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Abstract

We consider a principal-agent relationship where a buyer contracts with a risk-averse
supplier for the production of certain good. At the time of contracting, both parties
share incomplete information on cost of production. However, after contracting and before
production, the supplier privately discovers its cost of production. We study the optimal
contract between the two parties in the presence of cost uncertainty when the supplier is

privately informed of its risk preference at the time of contracting.
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1 Introduction

It is well understood that principal-agent relationships often involve simultaneous consider-
ation of risk sharing, effort motivation (moral hazard), and information revelation (adverse
selection). For example, Zeckhauser (1970), Spence and Zeckhauser (1971), Holmstrom
(1979), Shavell (1979); Grossman and Hart (1983) among others consider optimal risk
sharing under moral hazard; Salanie (1990) studies optimal risk sharing under adverse
selection; Laffont and Rochet (1998), Theilen (2003), and Dai (2007) study optimal risk
sharing under both adverse selection and moral hazard. In all these studies, the equilibrium

contracts closely depend on both the principal’s and the agent’s degree of risk aversion.

In reality, principals often do not have precise information on agents’ risk preference. For
example, the owner of a firm typically does not know either a manager’s or a worker’s degree
of risk aversion. Similarly, a regulator seldom has perfect information on how risk-averse a
firm is. In those cases, the agent conceivably can manipulate the principal’s perception of
his risk preference. The purpose of this study is to extend the adverse selection model to

settings where the agent is privately informed about his degree of risk aversion.

We consider a principal-agent relationship where a buyer contracts with a risk-averse
supplier for the production of certain good. At the time of contracting, both the buyer and
the supplier share the same incomplete information about cost of production. However,
after signing the contract and before the production, the supplier can privately discover the
cost of production. We study the optimal contract between the two parties in the presence
of cost uncertainty when the supplier is privately informed of its risk preference at the time

of contracting.

When both parties share the same information on cost of production at the time of
contracting, the efficient supply schedule can be achieved by a fixed-price contract which

makes the supplier the residual claimant of the production, if the supplier is risk-neutral.



However, when the supplier is risk-averse, the optimal supply schedule must balance risk
sharing and the incentive for the supplier to truthfully reveal its private information on cost
of production. Consequently, a supplier of small degree of risk aversion supplies less than
the efficient level of output except for the lowest and the highest realizations of the cost.
The production distortion increases as the supplier becomes more risk-averse. When the
supplier becomes sufficiently risk-averse, bunching arises in the supply schedule-the supplier
is required to produce a constant level of output for high realizations of cost. When the
supplier becomes infinitely risk-averse, the supply schedule converges to one where the

supplier is privately informed about its cost of production at the time of contracting.

When the supplier is privately informed of its degree of risk aversion, the buyer must
screen the supplier not only by its marginal cost of production but also by its degree of risk
aversion. When the buyer is risk-neutral, the optimal contract balances risk sharing and
the incentive for the supplier to truthfully reveal both the realization of cost and its degree
of risk aversion. Consequently, the supply schedule for the more risk-averse supplier is
further distorted towards a cost-plus contract in order to limit a less risk-averse supplier’s
incentive to mimick a more risk-averse one. However, the supply schedule for the less
risk-averse supplier is the same as when the supplier’s degree of risk aversion is common

information.

When the buyer is also risk-averse, the optimal contract must simultaneously balance
the buyer’s profits with different types of suppliers, risk sharing between the two parties
and the supplier’s incentives for truthful information revelation. The downward distortion
in production decreases for both types of suppliers as a risk-averse buyer allocates more risk
towards the suppliers. Moreover, a risk-averse buyer also reduces the production distortion
for a more risk-averse supplier to smooth its profits with different types of suppliers. When
the buyer is sufficiently risk-averse, both types of suppliers produce above the efficient level

of output.



de Mezza and Webb (2000) and Jullien, Salanie and Salanie (2007) study the optimal
insurance contracts under moral hazard when insurance customers are privately informed
of their risk preference. Landsberger and Meilijson (1994) consider a principal-agent set-
ting with one risk neutral monopolistic insurer and one risk-averse agent who is privately
informed about his degree of risk aversion. Smart (2000) studies a screening game in a
competitive insurance market in which insurance customers differ with respect to both ac-
cident probability and degree of risk aversion. In contrast to the above studies, we consider
a principal-agent relationship where suppliers differ with respect to both cost of production

and degree of risk aversion.

The rest of the paper is organized as follows. Section 2 describes the central elements
of the model. As a benchmark, Section 3 presents the optimal contract when the supplier’s
degree of risk aversion is common information. Section 4 examines the optimal contract
when the supplier is privately informed of its degree of risk aversion. Section 5 summarizes
our main findings and concludes the paper with future research directions. The proofs of

all formal conclusions are in the Appendix.

2 The model

A buyer contracts with a supplier to obtain some quantity, ¢ > 0, of a good. The buyer’s
valuation of ¢ is V(g), and V() is a smooth, increasing, and concave function. The buyer’s
net surplus is W = V(q) — T, where T is the buyer’s payment to the supplier. The
supplier’s total cost of producing ¢ is C' = ¢q, where ¢ is the supplier’s marginal /average

cost of production. Hence, the supplier’s profit is # =T — ¢q.

