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A Stochastic Calculus for Systems with Memory

Feng Yan * Salah Mohammed T ¥

January 23, 2005

Abstract

For a given stochastic process X, its segment X; at time t represents the “slice” of
each path of X over a fixed time-interval [t —r, t], where 7 is the length of the “memory”
of the process. Segment processes are important in the study of stochastic systems with
memory (stochastic functional differential equations, SFDEs). The main objective
of this paper is to study non-linear transforms of segment processes. Towards this
end, we construct a stochastic integral with respect to the Brownian segment process.
The difficulty in this construction is the fact that the stochastic integrator is infinite
dimensional and is not a (semi)martingale. We overcome this difficulty by employing
Malliavin (anticipating) calculus techniques. The segment integral is interpreted as a
Skorohod integral via a stochastic Fubini theorem. We then prove It6’s formula for
the segment of a continuous Skorohod-type process and embed the segment calculus in
the theory of anticipating calculus. Applications of the It6 formula include the weak
infinitesimal generator for the solution segment of a stochastic system with memory,
the associated Feynman-Kac formula and the Black-Scholes PDE for stock dynamics
with memory.

1 Introduction

The segment process of a continuous-time stochastic process is an important ingredient
in the study and formulation of stochastic differential systems with memory ([13]). Such

systems are described by stochastic functional differential equations (SFDEs) of the form

x@ = { 2 I OO Xe XEDAWE) + [ o, X XN o 120 1

where 7 is an initial path in V := L?([~r,0], R™), z an initial vector in R™ and r > 0 is
the length of the system memory. The solution {X (¢) : —r < ¢ < a} of the above SFDE is

an m-dimensional stochastic process. Its segment process {X; : 0 <t < a} is defined by

Xi(s)=X(t+s), t>0, se[-r0]. (1.2)
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Note that the process {X;} can be viewed as a V—valued process. In this context it is
important to distinguish between the finite-dimensional R™-valued process {X (¢)} and the
infinite-dimensional segment process {X;}, both of which appear in the right-hand side of
the SFDE (1.1).

To complete the formulation of the SFDE (1.1), suppose (2, F, P) is a probability space,
T = [0,a], @ > 0 and J := [-7,0]. Denote by || - ||v and (,-)y the L?-norm and inner
product (respectively) on the Hilbert space V = L?(J, R™). The SFDE (1.1) is driven by
d-dimensional standard Brownian motion {W(t) = (W(t), W2(t),--- ,W%(t)) : t > 0} on
(Q, F, P). The drift and diffusion coefficients

{H:TXVXR — R (1.3)

G:TxVxR"™— LR, R™)
are Lipschitz on bounded sets and satisfy linear growth conditions. Under these conditions,
the SFDE (1.1) has a unique strong solution (c.f. [13], pp. 226 — 228; [14] ). Qualitative
properties of solutions of stochastic functional differential equations (SFDEs) and stochastic
delay differential equations (SDDEs) have been studied by one of the authors in ([13], [14]).

An important aspect of the stochastic calculus of (1.1) is the study of non-linear trans-
forms f(X;), t > 0, of the segment X; where f : V — R belongs to a large class of twice
Fréchet differentiable functionals on V. If one (formally) takes stochastic differentials of
the real-valued process { f(X;)} with respect to ¢, one quickly sees the need for an Ito-type

formula which will necessarily involve stochastic segment integrals of the form

/a<Yt,dXt>v (1.4)

where Y; is an L2(J, R?)—valued process. The goal of this paper is to develop the above
stochastic segment integral and its calculus. In particular, we will establish It6’s formula

for the segment process {X;} where X is a general Skorohod-type process of the form:

X(t) = { ZE?));" Jo uls)dW(s) + [y v(s)ds, t_jg £ <0. (1.5)

with coefficients u : T xQ — L(R% R™) and v : T xQ — R™ that may not be adapted to the
Brownian filtration (F});>. A major difficulty in the construction of the integral (1.4) is the
fact that the infinite-dimensional segment process {X;} is in general not a semimartingale.
However, we will overcome this difficulty by appealing to Malliavin calculus techniques.
One possible application of the It6 formula is to study the convergence rates of (strong

and weak) numerical schemes of stochastic delay equations. Other potential applications
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include developing new models in mathematical finance based upon SFDEs, and evaluating
path dependent financial, energy and weather derivatives.

The paper is organized as follows. First, we define the stochastic integral with respect
to the Brownian segment using the Skorohod integral (Sections 2 —4). Secondly, in Sections
5-7, we study the weak derivatives of V-valued random variables and the L? approximation
of the segment integral. In Section 8, we prove an Itd formula for processes of the form
{f(t, Xe, X(¥))} where f: T xV x R™ — R is a sufficiently regular non-linear functional.
Finally, in Section 9, we study the weak infinitesimal generator of a stochastic functional
differential equation, establish the Feynman-Kac formula and derive the Black-Scholes PDE
for the pricing of past-dependent financial assets.

