(6)
k=0

i—1
+ 30 (ad s padai padiid ad g f0) (wn_i(g))] .
=0

=y CA!
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Since fI™ol is of the form (3.4), we get for any k such that 0 < k <i—1,
ad 415 [ (7 —i(£)) = 0
and for any ¢ > 0,
(adhscadaep f™) (m-i()) = 0.
Thus, we can deduce the relation

ail +l&[7n0+l]j,i+2

a§§1+l

ai1+2f[m0]

=yCAT L (g,
M 65{1 353—1 (m

i),

which leads, after differentiating and setting j = j* and i = s, to the following one:

amg+l72&[m0+l]j* ,s+2 omo fj[ino]
" n i —5 — Vi ; i R
a§§1+18§;2 . 85’”":; 2 8511 6522 - agn'L;
Differentiating (4.7) and using the above identity, we get
Gmot+i—25[mo+]j" s+2 gmoti—2g[mo+1]5* s +2 Hmo J?[TU]
i1+ nein in—s—2  gri1tlogis 2 TN - s
851 852 T agn—s 851 852 T agn—s afl 852 e 8£n—s

We can choose suitably the parameter a;41 (recall the definition of 7;) such that we
obtain

8m0+l—2d[mo+l]j*,s+2

ogptogy - o5

n—u

Now, transforming the homogeneous part of degree mg + [ of the system (4.6) to
its normal form via a homogeneous transformation I'"™°+! and taking into account
Theorem 2, we bring the system (4.6) into the form

mo—+1
X*® . &=Azx+ Bv+ Z Fml(z) + r(z,v),

m=myo

where r(z,v) € RZ™0HH1(x v) and the vector fields fI™l, for any m such that mg <
m < mq + [, satisfy the conditions (3.4), (3.5), and (3.6). This completes the proof of
Theorem 5. a

In our proof of Theorem 6, we will use the following result.

LEMMA 1. A transformation I'*° leaves invariant all terms of degree smaller than
mo + 1 of the system (4.2) if and only if T°° is of the form

v=€+ ) o),
(4.10) e . me

where, for any m such that mg < m < mg + 1 — 1, the triplet (¢o!™, al™l, glm=11) js
given by (3.7).



FEEDBACK CLASSIFICATION OF NONLINEAR SYSTEMS 1517

Proof of Lemma 1. We have shown, when proving Theorem 5, that the transfor-
mation I'*°, defined by (4.10) and (3.7), leaves invariant all terms of degree smaller
than mg + [ of the system (4.2).

Conversely, assume that the transformation I'*° leaves invariant all terms of degree
smaller than mg + [ of the system (4.2). Without loss of generality, we can take

r=¢+ Y oM,

oo, m=k+1
re . =k

u=v+ Y (E©+ 8 o),

m=k+1

where k+1 denotes the smallest degree among degrees of all nonvanishing components
(bg-m] of the transformation I'*°. There is nothing to prove if k + 1 > mg + [. We thus
focus our attention on the case k +2 < mg +[. Since I'*® leaves invariant all terms of
degree smaller than mg + [ of the system (4.2), in particular it leaves invariant terms
of degree k + 1, which implies that (¢l*+1] al**+1 glF) satisfies the condition (3.7).
By induction, we show that (¢I™, al™l glm=1l) also satisfies the condition (3.7) for
any m such that £k +1 <m < mgy+ k — 1. Thus it remains only to prove that k£ > [.
Assume this is false; that is, suppose k£ < [ — 1. We can see that the transformation

I’ brings the system (4.2) into the following one:

mo+k—1
(4.11) &= Ax + Bv + Z Fml(z) 4+ fFimotkl(z) 4+ r(z,v),

m=mg

where r(z,v) € RZ™otE+1(z v) and the vector field fI™l(z), for any m such that
mo <m < mg+k — 1, is of the form (3.4) and (3.6) and

f[moJrk] — f[mo+’€] + [f[molvqg[’ﬁl]]'

Since the transformation I'*° leaves invariant all terms of degree smaller than mqg + [
of the system (4.2), in particular it leaves invariant all terms of degree mg + k, which
is equivalent to

(7ol glk+1) = .