The utility function of the supplier, U(-), belongs to some smooth one-dimensional
family of utility functions that is ranked according to the Arrow-Prat measure of risk

aversion: for any wealth level w, —U’(p, ) /U"(p, ) is increasing with p. Thus, p measures



the the supplier’s degree of risk aversion. The supplier’s degree of risk aversion is unknown
to the buyer. However, it is common knowledge that the supplier’s degree of risk aversion,

p, belongs to the two point support {p,, p,} with p, > p, and Pr(p = p,) = « (therefore
Pr(p=py) =1-a).

The supplier’s marginal cost of production, ¢, is uncertain at the time of contracting.
However, both the buyer and the supplier know that the realization of ¢ follows a uniform
distribution between ¢ and ¢. After contracting with the buyer and before the production

takes place, the supplier privately discovers the realization of c.

The timing and contractual relation between the buyer and the supplier are as follows:
(1) the supplier privately learns its degree of risk aversion p; (2) the buyer offers the supplier
a set of contract menus M, = {7T,(c),q.(c)} conditional on the supplier’s degree of risk
aversion n, where n = [, h, and its eventual marginal cost ¢; (3) the supplier selects its
preferred menu M,, given its private information on p; (4) the supplier discovers ¢, and
selects a desired option (7),(c), ¢,(c)) from the selected menu M,; (5) exchange takes place

according to the contract terms.

3 Common Information on Risk Preference

As a benchmark, in this section we discuss the optimal contract when the supplier’s degree
of risk aversion is common information. When the buyer is risk-neutral, its optimization

problem is choosing {7'(c), ¢(c)} to maximize

/ V(g(e) — T())f(e)de, 1)

where f(c) is the probability density function of ¢. Denote Ac =¢ — ¢, then f(c) = 1/Ac.

A contract is feasible (or implementable) provided if it is incentive compatible and



individually rational. Incentive compatibility requires that the contract induces the supplier

to truthfully report its realization of marginal cost, i.e.,
(e | ¢) = m(e | ;) for ¢; # ¢, (2)

where 7(¢; | ¢;) and 7(¢; | ¢;) denote the supplier’s respective profits from choosing options
(T(¢;),q(ci)) and (T'(c;),q(cj)) when the realization of its marginal cost in fact is ¢;. In-
dividual rationality requires that the supplier’s expected utility from entering the contract

must be nonnegative, i.e.,
B[] = / U(T(e) — eq(e)) f(e)de > 0. 3)

When the supplier is risk-neutral, it is well known that the optimal contract {T'(c), q(c)}
takes the following form:

T(c) = V(q(c)) — T, where (4)

T — argmax / V(g(e)) — ca(@)l (O)de. (5)
q(c) c

The optimal contract in essence makes the supplier the residual claimant of its production.
Under the contract, the supplier produces the efficient amount of goods (i.e., V'(¢(c)) = ¢,)
based on the realization of its marginal cost. Moreover, the supplier receives zero rent in

expectation as F[U] = ]\/[(a)x ff[(V(q(c)) —T) — cq(c)] f(c)de = 0 under the contract.
q(c) "%

Under the above optimal contract, the supplier bears the entire risk of cost uncertainty
as the residual claimant of the production. When the supplier is risk-averse, however, the
optimal contract must balance risk sharing and the incentive for the supplier to truthfully

reveal its marginal cost of production.

Lemma 1 describes the general properties of the optimal contract when the supplier’s



degree of risk aversion is common information.

Lemma 1 The optimal contract must be of the following form, for some c¢* in [c,¢] and

q > 0:
(a) E[U] = z; J; U(n(c))de = 0;

(b) q(c) is given by

1 c—c JoU(n(x))dF(x)
—I[V'(q(c)) — ] = = _ = 6
AV = R ©)

on [¢,c*) and q(c) = ¢* on [c*,¢].

Proof. See appendix. m

At the time of contracting both the supplier and the buyer face the same uncertainty
regarding the cost of production. Consequently, although the supplier can capture informa-
tion rent from its private information on the realization of ¢ after signing the contract, the
buyer can fully extract the expected information rent at the time of contracting by reducing
the level of transfer payments 7'(c) for all realization of ¢. (Note that it is the difference
in T'(¢) that provides the incentive for the supplier to truthfully reveal its marginal cost.)

Consequently, the supplier receives zero expected utility under the optimal contract.

Given that the buyer can fully extract the supplier’s ex post information rent at the
time of contracting, the buyer does not face the traditional trade-off between rent extraction
and production efficiency as in Baron and Myerson (1982). As we have shown earlier, the
supplier’s ex post information rent would be costless to the buyer and the efficient outcome
would be achieved if the supplier were risk-neutral. However, when the supplier is risk-
averse, the optimal supply schedule must balance risk sharing and the incentive for truthful

information revelation. Equation (6) demonstrates the intuition.