We now introduce some notation which will be used throughout this article. Suppose
E and F are two Banach spaces. Denote by C,(FE; F) the space of all bounded functions
from E to F, which are uniformly continuous on bounded sets, and by C}(E;F) the set
of all functions f € Cy(F; F) which are Fréchet differentiable, with Fréchet derivative f/ €
Cy(V; L(E; F)). Set W(t) :==0if t < 0.

2 Difficulty in defining the Brownian segment integral.

Although we can define the stochastic integral with respect to an infinite dimensional mar-
tingale, ([4, 6, 20]), we can not apply this definition to the Brownian segment process because
it is not a L2(J; R%)—valued (or C(J; R%)-valued) martingale. As we shall show in Section
5, it is more difficult to define the segment integral for the C(J; R?)-valued case than for
the L%(J; R%)-valued case. This difficulty may be attributed to the fact that the Banach
space C(J; R%) is not smooth.

One of the mild conditions (Condition A) for the existence of McShane’s integral ([12],
p. 102, [5], p. 23) is the following:
Condition A: There exist constants K > 0, and é > 0 such that if 0 < s < t < a and

t — s < 4, then almost everywhere
IEs(We = Wo)llvy < K(t - s), (2.1)

where V = L2(J; RY), Es(W, — W) := E(W, — W,|F), and {F,;} is the filtration of the
Brownian segment {W;}.
A V-valued martingale always satisfies Condition A. If {X ()} is a sample-continuous

d-dimensional stochastic process adapted to a filtration {F;}, then the C(J; R?)—valued
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segment process {X;} is also adapted to {F:} (c.f. [13], p. 30). By continuity of the
embedding I : O(J;RY) — L2(J;RY), it follows that {X;} is also {F;}-adapted as an
L?(J; R*)—valued process.

Proposition 2.1 Let {W(t) : t > —r} denote d-dimensional Brownian motion. As an
L%(J; RY)-valued process, the Brownian segment process {W,} satisfies Condition A for the
ezistence of McShane’s integral if and only if r = 0. In particular, {W;} is an an L*(J; RY)-
valued martingale if and only if r = 0. Similar assertions hold if Wy is viewed as a C(.J; R%)-

valued process.

Proof LetV = L%(J; R?), where J := [—r,0] and r > 0. Assume that {W;, F,} satisfies
Condition A as a V-valued process. Then there exist constants K > 0 and § > 0 such that
if 0 <s <t <min(d,r), then ||[Es(W, — Wy)||lv < K(t—s), a.s.. Now for any h € [—r,s—1],
we have

E;(Wy = W,)(h) = EW—W|F,)(h)

EW(t+h)—W(s+h)|F)=W(t+h) —W(s+h) as.

This holds because W; : @ — C(J, R?) is Bochner integrable, and the Bochner integral
commutes with evaluations.

Now view {W,} as an L%(J, R%)-valued process. Using the above identity, we obtain

0
K- )2 > |E(W — W = / B (W (1) — W(s)(h)|? dh

—-Tr

> /Sz6 |W(t+h) —W(s+h)|*>dh

-

a.s.. Taking expectations in the above inequality, it follows that

K2(t—s)* > /

-

TURW AR - W(st WP dh=d(t— ) —t)+r]  (22)
Dividing both sides of the above inequality by (¢ — s) and letting s — ¢— gives r = 0.
Conversely, suppose r = 0. Then J = {0} and L2(J; R?),{W,} may be identified with
R {W(t)} respectively. Since {W (t)} is a martingale, then so is {W,}.

The second assertion of the proposition follows easily from the second.

The last assertion for the C(J; R?)-valued segment {W,} follows from the above argu-
ment because the embedding I : C(J; RY) — L2(J; R?) is continuous. |

In view of Proposition 2.1, it is not possible to define the stochastic integral (1.4) in

the classical Itd sense when the delay r is positive. However, we may formally rewrite the
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segment integral (1.4) as follows:

/(Jam,dwt)v=/_i/0aYt(s)dW(t+s)ds=/o a+SYt_S(s)dW(t)ds (2.3)

-Tr S

Note that for any fixed s € [~7,0), the R%-valued process {Y;_s(s),t € [0,a + s]} may not
be (F;)-adapted (even if {Y;} is). This suggests that we can overcome the difficulty by
using the Skorohod integral. Indeed, in Section 4, we define the above segment integral as a
Skorohod integral. To do this, we will need to impose appropriate generalized “smoothness”
requirements on the integrand. In the following section, we will give a brief introduction to

the basic concepts of anticipating stochastic calculus.