Repeating the calculations done in the proof of Theorem 5 we deduce, by differenti-
ating, the identity

8mo+kCAj*_1[f[m0]’ ¢[kz+1]] 3’""]?7[1”0]
i i i =V — - =0.
3x111+k8x’22 <0zl OOz - s

Thus, due to the fact that

8m0 JFJ[TO]

0x 0z -+ 0wy

n—s

70,

we obtain v = 0 and hence (¢F+1 alF+1 k) = 0, which contradicts the definition
of k+ 1. As a conclusion, it follows that the transformation I'*° is of the form (4.10)
and (3.7). |
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Proof of Theorem 6. Let us consider two systems X3¢ and ¥§° and let

Y{cr ¢+ = Ax+ Bv+ Z Fim ()

m=mg

and

Yer + 2= Az+ Bw+ Z fml(z)

m=mi

denote, respectively, their canonical forms, where my and m; denote the degrees of the
first nonlinearizable homogeneous parts. It is obvious that ¥$° and X5° are feedback
equivalent if their canonical forms X9 and X5° 5 coincide. To prove the converse,
we assume that the systems 39° and X3° are feedback equivalent while their canonical
forms fail to coincide. Since X¢° and 3$° are feedback equivalent, so are their canonical
forms X% and X5° . It means that there exists a transformation I'>® which brings
Yo r nto 5% k. First remark that, from the definition of the integers mg and my,
we necessarily have mg = my. Then, Theorem 2 and the fact that the components

f][TO] and fj[:n“] are normalized (see (3.5)) ensure that fl™] = fl™l TLet [ be the

largest integer such that for any i < I, we have flmoti—1l = f[mo"‘i_”. This means
that the transformation I'° leaves invariant all terms of degree smaller than mg+1 of
the system X3% . Then Lemma 1 shows that the transformation I'™® is of the form
(4.10). Since the transformation I'*® brings X% into ¥5% p, we deduce that

(4.12) f[moH] — f[mo+l] + []z[mo]’gb[zﬂ]].

Following arguments in the proof of Theorem 5, we obtain

Gmo+l—2g[mo+1]5* s+2 gmo+Hi—2g[mo+j*s+2 . oMo fj[?jo]
. . i a—2 . . in_s—2 m . - )
D tlozi . ggln=s D tlozi . gyl 0z Oxk? -+ Oy
where

{&[mﬁl]j’i” VARS A}
and
{&[m0+l]j’i+2 t (i) € A}

denote, respectively, the set of (mg + [)-invariants associated with the homogeneous
parts of degree mg + 1 of the systems X%, and Y3 cr- Using Theorem 2, the last
identity can be rewritten as

8mo+lf[T0+l] amoJrlf_[TO'i‘l] gmo f_[TO}
4.13 . —J — = — =~ — yy—
(4.13) Qr Mozl . gz G ozl . xlr s 0z} Oz -+ Oy
Since
gmo f[To-F” Hmo f_[zn0+l]
—— I (21,0,...,0) = ————(1,0,...,0) =0,
Oxi' -+ 0z, Oxi' -+ 0x,—;
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the identity (4.13) gives
lmol
™o f

M - -
Ox 1 Oxk? - Oy s

n—s

:0’

which implies ; = 0, that is (recall the definition of ~;), we have a;4+1 = 0, and
consequently (¢l o1 ) = 0. Then the identity (4.12) reduces to

f[mo +] f[mo +1] ,

which contradicts the definition of I. We conclude that the canonical forms X%
and X5°% p coincide. a