When the supplier’s realization of marginal cost is ¢, raising ¢(¢) by dq will in expecta-
tion increase the supplier’s production efficiency by [V'(q(¢)) — ¢]dq/Ac where 1/Ac is the
probability that ¢ = ¢. However, the increase in ¢(¢) will also raise the supplier’s ex post
information rent by d¢ when ¢ < ¢. Consequently, in expectation the increase in ¢(¢) raises
the supplier’s ex post information rent by (¢ —¢)dq/Ac, where (¢ — ¢)/Ac is the probability
that ¢ < ¢. When the supplier is risk-averse, the buyer can only reduce T'(¢) for all realiza-
tion of ¢ by dq f; U'(m(x))dz/ f; U'(m(x))dzx in order to keep the supplier’s expected utility
unchanged. Notice that dq f; U'(m(x))dz is the increase in the supplier’s expected utility
as a result of the increased ex post information rent, and f; U'(m(x))dx is the supplier’s
additional expected utility as a result of one unit of increase in 7'(c) for all realization of
c. Therefore, dq f; U'(n(x))dz/ f U'(w(x))dz is the certainty equivalent of the supplier’s
increased additional information rent. At the optimum, the supplier’s marginal benefit of

raising ¢(¢) must equal its marginal cost of doing so, which yields equation (6).

When the supplier is risk-neutral, i.e., u” = 0, [7U'(n( dx/f U'(r(z))dz = (¢ —
¢)/Ac, which means the the certainty equivalent of the supplier’s increased additional
information rent is the same for both the buyer and the seller. Consequently, the buyer
can fully extract the supplier’s expected ex post information rent by reducing the transfer
payments under all realization of ¢ by exactly (¢ —¢)/Ac. In that case, the right-hand side
of equation (6) becomes zero, and V’(q(c)) = c¢. The optimal contract would be a fixed

price contract, and the supplier would always supply the efficient level of goods.

Denote the term on the left-hand side of equation (6) as D(c¢). When the optimal supply
schedule is strictly decreasing in ¢ in [¢, €], i.e., ¢* = ¢ (no bunching), equation (6) suggests
that D(c) = 0 and V'(¢(c)) = ¢ at ¢ and ¢ Therefore, the supplier delivers the efficient
amount of goods at ¢ and €. Furthermore, D" (c) = U"( (c)/ f U'(m(z))dx < 0, which
implies that D(c) is concave on (¢, ¢). Since D(¢) = D(g) = 0, the concavity suggests that
D(c) > 0 on (¢,¢). Consequently, the supplier delivers less than the efficient amount of

goods on (¢, ).



To fully demonstrate the effect of risk aversion on the optimal contract, we assume that
the supplier has a constant absolute risk aversion (CARA) utility function, u(z) =1 —e **
with p > 0 and the buyer have a quadratic value function, V(q) = aq — bg?, with a >¢ > 0

and b > 0.

Lemma 2 demonstrates the effect of risk aversion on the optimal supply schedule in the

no-bunching region.

Lemma 2 When there is no bunching, the supply schedule, q(c), decreases with the sup-

plier’s degree of risk aversion, p, on (c, ©).

Proof. See Appendix. m

Lemma 2 suggests that, when the supplier becomes more risk-averse, the buyer opti-
mally reduces the supplier’s exposure to cost uncertainty by distorting the supply schedule
on (¢, ¢) downwards. As p becomes increasingly large, the monotonicity condition that re-
quires ¢'(c¢) < 0 — a necessary condition for the supplier to truthfully reveal its realization
of marginal cost — may become constraining. Consequently, the optimal supply schedule

may involve bunching as the buyer becomes sufficiently risk-averse.

Lemma 3 fully characterizes the effect of the supplier’s degree of risk aversion on the

optimal contract.

Lemma 3 There exists p* with p* > 0, such that

(a) For p < p*, there is no bunching and q(c) is given by

1 c—c Joemde

RV el = -

(7)

ITechnically, our analysis in this case is similar to Salanie (1990) where a risk-neutral producer contracts
with a risk-averse retailer.



for all ¢ on [c,7|;

(b) For p > p*, q(c) is given by equation (7) on some interval [c,c*) and is constant on

[c*, ¢

Proof. See Appendix. m

Lemma 3 suggests that bunching arises in the optimal contract when the supplier be-
comes sufficiently risk-averse. In the optimal contract, the supply schedule is strictly de-
creasing in the realization of marginal cost for small value of marginal cost but is constant

for all realizations of marginal cost above ¢* whose value depends on p.

q A
First-best solution
a—c
o /
a-c
2b
Increasing p
/ !
Infinite risk aversion

a+c- 2¢

2b

\ 4

10
o

Figure 1. The comparative statics of the second-best supply schedule as p increases.



Notice that when the supplier is infinitely risk-averse, i.e., p converges to infinity, equa-

tion (7) becomes

1 c—c

Va0~ = 5 ®)

It is the well known solution for a standard adverse selection problem where the supplier is
privately informed about its marginal cost of production at the time of contracting. This
is because the supplier will participate in the contract only if he is guaranteed nonnegative
profit for all realization of ¢ when he is infinitely risk-averse. Consequently our model
becomes equivalent to one that the supplier is perfectly informed about its marginal cost

at the time of contracting.

For later use, we call the optimal supply schedule when the supplier’s degree of risk

aversion is common information the second-best supply schedule.