3 A Brief outline of anticipating calculus.

Anticipating stochastic calculus is used in the study of stochastic differential equations with
non-adapted initial values ([17], Section 3.3, and [19]). Anticipating stochastic calculus has
also been applied by Bell and Mohammed to establish the existence of smooth densities of
solutions to stochastic delay differential equations (SDDE’s) ([2]). In this paper, we shall
use anticipating stochastic calculus to define the segment integral and prove It6’s formula
for segments of solutions of stochastic functional differential equations (SFDE’s) .

The following outline of anticipating calculus is adopted from Nualart and Pardoux ([16])
and Nualart ([17]). Cf. also ([18]), Malliavin ([11]) and Kuo ([10]).

We denote by D the Malliavin differentiation operator (c.f. [16], Section 2). Let F be
a random variable which belongs to the domain of D. Its derivative DF' is a stochastic
process {D;F,t € T}. The derivative DF may be considered as a random variable taking
values in the Hilbert space H = L2?(T,R%). More generally, the N-th derivative of F),
DNF := DJ'...DINF is an H®2N_valued random variable (c.f. Appendix A). For any
integer N > 1 and any real number p > 1 we denote by D™:? the Banach space of all the
random variables having all the i-th derivatives belonging to LP(€2, H®2i) (1 <i < N), with

the norm || - ||v,p defined by

1Flvp = IFllp + ] DY Fll)llp, (3.1)
where || - ||(2) denotes the Hilbert-Schmidt norm in H®N e,
IDNF|[) = Z / E[(DNF)J-iN 12 dsy .. dsy. (3.2)
‘1 ..... JN 1

(Cf. [16], Section 2.)



6 F. Yan and S. Mohammed

For N =1 and p = 2, the space D'?2 is a Hilbert space with the scalar product
(F,G)12 = BE(FG) + E((DF, DG)x). (3.3)

We have the chain rule for differentiation ([17], p.29): Let ¢ : R™ — R be a continuously
differentiable function with bounded partial derivatives, and fix p > 1. Suppose that F' =
(F1,...,F™) is a random vector whose components belong to the space D*P. Then ¢(F') €
DYP, and

DO(F) =Y 22 (F)DF"
i=1

For a more detailed study of the differential operator D, the reader may refer to Nualart
and Zakai ([18]), Malliavin ([11]) and Kuo ([10]).
We denote by § the divergence operator, Dom § the domain of ¢, and §(u) the Skorohod

stochastic integral of the d-dimensional process u € Dom d, i.e.,

d

5(u) = /T ut) - AW () = 3 ui(t) AW (). (3.4)

i=1

The divergence operator transforms square integrable processes into random variables. Ac-
tually § is the adjoint operator of D (c.f. [10], Section 9.4 and Section 13.4, [3] Section
5.5.8). In Section 4, we will define the segment integral (1.4) as an adjoint of a differential
operator. Since adjoint operators of densely defined operators are always closed, the opera-
tor d is closed. The It6 integral is a particular case of the Skorohod stochastic integral ([17],
section 1.3.2). The set Dom ¢ is not easy to handle and it is more convenient to deal with
processes belonging to some subset of Dom d.

We denote by L2 the class of all processes u € L*(T x Q) such that u(t) € D2 for
almost all ¢, and there exists a measurable version of the two-parameter process D u(t)
satisfying E [, [(Dsu(t))?dsdt < oo ([16], Definition 3.3, [17], p. 38). It can be shown

that L%? is a Hilbert space with the norm
||U||%2 = ||U||%2(szz) + ||Du||%2(T2><Q)7 well? (3.5)

Note that L2 is isomorphic to L?(T;D%?). For every p > 1 and any positive integer k
we denote by L*? the space L?(T;D*P?). The operator ¢ is bounded from L*? into D¥~1:»,
for all k > 1, and p > 1 ([17], Proposition 1.5.4).

We denote by ]LZ”) the set of d-dimensional processes whose components are in L*?. We

also denote by DFP (5P ) the set of random variables that are “locally” in D7 (LE7)
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(c.f. [17], p. 45). Ifu € Lsfm, the Skorohod integral [ u(t) - dW (t) is also defined by using
equation (3.4).

We say that a processes u € L:ﬁ is in the class ]L;’?C if there exists a neighborhood A of
the diagonal in [0, a]? such that
(1) there exists a version of Du, so that the mappings ¢t < Dgu(t) is continuous from [0, a
into L2(Q; L(RY; R?)), uniformly with respect to s, on AN {s < t};
(2) there exists a version of Du, so that the mappings ¢t — D u(t) is continuous from [0, a
into L2(Q; L(RY; R?)), uniformly with respect to s, on AN {s > t};
(3) sup(s yea E(|Dsu(t)]?) < oo. ([16], Definition 7.2.)