5. Dual normal form and dual m-invariants. In the normal form EE:,"IL given
by (2.7), all the components of the control vector field ¢!~ are annihilated and all
nonremovable nonlinearities are grouped in fI". Kang and Krener in their pioneering
paper [26] showed that it is possible to transform, via a transformation I'? of degree
2, the homogeneous system

s é = A+ Bu+ ) + g (&)

into a dual normal form. In that form the components of the drift f[2! are annihilated,
while this time all nonremovable nonlinearities are present in g/!l. The aim of this
section is to propose, for an arbitrary m, a dual normal form for the system X[™
and a dual normal form for the system %°°. Our dual normal form on the one hand
generalizes, for higher order terms, that given in [26] for second order terms, and

on the other hand dualizes the normal form EK,’LIL The structure of this section will
follow that of section 2: we will give the dual normal form, then define and study dual
m-invariants; finally, we give an explicit construction of transformations bringing the
system into its dual normal form.
Our first result asserts that we can always bring Y™ to a dual normal form.
THEOREM 7. The homogeneous system XU is equivalent, via a homogeneous

feedback transformation '™, to the dual normal form Z[SlzlrF given by

T1 = T2,
. -2
Zo = x3 + anQ[;; ](xl, cee sy Tn),
L - [m—2]
[m] $j —IIZJ'+1 +U{ Z fin,i (’I‘l,... ,ZL‘Z'),
(5.1) YpoNF . i=n—j+2
. w [m—2]
Tn—1 :$n+UZ$in’i (1'1;"' axi)a
i=3
Ty = 0,
where Q[-mfz} T1,...,%;) are homogeneous polynomials of degree m — 2 depending on
i

the indicated variables.
Theorem 7 follows from Theorem 9, which gives explicit transformation bringing

Y™ to its dual normal form E%njl, > and thus we omit its proof.
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Now we will define dual m-invariants. To start with, recall that the homogeneous

vector field X i[m_l] is defined by taking the homogeneous part of degree m — 1 of the
vector field

Xt = (_1)iadf4§+f[m](B + glm=iy.

By Xi[m_l] (m;(€)) we will denote the vector field X,L-[m_l} evaluated at the point 7;(§) =
(&1y...,€i,0,...,0) of the submanifold

Wi={{eR" : {u=-=§=0}.

Consider the system Y™ and, for any j such that 2 < j < n — 1, define the
1]

polynomial bgm_ by setting

j—1 ) n ) &i
ol = g S L - S Ly / CxI N (mi(6) de;.
k=1 i=1 0

Yfor 2 < j < n—1 will be called the dual m-

invariants of the homogeneous system »iml,
Consider two systems Y™ and %™ of the form (2.4) and (2.5). Let

The homogeneous polynomials bgm_

{2 <j<n—1}
and
{l;g»m_l] :2<j<n-1}

denote, respectively, their dual m-invariants. The following result gives a dualization
of Theorem 2.
THEOREM 8. The dual m-invariants have the following properties:
(i) Two systems 2 and 2™ are equivalent via a homogeneous feedback trans-
formation I'™ if and only if

[m—1] _ 7[m—1]
bj = bj

forany2<j<n-—1.
(ii) The dual m-invariants Egm_l] of the dual normal form E[Dm]]\,F, defined by
(5.1), are given by

n

@ = Y w1

i=n—j+2

forany2<j<n-—1.

The above result asserts that the dual m-invariants, as do the m-invariants, form
a set of complete invariants of the homogeneous feedback transformation. Notice,
however, that the same information is encoded in both sets of invariants in different
ways. We will give a proof of Theorem 8 in section 7.
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Now, we define the following homogeneous polynomials:

il _ Z / CXI™ Y (mi(€)) des.

o = £ ]+LA£¢]' . 1<j<n-—1,
(5.2)

ol = — (i + Lagol™)

Bl = — (gh=1 + Lygf™)

The next result gives an explicit construction of feedback transformations bringing
]

the system 2™ to its dual normal form E[[TN IR
THEOREM 9. The feedback transformation

z =&+ ¢lm(¢),
u = v+ al™(g) + g1,

where o™ | gm=11 " and the components qbg»m} of ¢™ are defined by (5.2), brings the

system L™ into its dual normal form Z[Sljl,F given by (5.1).

.