4 Asymmetric Information on Risk Preference

4.1 A Risk-Neutral Buyer

When the supplier is privately informed of its degree of risk aversion, the buyer must
screen the supplier not only by its marginal cost of production but also by its degree of

risk aversion.

When the buyer is risk-neutral, the buyer’s optimization problem is choosing a set of

contract menus M,, = {T,(c), ¢.(c)} for n =1, h to maximize

/1@v%@»—n@n+u—amd%@»—ﬂ@Mf@Mq ©)

10



subject to

E[U(py, M) = / U(Tou(c) = can(e)) f(c)de = 0; (10)
ma(ci | ¢i) = ma(e | ¢j) for ¢; # ¢;; and (11)
EU(pn, My)] = E[U(py, M), (12)

where n =1, h , s=1, h, and n # s.

While conditions (10) and (11) ensure the supplier’s participation and truthful report
of its marginal cost regardless of its degree of risk aversion, condition (12) guarantees that

the supplier truthfully reveals its degree of risk aversion.

Proposition 1 describes the general properties of the optimal contract when the supplier

is privately informed of its degree of risk aversion.

Proposition 1 The optimal contract has the following properties :
((I) E[U(pla Ml)] > E[U(p}w Mh)] = Oa

(b) In no bunching region, the optimal supply schedule for the less risk-averse supplier

18 characterized by

A_[V/(QZ< ) —c]= /: {Aic - ffz—:jmlm} dz; and (13)

the optimal supply schedule for the more risk-averse supplier is characterized by

1— 1— “PrTh ~PiTh
o) / { a e ae Lz, (14)

V'( + —
Ac V(e Cemmmadr  [Temamidy
Proof. See Appendix. m

Under the optimal contract, the buyer can fully extract the more risk-averse supplier’s

11



ex post information rent by adjusting the level of payments for all realizations of marginal
cost as in the case of common information on risk aversion. However, the utility function of
a less risk-averse supplier is an increasing and convex transformation of that of a more risk-
averse supplier, and in equilibrium the less risk-averse supplier can enjoy positive expected
utility by mimicking a more risk-averse one. Consequently, the optimal contract provides
a less risk-averse supplier positive expected utility to induce its truthful revelation of its

degree of risk aversion.

Under the optimal contract, the supply schedule for the less risk-averse supplier opti-
mally balances risk sharing and the incentive for the supplier to truthfully reveal its realiza-
tion of marginal cost, as in the case of common information on risk aversion. Consequently,

the less risk-averse supplier produces according to the second-best supply schedule.

However, the supply schedule for the more risk-averse supplier now must simultaneously
trade-off risk sharing, the supplier’s incentives to truthfully reveal its marginal cost of
production, and the less risk-averse supplier’s incentive to truthfully reveal its degree of

risk aversion. To demonstrate the trade-off, we rewrite equation (14) as

—a c—c , e nmdz
SV )~ = (1 - g - fd

| +aG(c), (15)

where G(c) = f; e Phdz ) f; e~ midy — f; e~ Phrdz/ f; =P .

When the more risk-averse supplier’s realization of marginal cost is ¢, raising g, (c)
by 0¢g will in expectation increase the production efficiency by (1 — a)[V'(q(¢)) — ¢]dq/Ac
where 1 — « is probability that the supplier is more risk-averse. However, the increase in
qn(¢) will also raise the more risk-averse supplier’s ex post information rent by dg when
¢ < ¢. Consequently, in expectation it increases the more risk-averse supplier’s ex post
information rent by dq f; e Pr™rdz. In addition, the increase in ¢ (¢) will also increase the

. . . . . . c __
less risk-averse supplier’s rent from mimicking the more risk-averse one by dg fc e PiThdz

12



in expectation.

The certainty equivalents of the above ex post information rents for both types of sup-
pliers are dq [T e "™ dz/ ff e Pmhdz and dq [TemPmhdz/ ff e ™ dx, respectively. Notice
that ff e PrThdx and ff e ™ dx are the marginal utilities of one unit of increase in certainty

equivalent for both types of suppliers, respectively.

In anticipation of the supplier’s information rent, at the time of contracting the buyer
can reduce both types of suppliers’ payments by dq fgc e Prhdz/ f; e PrThdy for all real-
izations of marginal cost. Doing so fully extracts the more risk-averse supplier’s ex post
information rent and provides the less risk-averse supplier just enough incentive to truth-
fully reveal its degree of risk aversion. At the optimum, the supplier’s marginal benefit of

raising ¢, (¢) must equal its marginal cost of doing so, which yields equation (15).

Notice that aG(c) (which is positive on (¢,¢) as shown in the proof of Proposition 2)
is the effect of asymmetric information on the supplier’s risk aversion. In order to limit a
less risk-averse supplier’s rent of exaggerating its degree of risk aversion, the buyer further
distorts the more risk-averse supplier’s contract towards a cost-plus contract. Consequently,
as we show in Proposition 2, the more risk-averse supplier produces below the second-best

supply schedule.

Proposition 2 Under the optimal contract, the more risk-averse supplier’s supply schedule

18 below the second-best level.