The space L;’_’QCJOC is the class of all processes that are locally in ]L;QC For any u € ]Lil’_?c,

the following limits

Dfu(t) = 1511%1 i Div'(t + €) (3.6)

exist in L?(Q) uniformly in t. We set 7 := DT + D™, i.e., (Vu)(t) := D u(t) + Dy u(t).
Suppose that v = {u(t),0 < t < a} is a Skorohod integrable process. In general, a
process of the form ul(,, may not be Skorohod integrable ([17], Exercise 3.2.1). Let us
denote by Lj the set of all processes u such that wljg s is Skorohod integrable for each
t € [0,a]. Notice that the space L;’Q is a subspace of ;. When u belongs to L, we define

its indefinite Skorohod integral by
t
/ u(s) - dW(s) := 0(uljg ). (3.7)
0
4 Definition of the stochastic segment integral.

Recall that J = [-7,0] and T = [0,a]. Assume V = L?(J;R™) and H = L?(T;R™).
Let H &V be the direct sum of H and V, H ®, V be the tensor product of H and V
(under the e— topology, c.f. [21], Section 8), and H®,V the completion of H ®5 V. Then
HoV =2 L*([—-r,a; R™) and H®,V =2 L2(J x T; R™). In Appendix A, we state some basic
results on tensor product spaces.

We now extend the definition of D*? and the operator D to an infinite-dimensional
setting (c.f. [17], p. 61). For a Banach space G, we denote by S(G) the class of of all
smooth G-valued random variables of the form

V= ZFMi, F; € S,mi € G, (4.1)

i=1
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where S is the class of all smooth random variables (c.f. [16], section 2). We define

DM =Y (DFF)@n, k=>1. (4.2)

i=1

For k € N, p > 1, we define D*?(G) to be the completion of S(G) with respect to the norm

k
19 |kp.c = [EI®][Z + D E(D7¥|

j=1

1
el (4.3)

Note that DV2(H) = L.?. Suppose = € DV2(L2(J; R)) = L?(J;D"?), then for almost
all s € J, z(s) € D2 and there is a measurable version of the two-parameter process
Dz :={Dyx(s) : t € T,s € J} such that Dz € L*(Q x T x J).

Now let us define the segment operator I': H ®V — H&,V by
To(t,s):=¢(t+s), seJteT,¢gcHpV. (4.4)

Denote 'y := ¢y, for t € T and ¢ € H @V, where ¢¢(s) := ¢(t + s) for s € J. Clearly T is

bounded linear. One may check that D and I' commute on processes, i.e., if ¢ € L;’Q, then
D'y =T Dy (4.5)
We denote by I'* : H®,V — H @V the adjoint of T, i.e., for n € H®,V and p € H 'V,

(T, Q) uov = (1,10) yg,v- (4.6)

From (4.6) we can find the expression for I'*7. Actually, simple algebra yields

a 0
(I'*n, ®) Hav :/_ ¢(t)'/_ n(t —s,8)[—a,yq(s) ds dt. (4.7)

Therefore I'*7n can be written as:
0 a
I'n(t) = / n(t —s,8)I—qq(s)ds = / n(s,t — s) i1 () ds. (4.8)
- 0

Denote by Py and Py the projections

Py -HQV —V.

and define I'}; := Py oI'* and I'}, := Py o I'*. It is easy to show that I'(H & V) is a closed
subspace of H®,V.

The operator I'}; is a bridge connecting SFDE to the Skorohod integral. It plays an
important role in our definition of the segment integral. I'}; and equation (4.5) allow us to

study segment processes using anticipating stochastic calculus.
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Definition 4.1 Suppose W = {W(¢)} is a m-dimensional standard Brownian motion. De-
note by d the divergence operator and Dom § its domain, for a two parameter process
X € (I%) Y (Domd), the Skorohod segment integral of X with respect to the Brownian

segment {W;} is defined by
/ (X, dWy)y =0T X). (4.10)
0

For a V-valued stochastic process X = {X;}, if the Stratonovich integral (c.f. [17] Definition
3.1.1) 6°(I'5; (X)) of I';;(X) exists, then we define the Stratonovich segment integral of X

with respect to the Brownian segment {W;} as

/Oa<Xt,oth>V = (I3 (X)). (4.11)

It is easy to see that DV2(H®9V) C (I's;) " (Dom §). The norm ||-||1.2,y on DV2(H®,V)
is defined by (4.3), i.e.,

1 X2,v = 1 X2 me,v) T IIPX | 20n8, HE,v) (4.12)

If we use D* to denote § (as the adjoint of D), then D*I'f; = D*PyI™* = (I'P};D)*, and
the operator A :=T'P}; D is a continuous differential operator from D¥? to D¥=1P(H&, V).

The next result ([17] Exercise 3.2.8) is a stochastic Fubini Theorem.

Lemma 4.2 Consider a random field {u¢(x) : t € [0,a],z € G}, where G is an open set in
R™, such that u € L?*(2 x [0,a] x G). Suppose that for each x € R™, u(x) € Domd and
E [, 16(u(x))[* dx) < co. Then the process { [ ui(x)dx : t € [0,a]} is Skorohod integrable

and
5(/G u (z)dx) = /G(S(u(a:)) dz. (4.13)

5 L? approximation.

Recall T = [0,a], J = [-7,0], C = C(J; R™), and V = L?(J; R™). In this section we shall
derive some useful results for approximating elements of the Hilbert space V. As we shall
see later, these approximation results are crucial for the approximation of segment integrals
and the proof of It6’s formula for segment processes.