6. Dual canonical form. Consider the system 3°° of the form (2.1) and as-
sume that its linear part (F,G) is controllable. Apply successively to it a series of
transformations I', m = 1,2, ..., such that each I brings X" to its dual normal
form E[Dm]l,F; for instance we can take a series of transformations defined by (5.2).
Successive repeating of Theorem 9 gives the following dual normal form.

THEOREM 10. The system 3°° can be transformed via a formal feedback trans-

formation I'*® into the dual normal form Xy given by
&1 = X9,

&y = x3+ v, Qapn(T1,... ,Zn),

n

{,.Cj = Tj4+1 +v Z l‘in’i(LL'h . ,.’.13,‘)7

(6.1) YDONF =yt

n
Tn + vain,i(xl, e ,l‘i),

Tp_1 =
i=3
Tp =0,
where Q;i(x1, ... ,x;) are formal power series depending on the indicated variables.

Naturally, as with normal forms, a given system can admit different dual normal
forms. We are thus interested in constructing a dual canonical form. Assuming that
the linear part (F,G) of the system X°°; of the form (2.1), is controllable, we denote
by mg the degree of the first homogeneous term of the system %°° which cannot be
annihilated by a feedback transformation. Thus, using Theorems 8 and 9, we can
assume, after applying a suitable feedback, that ¥X°° takes the form

2 E=Ag+But g™ U ©ue 3 (179 + g (©u).

m=mo+1
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where (A, B) is in Brunovsky canonical form and the first nonvanishing homogeneous
vector field gl™o—1 is of the form

n
Z fiQE‘TZOiﬂ(EIM-' 7£i)a 2 S.] S’I’L—l,

) = { e
0, j=1and j =n.

Define
j*:inf{j:2,... ;n—1: Qj[-moil](f)i‘éo}

and let (i1,...,4,) such that iy +---+4, = mo—1 be the largest, in the lexicographic
ordering, n-tuple of nonnegative integers such that

omo— lg][f*no —1]

i agn 70
ag ... gl

We get the following result.
THEOREM 11. There exists a formal feedback transformation T'>° which brings
the system %°° into the following one:

Y5cp & =Ax + Bv+ Z g (z)w,

m=mg

where for any m > my,

n

S el @, m), 2<i<n-1,

(6.2) e A
0, j=1and j=n.
Moreover,
8m071_[~m0_1]
(6.3) i = =+1,

and for any m > mg+ 1

(6.4)

The form X%, which satisfies (6.2), (6.3), and (6.4), will be called the dual
canonical form of ¥°°. The name is justified by the following.

THEOREM 12. The two systems X3° and 3X5° are formally feedback equivalent if
and only if their dual canonical forms X3°pcp and X5°hcp coincide.

Example 6. Let us consider the system

S E=fE)+9©u, &()€R? u()€R,
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whose linear part is assumed to be controllable. Theorem 10 ensures that the system
3 is formally feedback equivalent to the dual normal form X%y » given by

Qtl = T2,
&y = x3 + vr3Q(71, T2, T3),

i‘3=11,

where Q(x1, z2,z3) is a formal power series of variables x1, za, 3.
Assume for simplicity that mg = 2, which is equivalent to the condition that g,
adysg, and [g,adsg| are linearly independent at 0 € R3. This implies that we can

represent Q = Q(z1, 2, x3) by
Q =c+ lel(xl) + $2Q2($1,l’2) + $3Q3(.’K1,l’2,$3),

where c € R, ¢ # 0.

Observe that any @ of the above form gives a dual normal form X%y . In order
to get the dual canonical form we use Theorem 11, which ensures that the system X
is formally feedback equivalent to its dual canonical form X% defined by

Ty = g,
j}Z = ‘%3 + 77.’2'3@('%17i.27553)7
I3 =170

)

where Q(:Eh Z9,Z3) is a formal power series such that
Q(F1, %2, F3) = 1 + 72Q2(F1, F2) + £3Q3(F1, T2, T3). a

7. Proofs of dual results. In this section, we prove our dual results. The proof
of Theorem 7 will be omitted because in the proof of Theorem 9 we give an explicit
homogeneous feedback transformation bringing a given homogeneous system into its
dual normal form. Theorem 10 follows from a successive application of Theorem 7.
We will thus prove Theorems 8, 9, 11, and 12.