Proof. See Appendix. m

Similar to the case of common information on risk aversion, bunching arises in the
optimal contract as either type of supplier becomes increasingly risk-averse. In the optimal
contract with bunching, the supply schedule is strictly decreasing in the realization of

marginal cost for small value of marginal cost but is constant for all realizations of marginal

13



cost above certain critical value of marginal cost. The critical value of marginal cost depends

on the degree of risk aversion of both types of suppliers.

Proposition 3 describes the properties of the optimal contract in that case.

Proposition 3 When both types of suppliers become sufficiently risk-averse, there exist
some ¢, and ¢} in [c, €| that the optimal supply schedule is constant over [c;,¢] for the more
risk-averse supplier and [c},¢| for the less risk-averse supplier; The supply schedules for
the non-bunching regions are determined by equation (14) for the more risk-averse supplier

and by equation (13) for the less risk-averse supplier.

Proof. The proof is similar to that of Lemma 3 and is therefore omitted. m

Suppose that one type of supplier is risk-neutral and the other type of supplier is

infinitely risk-averse. Then equation (15) becomes

V() — e = 5 (16)

A direct comparison between equations (8) and (16) demonstrates the effect on the
optimal contract of asymmetric information on the supplier’s risk aversion. An increase in
qn(¢) by 0q increases the more risk-averse suppliers’ production efficiency by [V'(¢(¢)) —
c]oq/Ac regardless whether he is privately informed about its risk aversion. However, with
asymmetric information on risk aversion, an increase in g,(¢) by dq increases the ex post
information rent for not only the more risk-averse supplier but also the less risk-averse
supplier by (¢ — ¢)/Ac. The certainty equivalent of the ex post information rent is zero
for the more risk-averse supplier, which means that the buyer cannot extract any of the ex
post rent at the time of contracting. Consequently, with asymmetric information on risk
aversion, the more risk-averse supplier’s supply schedule is further distorted towards a cost

plus contract.

14



4.2 A Risk-Averse Buyer

When the buyer is also risk-averse, the optimal contract must balance the buyer’s profits
with different types of suppliers, in addition to the tradeoff among risk sharing and the
incentives for the supplier to truthfully reveal both its marginal cost of production and
its degree of risk aversion. Suppose that the buyer has a constant absolute risk aversion
(CARA) utility function, u(x) =1 — e ?* with p, > 0. The buyer’s optimization problem

is choosing a set of contract menus M,, = {T,,(¢c), g.(c)} for n = [, h to maximize
E[Uy] = / {all —e "]+ (1 —a)[l —e ™"} fe)de (17)

subject to conditions (10), (11), and (12), where W; = V (q/(¢)) —T;(c) and W}, = V(qn(c))—
Th(C).

Proposition 4 describes the properties of the optimal contract when both the buyer and

the supplier are risk-averse.

Proposition 4 When both the buyer and the supplier are risk-averse, the optimal contract

has the following properties:
(a) E[U(py, My)] > E[U(py,, My)] = 0;

(b) In no bunching region, the optimal supply schedule for the less risk-averse supplier

18 characterized by

e PeWi v ¢ [ e e P f;e—PbWzdl» p 8
OE[ (Ql(c))_c]_/£ CE CE [T enmdx & (18)

and the optimal optimal supply schedule for the more risk-averse supplier is characterized

15



by

1— —PsWh ¢ (1= —Wh  e” PR fe_”ledx —PhTh
L W) —d = [ (2™ 2 e,

+ = ——
OE CE OE fcc €_pl7rld,1: fcc e_phﬂ'hdx
(19)
where CFE = « ff e PoWidy + (1—a) ff e PoWh .

Proof. See Appendix. m

Under the optimal contract, the more risk-averse supplier still receives zero expected
utility, and the less risk-averse supplier still receives positive expected utility due to its
private information on its degree of risk aversion. However, the optimal supply schedule is

profoundly different compared with the case when the buyer is risk neutral.

For the less risk-averse supplier, when the realization of marginal cost is ¢, raising ¢;(¢)
by dq will in expectation increase W (c) by [V'(¢(¢)) — ¢]og which increases the buyer’s
certainty equivalent by dqa[V’(q(¢)) — cle=?" /CE. Note that C'E is the increase in the
buyer’s expected surplus as a result of one unit increase in its profits for all possible events.
On the other hand, the increase in ¢;(¢) will also raise the less risk-averse supplier’s ex
post information rent by d¢ when ¢ < ¢. The certainty equivalent of the additional ex
post information rent is dq f; e PnThdz ) f; e~Pr™rdy for the supplier. Therefore, therefore
at the time of contracting the buyer can optimally reduce the supplier’s payments under

all realization of ¢ by dq [ e *n™dz/ ff e PrThdy,

However, the buyer’s certainty equivalent of the supplier’s additional ex post information
rent is dqo f; e »Widz /C'E and its certainty equivalent of the amount that can be extracted
from the supplier at the time of contracting is dqo f; e PImdy f; e PWidy /COF f; e Pimidy.
Hence depending on the relative sizes of these two certainty equivalents for the buyer, which
in turn depends on the relative degree of risk aversion between the two parties, the optimal

supply schedule can be either above or below the efficient level.