We denote a vector by a vector header (i.e., Z), a matrix by a bold style letter (i.e., X),
and L(R™; R*) (or R¥™) the vector space of all k by m matrices. We skip the vector header

if n is a vector-valued function. If A is a matrix, we denote by a;; its entry at the i-th row
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and j-th column and by @ its i-th row. We also write X as (@i ) kexm- If 1 is a matrix-valued
function, we denote by 0% its entry at the i-th row and j-th column and by 7 its i-th row.
Let us adopt the ideas of “tame” function and “quasitame” function ([13] Definition 4.4.2)
to define two series of linear approximations:

Suppose Il : —r < 81 < -+ < s < 0is a partition of [—r, 0], and ||IIx|| := maxe<i<k(si—
s;_1). Denote by s* the k-tuple (s1,...,s;). If n: [-7,0] — R is defined everywhere in

[—7,0], we denote by Py« the projection associated with IIj:

Pyi(n) := (n(s1),...,n(sk)). (5.1)

With abusing the notation s*, we also define the L? projection Q for n € L?(J; R) as

Q) = (—— [ us)dsc..—— [ us)as). (5.2)

N 81— S0 Sk — Sk-1

Ifn=n,...,0m) € L?(J; R™), then we define

Qsr(n) = (Qgr (M), - -, Qs (m))"- (5-3)

Suppose X is an m by k matrix with entries z;;. We define the continuous linear

embedding I, : R™* — L?(J; R™) associated with IT as the step function

1= lezj(sl 15 (8 mezf(sl sl (8)' (5.4)
Thus we can define a linear map L*(J; R™) — L*(J; R™) by
n = Iy o Qe (n).
Denote J; = Is, , ;) and A; = s; — s,_1. Similarly, if n € L?(J%; R), we can define a
linear map L?(J?%; R) — L*(J% R) by

n— D2Qu2(n) = J®J / / n(u,v) dv du.

=1

If n = (") mxm € L*(J% L(R™; R™)), then we define

Ij2 0 Q§k2 (n) = (Ik2 © Q§k2 (ﬁij))me- (5'5)

For each k > 1, the operator Ay := Iy o Q4 has the kernel

k
1
a’k(s7 t) = Z S — S 1 I(S¢,1,Si](s)l(si,1,si] (t) (56)
i=1 "t 7T

It is a (symmetric) operator of trace class and satisfying A2 = Aj. The following approxi-

mation result plays an important role in this paper.
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Lemma 5.1 (1)Ifn €V = L2(J; R™), then ||(I} o Qg )(lv < |Inllv, and
i {[(Ze 0 Qgr) () = nllv = 0. (5.7)
(2)If n € L2(J2; L(R™; R™)), then
[(Zr2 © Qg2 ) (M| L2 (s2;L(Rm;Rmy)) < |I0lL2(2:L(Rm;Rm)), and

i [[(Tgz 0 Q2 ) (F) = Fll 22 nrm;mmy) = 0. (5.8)

Proof Fix € > 0. There exist a continuous function g : [-7,0] — R™ such that

lln — gl|?, < e. By uniform continuity of g, there exists § > 0 such that

sup{|g(z) — g(y)| : z,y € [-7,0], |z —y| <5} < Ve

Now choose kg sufficiently large so that |s; — s;_1| < d for all k > kg. Then

0 K T ea(s) [ u
Io@u)o) ~gllp = [ 13 2= [T gydo— 3 I g (9)9(s) ds
v b Si—1 i=1

=T =1
O Ty e(s) [
= [ o [ ) gl dof ds
-r i Si — Si—1 Si—1
< re, forall k > kg.
Also for n,
0 kIS. s,1(8) [
lto@umlt = [ 130"t [T ) antas
-r =1 T 1= Si—1
O Tesal) s
< /Z et [ o ds
k si
= Y [ hwP o=l forank 1.
i=1 Y Si-1
Therefore

|k 0 Qs )(n) = nllv - < ||k 0 Qur)(n = 9)llv + [[(Ix © Qs )(9) — gllv +[lg — nllv

< (Vr+2)Ve, forall k > k.

Assertion (2) of the lemma follows by a similar argument. |

6 Weak differential rule for functionals of an infinite
dimensional random variable.

Bell and Mohammed ([2]) derived weak differential rule for stochastic delay differential

equations (with single delay) by using Malliavin calculus. In this section we shall prove
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more general results concerning the differential rule of D for functions of infinite-dimensional
random variables by using Malliavin calculus too. We shall apply the differential rule in
the derivation of Itd’s formula for segment processes later. Recall J = [—r,0], T = [0, a,
V = L*J;R™), H = L*(T; R™) and W = {W(#)} is a d-dimensional standard Brownian
motion.