Proof of Theorem 8. (i) We will prove that if the system X[ is equivalent to
¥ via a transformation I, then their dual m-invariants bg.m_l] and I;Em_” coincide.
The action of I can be decomposed into that of a pure feedback of the form

u=uv+al™E)+ g
followed by that of a diffeomorphism

v =€+ ¢

of the state space. Since the first n—1 components of the vector fields fI" and glm—1,

_1], are invariant under pure feedback, we can conclude that

as well as those of X,[:fi

the functions b[-m -1 for 2 < j < n —1 are invariant under pure feedback. It remains
to prove that they are also invariant under any diffeomorphism z = ®(§) of the form

D(E) = £+ oM(9).
The diffeomorphism @ brings the system - into the form

s = Az 4+ Bu+ f(2) + g (@),
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where

Firl = g (A, ),
g[nL—l] _ g[m—l] + Lqu[m]

Denoting by bg-m*l] and Bgmfl] for 2 < j < n — 1 the dual m-invariants associated,
respectively, with the homogeneous systems " and Sl we get

7[m—=1] _ ;[m—1] 2 m—1]
plm =1 = plm =]l

where
j=2 ,
0" @) = Lol (0) + 3 LpLit T2 C A ad gl
k=0
- ZLBL / ORI ()
and
X @) = (1M adl L, e (B + Leo™) = (<) (@uadli (B)) ()

= A""'B + Lgn-igo™(2).

We can deduce that

j—1 J
bgm_l] (r) = LBd)E»m] (z) + Z LBLZde?Lm] - Z LBLZL‘;ng)Lm]
h=1 =

=S rnlit [ el (o),
i=1

= Lo (x) +ZLBUAJ“ ZL Likel™ - Lprintelm (@) = o,
k=1

which gives

7m—=1] _ ;[m—1]
bj = bj .

Thus the functions bgm_l] are invariant under any diffeomorphism of the form x =
(&) = & + ¢l™(€). Therefore they remain invariant under the transformation T
The fact that two homogeneous systems, whose dual m-invariants coincide, are
feedback equivalent follows clearly from item (ii) of the theorem, which will be proved
below. Indeed, by item (ii), both systems coincide when transformed to their canonical
forms.
(ii) Denote by Bgm_l] for 2 < j < n —1 the dual m-invariants associated with the
]

dual normal form E%nN - They are given by

g1l = glm-1 ZL LJAJ/ CX Y (i) da,
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[m—1]

where the components g; are given by (5.1) and

CX'r[Lﬂllfl] (—1)"~ 1Cadn i [m 1

It suffices to observe (see Lemma 2 below) that, on the one hand, C)_(T[Zf;l] is a linear
combination of functions Lf%gj[.m_” for0<s<n—-tand 1 < j <n—i+1 and,
on the other hand, gﬁm_l] (mi(x)) = 0 for all j such that 1 < j <n —i+ 1. We thus
conclude that CXLTZ;H (m;(x)) = 0, which implies

pim=1  glm=1]

for any j such that 2 <j <n—1. 0
Proof of Theorem 9. Denote by

sl = Az + Bo+ f(z) + g Yz

the system XU transformed via a homogeneous feedback transformation I'" defined
by (5.2). From Proposition 1, it follows that for 3" we have

f][m]:O for 1<j<mn,
(7.1) gm =0 for j=landj=n,

g][.'” U_ g][,m_l] + LB¢Bm] for 2<j<n-1.

It thus suffices to show that the components g}m*” for 2 < j <n—1 are in the
dual normal form (5.1). We prove easily by an induction argument that

m k j m
oy1h = ZLJ L+ Lo,
J

LpLedy™ = > ()L Lapel™,
k=0

which allows us to show that
m—1 m—1] m
gj[ﬂ = 9][+1 + ZLBLk 1f[ k1 T Z ) Le kLAkB(bl !