16



For example, when p, converges to zero, i.e., the supplier converges to risk-neutral,
f; e Pmidy/ f; e Pmidz converges to (c—¢)/Ac and the latter certainty equivalent converges
to dqa(c — ¢) f; e »Widy /(CE)Ac. In the optimal contract, W; must be non-increasing
on [c,¢|. Then, we have (¢ — ¢) f; e mWidz/Ac > [7e #Midz and the right-hand side of
equation (18) is non-positive. Consequently, the optimal supply schedule is above or at the

efficient level on |c, €.

On the other hand, based on our analysis of a risk-neutral buyer in the previous section,
by continuity the optimal supply schedule must be below the efficient level when the buyer

converges to risk-neutral.

The buyer’s risk aversion has a different impact on the more risk-averse supplier’s supply
schedule. Equation (19) demonstrates how the optimal supply schedule for the more risk-
averse supplier balances risk sharing, incentives for truthful revelation, and the buyer’s

profits with different types of suppliers.

The certainty equivalent of the additional profits of increasing ¢,(c) by dq is (1 —
a)[V'(qn(c)) — cle=”"r /C'E. However, the increase in ¢ (c) also increases the ex post infor-
mation rent for both types of suppliers. The certainty equivalent for the buyer of the more
risk-averse supplier’s additional ex post information rent is (1 — «)dg f; e PWrdz/CE. We
have shown earlier that the less risk-averse supplier’s certainty equivalent of the additional
ex post information rent is dg f; e Pmhdz/ f; e Pimidy, the certainty equivalent of which for
the buyer is adg [, e~ dz f; e »Widy /CE f; e "™ dz. Note that o f; e Widy /CF is the
certainty equivalent for the buyer of one unit increase in surplus under a less risk-averse
supplier for all realizations of marginal costs. Therefore, it measures how the risk-averse

buyer values additional surplus under the less-risk averse supplier.

Recall that, in anticipation of the additional ex post information rents for both types
of suppliers, the buyer can reduce both types of suppliers’ payments for all realizations of

marginal cost by the amount equal to the more risk-averse supplier’s certainty equivalent
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of the additional rent. Therefore, as indicated by the right-hand of Equation (19), the
marginal cost of increasing g(c) is the sum of the certainty equivalents for the buyer
of both types of suppliers’ additional rents (which are (1 — «)dq f; e PWhdz/OFE and
« f: e Py f: e PWidy /CE f; e "™ dz, respectively) minus the more risk-averse supplier’sl
certainty equivalent of the additional rent f; e PnThdz/ f; e Prmrdz. Nonetheless, the less
risk-averse supplier receives positive information rent from its private information on its
degree of risk aversion. Similar to the case of risk-neutral buyer, in order to restrict a
less risk-averse supplier’s rent of exaggerating its degree of risk aversion, the buyer distorts
the more risk-averse supplier’s contract towards a cost plus contract compared with the
contract for the less risk-averse supplier. However, the distortion is smaller compared with
the case of a risk-neutral buyer as the distortion for a more risk-averse supplier becomes
more costly and the information rent for a less risk-averse supplier becomes less important

to a risk-averse buyer.

It can be readily shown that the optimal supply schedule for a more risk-averse supplier
can also be either below or above the efficient level depending on the relative degree of risk

aversion between the buyer and the supplier.

We summarize this property in Proposition 5.

Proposition 5 Depending on the relative degree of risk aversion between the buyer and
the supplier, the optimal supply schedule for both types of suppliers can be either below or

above the efficient level.

5 Conclusion

We extend the standard adverse selection model to settings where the supplier is privately

informed of its degree of risk aversion. The optimal contract simultaneously balances
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risk sharing, incentives for information revelation, and the buyer’s expected profits with
different types of suppliers. A supplier with small degree of risk aversion produces below
the efficient levle of output le except for the lowest and the highest realizations of cost. The
production distortion increases as the supplier becomes more risk-averse. The asymmetric
information on risk preference further distorts the supply schedule of a more risk-averse
supplier towards a cost-plus contract. However, when the buyer is also risk-averse, both

types of supplier may produce above the efficient supply schedule.

Our research could be extended in several directions. For example, although the sup-
plier’s information on cost of production is imperfect at the time of contracting, the supplier
could be better informed of its potential costs than the buyer. Then the optimal contract
must screen the firm not only by its degree of risk aversion but also by its information re-
garding cost of production at the time of contracting. The optimal contract in this situation

merits further investigation.

6 Appendix

6.1 Proof of Lemma 1

A well known characterization of feasible contracts is the following: (a) T"(c) = c¢¢'(c); (b)

q(c) is non increasing; (¢) EU > 0.

Therefore, we can rewrite the buyer’s optimization problem as an optimal control prob-

lem with state variables T'(¢) and ¢(c) and control variable ¢'(c) = z:

1

Moz~ / W (q(e)) = T(0)lde. (A1)

19



subject to

qd(c) ==z (A2)
T'(c) =cz (A3)
¢'(c) <0; and (A4)
& ;U(T(c) ~ cq(e))de > 0. (A5)
The Hamiltonian is
H =1[V(q) =T+ pcz + Az + 0U(). (A6)

The necessary conditions are given by

%—fzuc%—k)O,zéO, and (pc—+ A) z = 0; (A7)
/ OH . / / .