For a differentiable function f(z,y), denote by f1 and fo the partial derivatives of f
with respect to the first and second variable, respectively. Let f/ = (f1, f2) and f” be the
Hessian of f. Denote by V x R™ the product space of V = L?([-r,0]; R™) and R™, with
usual the addition and scalar product rules, i.e., if k € R, Z, € R™ and n,v € V, then
n,Z)+ (¥, 9) = (n+ ¥, Z+7) and k(n, Z) = (kn,kZ). V x R™ is a Hilbert space endowed

with the inner product

(0, T), W, 9))vxrm = (0, )v +T 7. (6.1)

Lemma 6.1 Suppose p > 0, F,G € DYP(V). Then (F,G)v belongs to DY? and for almost
alt €T, DJ(F,G)y = (D,F,G)y + (F, D,G)y-.

Proof Let S(V') be the family of smooth V-valued random variables (c.f. ([17] P61)). First
let us assume F, G € S(V), i.e.,

{F—Z?_lﬂm, FyeSm eV,
G:Z;nzlGjif}j, GjGS,i/}jEV.

Since Dt(EGJ> = (Dth)GJ + E(DtGJ

~—

3

Dt<F, G>V Dt(FlGJ)<nZ7¢]>V

N
Il

-
<
I

s

I I
NERINE
(= 1]

(DeF)Gj + Fi(DyGy))(mis j)v

Il
-

5

—~ =

DiF,G)v + (F, DiG)y.

Now for any F,G € DP(V), there exist {F"}, {G™} C S(V) such that

limy, o0 [[F™ = Fl[1,5,v =0,
limy, o0 [|G™ = Gl[1p,v =0,

where the norm || - ||1,p,v is defined by (4.3). It is immediate that (F™, G")y — (F,G)y in

L?(Q) as n — oo. Since

lim [[((DF",G")v + (F",DG™)v) — (DF,G)v + (F, DG)v)||L2(x1) = 0,

n—oo

in LP(9), the result follows. |
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—

Proposition 6.2 Supposep > 2, h>1,n>2, ¢ € D"P(V), F = (Fy,...,Fy), F; € D"P,
i=1,...,h and f € C}(V x R"). Then f(l/),ﬁ) € D™P, and for almost allt € T,

DI f(y, F) = (f' (¢, F), (D24, DI F))y g, 1 =1,...,d, and (6.2)

DI'DEf(,F) = (f"(4, F)(DJ*¢, D}' F), (D%, D2 F))y o

+ (f'(, F),(D{* D¢, DI* D2 F))y g, 1< g1, jo < d.

Proof  For simplicity, we assume h = 1 and we will prove result only for the case n = 2.
The case n > 2 is similar. Suppose Il : —r = sg < s1 < -+ < s = 0 is a family of
partitions of [—r,0], with |[II;|| — 0 as k — oo, I is the linear embedding and Q is the
projection defined in Section 5. Denote J; := I(5,_, 5,) and A; :=s; —s;1, fori =1,... k.

We can write ¢ = (¥1,...,%m), where ¢; € D™P(L2(J;R)), 1 < j < m. Set ¢k =
I, 0 Qgr(v), and define f¥:R™ x R — R by

A wg) = f(Ie(X), 2h41),

where X is an m by k matrix with entries z;;, and z341 € R. Then fre CE(R’”’““), and

fWF F) = fk(Qﬁk(@/J),F). If s € [0,al], then

DEfW" F) = DEfHQu (), F)

1 ofF - ofk
Z A, o, (@ W) F) DL Ty + 50—

(", F), I 0 Qur (DEV))v + fo(*, F)DEF.

(Qsx(¥), F)DEF

By Lemma 5.1,
D2 f(*, F) = (f (¢, F), (D2, DI F))yxr — 0 (6.3)
as k — 00, a.s. P® u. Let M = sup{||f'(n,z)|| : n € V,z € R}. By Lemma 5.1,

D2 f(W", F)| < M(||DE9]lv + |DEF]), and (6.4)

[(f' (4, F), (D4, DPF)| < M(||DEY]lv + [DEFY). (6.5)

By applying the Dominated Convergence Theorem, and by the fact ¢ € D*P(V) and F €

D?P_ we have

dim E([ DRSS F) = (0, F), (D6, DEF )P ds) =0 (60)
im B( |
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Now let us consider the second part, by the chain rule of the Malliavin differential operator
D,
D} D f(y". F)

1 afk . o OfF
= ]1 J2,. . T. J1
D E A 8:% sk (), F)(D34;, Ji)v] + D} [8xk+1

= <f”(¢ F)(Iy 0 Qo (DI*), DI F), (I 0 Qgr (DP24), D22 F))y g

+  (Ik 0 Qu (D}* D24p), fr(V*, F))v + fo(y", F)D}* D2 F.