Now, from the identity

. & ocx ™ (m(e
Laepdl™ = —CX7" (i Z / n@g . ( ))d&,
i=n—k+1 n-

we can deduce that

J J
g = gl S L L S DL X (- (€)
k=1 k=0

& 90X (mi(€))
o j—k n—i 1 )
3 ([ 2 )

k=1i=n—k+1
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Taking into account that for any & such that 0 < k < j we have
ik ™ i—k m
L OXI (1o 0 1 (6)) = D" CX ™ (0 (6))

and that for any i > n — j + 1 we have

& o0 x™ N (m (&) i
</0 0k d&; | (mn—;(£)) =0,

we can conclude that

g sy (6) = <g ]+ZL Lt i Z<1;>Lz;zkcxlim}) (T (€))-

k=0

Using Lemma 2 given below, we thus obtain

g N may(€) = 0,

slm—1] .

which proves that g; is in the dual normal form (5.1). |

LEMMA 2. Let Xi[mfl] be the homogeneous part of degree m — 1 of

X"t = (1) adlygy g (B + g™ 1),

K2

Then the following identities hold:
(i) For any j > 1, we have

J
cAixIm = ZLABLJ?“ =S poxn .
k=0

(ii) For any j such that 0 < j <n — 1, we have
! j j—k [ 1] [ 1] k
Do ex Y =gl + ZLBLJ
k=0
Both identities can be proved by a direct calculation.
Proof of Theorem 11. In the first step we will normalize terms of degree at most
myg while in the general step we will normalize terms of order mg + [.
First step. Consider the system X°° and recall that myq is the degree of the first
nonlinearizable homogeneous part. We can assume (see Theorems 7 and 8) that after
applying a suitable feedback transformation, the system >°° takes the form

(12)  E=Ac+Butg™U@Qur Y () + g (),

m=mo+1

where the vector field gl"0—1! defined by

n
Z fiQE‘?ZD_m(flw-' 7£i)a 2 S] S’I’L—l,

g[.mofl] € = i=n—j+2

0, j=1lorj=mn,
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is the first nonlinearizable homogeneous part. We can notice that the linear feedback
transformation

T = alga

u= Lo,
ay

.

where a1 € R and a; # 0, brings the system (7.2) into the following one:

_ 1 = . i
i=Av+ Bot — g U@+ Y (frl@) + g ).
ay m=mg+1
0
Due to the definitions of (i1, ... ,i,) and j., we can suitably choose the parameter a;
such that
am()*l*[vm()_l]
93 = +1.

dx'r ... dxip
General step. Now we assume that, for some [ > 1, the system X°° takes the form

mo+I1—1
(7.3)  £=A+Bu+ > g U (©Qu+ frorl©) + gt ©u + r(g, ),

m=mo
where 7(£,u) € RZ™oH+1(¢ ) and, for any m such that mg < m < mg +1— 1 and

any 1 < j < n, the components gj[-mfl] satisfy the conditions (6.2), (6.3), and (6.4).

Consider the transformation I'*® given by (4.3), satisfying (3.7), and its decomposition
[ = [smotl — pmotl o P<mo+l=1 given by (4.4)—(4.5). We can easily see that the
transformation I'<™0+! =1 hrings the system (7.3) into the system

mo+Il—1
(74) §=Ay+Buw+ > g™ Uyw+ fIrotiy) + gt = y)w +r(y, w),
m=myqg
where r(y,w) € RZ™mo++1(y w) and
Jz[m0+l] _ f[mo-H] +g[mo—1]a[l+l]7

g[mo+l71] _ g[m0+l,1] + {g[mofl]’gb[”rl] +§[m071]6[l].