A= o0 —[V'(q) = 0U'(7)cl; (A8)

p o= —g—;j = —[-1+0U'(r)]; and (A9)

Ac) = A(€) = pu(c) = u(©) =0 (A10)

From the transversality condition (A8) and equation (A9),

u(@) - nle) = / L 60 (m))de = 0. (A11)

c

Therefore,

h=— =" (A12)
J; U'n(c))de
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Define h(c) = pc+A. From condition (A7), on any interval where ¢ is strictly decreasing,

h(c) must be zero. So I/ (c) = pu+ p'c + X' = 0, which leads to

pw=—pu'c—N. (A13)

Substituting equations (A8) and (A9) into the above equation for 1/ and )\, we have

= /C[l — U (m)]|dz =V'(q) — c. (A14)

Substituting equation (A12) into the above equation for ), we have

c—c U'(n(x))dx
Vi(q) = =—— Je Urla) (A15)

1
Ac [TU/(n(x))dz

Ac

Next we show that ¢’(c) = 0 can only occur on some interval [¢*,¢], and the solution is
strictly decreasing on [c, ¢*). Suppose that there exist ¢1, ¢y, and c3 such that ¢ is constant

on (c1, co) and strictly decreasing on (cz, c3).

Since ¢ is constant on (c1, ¢) on (¢, c3), h(cy) = W' (c3) = 1" (c5) = 0. Furthermore,

h'(c) = p+pc+ N (A16)

— /Cu — 0U'(m))dx — [V'(q) — ¢l

Hence,

0 = n'(c)=[1—0U'(n(c)] - V' (a(c))d (c5) — 1] (A17)

< 2—=0U'(m(c3)) =h (c3),
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as V' (q(c3)) <0, ¢(c3) <0, and ¢'(cz) = 0.
Moreover,

h"(c) = 0U" (m(c))q(c) <0 (A18)

on (c1, ¢2), which together with (A17) implies that h”(c) is positive (i.e., h(c) is convex,) on
(c1,¢2). Since h(cy) = 0, h(c) is convex on (c1, ca) means h(c;) > 0. As h(c) is continuous,
it h(c) > 0 must be true for some ¢ < ¢;. Since u(c) = 0 by the transversality condition,

there is a contradiction.

6.2 Proof of Lemma 2

With CARA utility function, when there is no bunching, ¢(c) is given by equation (7)
for all ¢ on [c,¢]. Differentiating both sides of equation (7) with respect to ¢, we have

1—e ™9 = —2bq'(c) — 1 and ¢/(c) = (7™ — 2)/2b. Since 7'(c) = —q(c),

7(c) = —¢'(c) = (2 — e ™)) /2b. (A19)

Assume for some (py, co), A = 9q/0p = —0?*r(c)/0cdp > 0. Since A(py,c) = A(py,C) =

0 and A(py, ) is smooth, A must admit an interior positive maximum on (¢, ¢), i.e.,

A(pg, cm) > 0; (A20)
aA(pO7cm) _N.
e = 0; and (A21)
82A(p07 Cm)
— = < 0.
502 <0 (A22)
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From equation (A17),

DAy cm)  Omlew) e dpr

oc T 020p 2 9p and (423)
8214(,00, Cm) _ 847T(Cm) o 1 —pm apﬂ- —pT 82<107T)
Oc? CELT R _2b[ qﬁ_p e dpdc J (A24)

Equations (7) and (A21) together imply that dpr/dp = 0 and

9?A(pg, cm) 1 0*(pr)

- ——e¢” , A2
oc? 2%° dpdc (A25)
Then equations (A22) and (A25) together require that
0%(pm) _ _9pq 0q
= — = — —=)>0. A2

Equation (A26) implies dq/0p < 0, which contradicts with condition (A20).

6.3 Proof of Lemma 3

With CARA utility function, when there is no bunching, from equation (6) we have

1 c—c J e rmdu

c f; e=Prdyx

(A27)

on [¢,¢]. When p = 0, ¢(c) is strictly decreasing on [c,¢]. By continuity, the optimal supply

schedule is strictly decreasing on |c, ¢ for small p.

With the quadratic value function, equation (A27) provides

¢(c) = (e7?™9 —2)/2b > —1/b; and (A28)
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q"(c) = e "9 pq/2b = (14 bq'(c))pq/b. (A29)

Therefore, ¢”(c) > 0, i.e., the supply schedule is strictly convex on [c,¢] when there is
no bunching. Hence, the supply schedule will be non-increasing everywhere if and only if

0q(¢)/dc < 0. Suppose that dq(¢)/0c < 0 for any p in the optimal contract.

Since ¢'(¢) > —1/b, the graph of ¢ must stay inside the triangle pictured in Figure 1.

Therefore, we have

/ch(c)dc > az_bEAc—l- g[(a —g)z—b(a _E)]z = %[a —C-— %] (A30)

Integrating both sides of equation (A29) with respect to ¢ provides

(@ -de) = £ [ 1+ bfoacae

bl 2\ T g 2

pAc _ Ac 20 —C—c¢

> B{A%_—_EHM}

The term on the left-hand side of inequality converges to infinity as p goes to infinity.