(Qsx (), F)DI F]

Analogous to the argument showing the convergence of (6.6), we can show that

i E(/ / DI D (5, F) — ({f" (a6, F)(Di*, DI* F), (D#4, DI F))ys 1

k—oo

+ (f'(%, F),(D}' D24, D] DEF))v«g)|* ds dt)

p
2

Since f(¢F, F) — f(¥,F) in LP(Q), {f(¥*, F)}32, has a subsequence which is a Cauchy
sequence in D?P (we write this subsequence as {f(¥*, F)}?2, itself). By the closeness of
the operator D, f(,F) € D*P and f(¢*, F) — f(¢,F) in D*?. Thus the proposition
follows. |}

As an application of Proposition 6.2, we can easily rewrite the SFDE (1.1) in Stratonovich
integral form instead of the It6 integral form by the relationship between the Stratonovich
and Skorohod integrals (c.f. [17] Definition 3.1.1 and Theorem 3.1.1). We skip the detail
because it is not in the scope of this paper.

By Lemma 6.1 and Proposition 6.2, if p > 2, a V-valued process X = {X; : 0 <t < a}
belongs to the space D1, p(H®2V), then there exists a measurable two-parameter process
DX ={D,X, :t € [0,al]}, such that

(1) B(fy IDXl[36,, d)% < <,

H&:V
(2) for all n € V, the process (X, n)y belongs to L7, and

(3) Di((Xy,m)v) = (D Xy, n)v, for all 1 <i < d, n €V, and almost all s,t € [0, a].

Note 6.3 If X = {X(¢t) : 0 < t < a} € LLP and X(t) = 0 if t > a, then {X;} €
DYP(H®,V).

Suppose {Y(t)} € L)?, f € CHT x V;V), and X, = f(t,Y;), we shall show that
{X;} € DV'P(H®,V). Denote by fa(t,n) the derivative of f(t,n) with respect to the second
variable 7.

Set zi(t) := (f (£, 1k (Qs+ (Y1), Ik (Qsr (n)))v and z(t) := (f(t,Y1),m)v, where 0 <t < a,
andnpeV.
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Lemma 6.4 For eachn €V, {2z : k > 1} converges to z in L*P and

for all 1 <i < d and almost all s,t € [0,a]. Furthermore, {f(t,Y;)} belongs to DVP(H®V)
and Dif(t,Y:) = f2(t, Y3)(DLY;) for all 1 < i < d.

Proof Suppose n > k. By Lemma 5.1,

l2(t) — zn(®)] < [(f (8 IR (Qur (V1)) = f(t: In(Qsn (Y1), T (Qsr () v |
+ [ In(Qsn (Y1), In(Qgr () — In(Qsn (n))) v |

1F (@t Te(Qur (Y1) = (&, Ln(Qgn (Y |1l v

T osup IV IHk(Qsx (1) = In(Qsn () llv

IN

— 0 as k — oo.

By the Bounded Convergence Theorem, (limy—.oc E( [y |2k (t) — 20 (t)|? dt)% = 0. Similarly

we can show that

k—o0

lim E(/Oa |2k (t) — 2(8)|> dt) % = 0.

By applying the chain rule we have

Di(a(t) = (falt, In(Qur (Y0))) (Tn (DL(Qsr (Y2))), I (Qur (0))))
(fot, I (Qer (Ye))) (In (Qur (DLY2))), [ (Qur (m)))

Analogous to the above argument, by using the Dominated Convergence Theorem, we can

show that

Jim E(/ D! (24(t) — 2 (t))2 ds dt) 3 =0
o 0 0

tim B[ [ 1Dk (a0 YD)y P ds )t =0,
0 0

k—o0

Thus ||z — 2,7, — 0 as k — co. By Lemma 5.1, we conclude that ||z, — z[[} , — 0 and

Diz(t) = (f2(t,Y;)(DY;),n)y for almost all s,t € [0,a]. |}
7 LP approximation of the segment integral.

Using finite dimensional-valued sequences of variables to approximate infinite dimensional-

valued variables is a powerful technique when we go into infinite dimensional spaces. Suppose
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p > 2, in this section we shall give some LP approximations of the segment integral. As
we shall see in the following section, the approximation techniques and results derived in
this section help us reach the Itd formula for segment processes. As before, we assume
J=[-r0],T=10,a], V=L3J;R™) and H = L?(T; R™).