Let bgmﬁl*l] and I;g-mﬁl*l] be the dual (mg + [)-invariants associated, respectively,
to the homogeneous parts of degree mg + [ of the systems (7.3) and (7.4). We thus
deduce that

7[mo+l—=1] _ 4 [mo+1-1] 2 [mo+1—1]
(7.5) plmot =l pmoti=1l y jlmoti=t]

where

n Yi
7[mo+i— i— —[mo— _[mo—1 j— >[m—
o8 - [t ] ¢ g -3 181 [ X

i=1
and
Ar[ﬁ;l] _ (_1)n—iad7;1;i ({g[m0—1]7¢[l+1]} _,_g[mo—l]ﬁ[l])

n—i—1

+ Z (—1)kadf§1yadAn_i_k_1B (g[mo_l]a[l+l]>.
k=0
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First notice (see Lemma 2) that C’X [m_l] is a linear combination, over the ring of
polynomials, of the components C A7~ 1g[m° Uand CAI~1 [glmo—t glH+l] 1 < 5 <
n — i+ 1, and their derivatives. Since

[1+1] mo—1]
a¢ mo 1] agj o ¢[l+1]

CAI~ 1[ [mo—1] ¢[l+1]} Z By gy 5
k

k=1

it follows that CXL”Z;” is a linear combination, over the ring of polynomials, of the
components gj[-m‘)*l], 1 <7 <n—i+1, and their derivatives. Taking into account the
fact that gl™o—1 satisfies (6.2), we obtain, for any 1 <j <n —i+1,

Thus, we deduce that
which leads to the identity

l;[mo-i-l—l] _ OAjfl ~[mo—1] ¢[l+1] +5 mo 1]
J

~[mo—1] —[mo—1] _

Putting j = j. and due to the fact that g; = =0;,—1 =0, we get
> mo+1—1] agimo [141]\ ~[mo—1] 1
bt = = Ly (8 g 4 00

Since the triplet (ot all+1 ) satisfies the condition (3.7), it is easy to see that
for any 1 < j <n —1, we have

Lavspdy 461 =0

and then conclude that

—_[mo—1]
plmot+i=1] _ _@j*ié[l+l].
Jx* ay
Now, let us differentiate this last expression, taking into account that (iq,...,i,) is

the largest n-tuple of nonnegative integers such that

gmo—1glmo—1]
We obtain
(7.6) W _ <d1 811+1g][* 0—1] &l pli+1] d ail—mo—l] 8l+1¢[l+11>
oyt Dy oyt dyoyi T oyt )

where dy and ds are strictly positive integers. Since

6l¢[l+1]

6 i :a/l+1(l+1)!(y17y2a"' 7yn)T
Y1
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and

A1+l

I+1

= a1 (1 + DL, 0,...,0)7,
oy

and due to the fact that

Jx . _[mo—1]
Z Yk = (mO — 11 — ]-)g] )
e
the identity (7.6) gives
oit +lg[mo+l—1] i =lmo—1]
J* _ Jx
21+1 - ol 71 ?
Oy, oYy
where 0; = —a;1 (I + 1)1 (d1(mo — i1 — 1) + d2). Plugging this last expression into

(7.5), where we put j = j., we obtain, after differentiating, the following relation:

8mo+lfll~)££n0+l—1] amoJrlflEgTO‘f‘l—l} 5m071g£1no—1]

Oy oy oy oy toyR - oy Oyy Oy - Oy

Because of the definition of 6;, we can choose suitably the parameter a;4; such that

gmo+i—1plmoti—1]
Jx

)

oy oy oy
which is equivalent to

8777,0 —1 B[mo +l— 1]

+ 7O,... 7O :0.
oo oy )

Now, transforming the homogeneous part of degree mg + [ of the system (7.4) to
its normal form via a homogeneous transformation I'"™°+! and taking into account
Theorem 8, we bring the system (7.4) into the form

mo—+1
(7.7) &= Ax+ Bv+ Z g™ () + r(z,v),

m=mqg

where r(z,v) € RZ™o++1(x v), and for any m such that mg < m < mg + I, the
components gj[-mfll for 2 < j < n — 1 satisfy the conditions (6.2), (6.3), and (6.4).
This ends the proof of Theorem 11. a

Proof of Theorem 12. The proof of this theorem follows the same line as that of
Theorem 6. We notice only that the transformation I'* leaves invariant all terms of
degree smaller than mg + I of the system (7.3) if and only if it is of the form (4.10),
given by Lemma 1. 0
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