However, since 0 > ¢/(¢) > —1/b, ¢'(¢) — ¢'(¢) < 1/b, which is contradict with condition
(A31).

Proposition 2 implies that 92¢(¢, p)/dcdp > 0. Therefore, there exists p* with p* > 0,

such that bunching occurs when p > p*.
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6.4 Proof of Proposition 1

The Hamiltonian is

H = aV(a(c) = Ti(c)] + (1 = ) [V(gn(c)) = Th(c)]

ez + ppczn + Nz Apzy — OeT T 4 Blem T — em T,

where 1, @, \i, An, and $ are the Lagrange multipliers.

The necessary conditions are given by

OH
P e+ 20, 2 <0, and (e + ) 2z = 0;
OH
E :,LLhC‘i_Ah 2 Oa Z < 07 and (MhC+)\h) <l :O’
OH o
N == = V(@) = e pel
OH
%=~ 0 V) — 0 e B il
OH P
1y = o7 = —[—a+ Be " p;
H
Hh = _ZT = —[—(1—a) +Oe ™ p, — Be~ "™ p]; and

An(c) = A(€) = py,(c) = p,,(¢) = 0, where n =1, h.

From the transversality condition (A40) and equation (A38),

C

(@) — ule) = / o — BePm plde = 0,

c
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(A32)

(A33)

(A34)

(A35)

(A36)

(A37)

(A38)

(A39)

(A40)

(A41)



which provides
alc

f=—
) fcc e~ PiTidc

From the transversality condition (A40) and equation (A39),

(%) — py(c) = / (1 —a) — e ™ p, + Be "™ plde = 0,

which provides

1 Lemde
0 = —[(l—a)—l—ozf—g—] = —
P [Temrmide Py

as f; e e = f; e P de, i.e., constraint (15) is binding at equilibrium.

(A42)

(A43)

(A44)

Since A, (c) = p, + phc+ A, = 0 or y; = —pjc — \; when g, is strictly decreasing in c,

we have

¢ al\ce P ,
W = / [a — ———]dz = a[V'(q(c)) — d,
c [ emrmida

and

b = / (1= a) — e p, + Be "™ plda

c —PiTh
~ [l-a—enm+ S
c fg e Pimidz
= (1=a)[V(gn(c) —d.
6.5 Proof of Proposition 2
Since
e PiTh e PrTh

G'(c) = —

C C )
fc e~ PiThdc fc e PrThdc
c c
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(A46)

(A47)

(A48)

(A49)



G'(c) >0 if
In ff e P dc — In ff e PrThdc

Pn — P

Th > (A50)

Notice that In ff e~ P"ndc — In ff e PrThde < () as ff e~PIThde < ff e~ PrThdc.

Since 7y, is strictly decreasing in ¢ and f;[l — e Prhlde = 0, 7,(c) must be positive.
Consequently, G'(¢) > 0. Since 7, is monotone in ¢, the sign of G’(¢) can change at
most once. Moreover, since G(c¢) = G(¢) = 0, the sign of G'(¢) must change at least
once. Consequently, G(c) must be increasing for some region starting from ¢ and become

decreasing for its complimentary region. As a result, G(c) > 0 on (¢, ¢).

6.6 Proof of Proposition 4

The Hamiltonian is

H = a[l—e M4 (1—a)[1—e W)+ ez, czn+ Nz Az —0e P 4 Ble P —e=Pim],

(A51)
where (1, 1, Ai, An, and 3 are the Lagrange multipliers.
The necessary conditions are given by
OH
5, — M + XN 20, 2 <0, and (p;c+ N) 2 = 0; (A52)
0H
5, = Hnc + A =0, 2<0, and (pc+ ) 2 =0; (A53)
OH
=g, = ~lene PV (@) = Bt pel; (A54)
/ oH —psWh /! —PRTh —piTh
Ap = Toa —[(1 = a)ppe™ "V (qn) — O™ pye + Be” " pc; (A55)
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= ——== = —[—ap,e " + Be P p];

= —[—(1+ a)p,e " 4 O~ p, — Be " p)]; and

An(c) = A(€) = p,(c) = p,,(€) = 0, where n = [, h.

From the transversality condition (A58) and equation (A56),

C

(@) - wle) = / lape W — Bpe P de = 0,

o

which provides

ap, ffe’pbwldc
p=—3% :
py [ ermde

From the transversality condition (A58) and equation (A57),

C

11,() — puy(c) = / (1= a)pye™"" — Ge=P py, + Be™Th py|de = 0,

C

which provides

_ap, f; e PWide + (1 — a)p, f; e PWhdc

0 —
Phn fcc e~Pnmrde
Since 1, = —pjc — A, when g, is strictly decreasing in ¢, we have
c
/”Ll = / [apbe ple Be_plﬂ'lp ]dz

(A56)

(A7)

(A58)

(A59)

(A60)

(A61)

(A62)

(A63)

(AG4)

(A65)



and

e = [ = e = e, G g da (A66)
¢ E ap f e PWide
= / (1 — a)p,e " — %e*ph“h + baf‘_ e Pmr]dx (A6T)
c fc e~ PiTidce fc e~ PiTidz
= (1= a)pe ™" [V'(gn(c)) — . (A68)
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