Suppose W = {W(t)} is a m-dimensional standard Brownian motion, u € LL2 —r <

a < 0, we can define the integral

t t+a
/ u(s+a) - dW(s+a) = / u(s) - dW(s) (7.1)
0 «a

by change of variable or by using approximation scheme (c.f. [17] Section 3.1). We define
W(t)=0if t <0.
If X € DVP(H®5V), and {Il, : —r = 5o < --- < s, = 0}32, is a sequence of partitions

of [—r,0], we can use the Skorohod integrals

Inyfa) = [ N Que (X0, -4 (W) (7.9)

to approximate the segment integral f0a<Xt, AWy

If v € R, we define a Heaviside-type function H, € L%[—r,0] by

1, v<s<0
H’U(S)—{ 07 —’)"§8<’U. (73)

If b = (¢1,...,0m) € V=L%J; R™) and n € L*(J; R), then we define

(bymv = (1, M) L2(rRys - -+ > (YoM L2(1R))- (7.4)

By Lemma 4.2, we have

Ji, (a / (XD, Que (Hy_a)) - dW (1)

/ ), 1(Que (Ho—a))) - AW (1),

where

. IS s
3 ol "  a selra 9

S; — S
zll 1—1

If we can show that the sequence

(T Qe (X)), T (Qur (Hi—a)))v 1724 (7.6)

converge to (I';X)(t) under the norm of L%:?, then by boundedness of the operator ¢ :

L1? — L*(Q), the Skorohod integral Ji1, (a) converge in the space L2(Q2) to [, (X¢, dWy)y
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In the following we assume X; = 0 if t < 0 or ¢t > a. We also define a rotation X of X

by
Xi(s) == Xi—s(s). (7.7)

We may think that the process X, is simply an element of L?(2 x J x T'; R™). We can also
write f_OT Xi—s(8)r<ars) ds as (X¢, Hi_o)v, which is just (I'.X)(t), or T (X)(1).

Lemma 7.1 Suppose X; € DVP(H®5V), and {11} is a sequence of partitions of [—r,0],
with limy—oo |[Ti|| = 0. Then B([J ||XP|2 d6)% < B(fy | X3 dt)%, and

a 0
dim B[ [ 1X9(6) = o) as iyt = (7.8)

Proof  First we show that the inequalities hold almost surely. Fix w € 2 and € = e(w) > 0.

There exists a continuous function g : [0,a 4 r] x [—r,0] — R™ such that

a+r 0
/ / X, (s,w) — g(t, 5)[2 ds dt < c. (7.9)
0 —r

Define

Si

k
Te(t,s,w) = I;_is](l)/ [(Xis(v,w) — Xy p(v,w)] dv. (7.10)

i=1 2 i— Si—1
We can write Ji(t, s) as Ji(t, s,w) = Jp1(w) + Jk2 + Jxs3(w), where

Si

k
Jnw) = Yo [ )~ gl s,

i=1 - Fi—1

k .
Iis, | .si1(s8) [%

o = 3 M) ]“/ gt — 5,0) — g(t — v, )] do,
Si—1

= si—Si1
k v
1(5,7 S.](S) s
J = i L%l t— — X (v, dv.
o) = 3= [ g - Xl
Since g is uniformly continuous on [0, a + 7] x [—r, 0], there exist § > 0, such that if ¢t1,t2 €

[0,a47], 51, $2 € [—r, 0], max{|t; — ta],|s1 — s2|} < 4, then |g(t1,s1) — g(te, s2)| < v/€/ar. If
|[TIx|| < 6, then

k
el < Y S@_l’jl/ l9(t = 5,v) — g{t — v, )| dv
k
Iisii50(s) [ € /
< i—1,54% d —
- ; Si — Si—1 / ar
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We also have

a 0 a k Si
// | Tk ()2 dvdt < /Z/ |X;s(v,w) — g(t — s,0) > dvdt
0 J—r 0 ,—1Ysi—1
k Si a
= Z/ /|Xt,s(v,w)—g(t—s,v)|2dtdv
< Z/ / | X (v,w) — g(t,v)|* dt dv
$i—1

/ / | X (v,w) — g(t,v)*dtdv < e.
—rJO

Analogous to the above argument we have

IS S
/ / Z(sizn,sil\2) 1 (5 / X o dv|2dsdt</ / | X (s)|* ds dt, (7.11)
= S — Si—1 -r

which is equivalent to the inequality

B( / IX®|2 dt < B / 13 dt)’. (7.12)

Similarly, we can show that [ f_OT | Jis(w)|? ds dt < e. Thus we have

a 0
lim// | Jp(t,s)|?dsdt =0 a.s. (7.13)

k—oo Jq

For each t € [0, al, ffr X2 (s)ds < oo a.s. By Lemma 5.1, we have

k—o00

lim {Z/ X L&](S) — X¢_4(5)}?ds =0 as. (7.14)
T oi=1

By the Dominated Convergence Theorem,

khféo/ /7{2/ X I<Sf lsf](s) X y($)}2dsdt =0.  (7.15)

=1

From (7.10), (7.13) and (7.15), it follows that

lim/ L Zk: (sim1.04 (5 / Xos(v)dv — X,(s)[2dsdt = 0 (7.16)

k—o0 £ — Si—1
=1

a.s. -P. By (7.11) and the Dominated Convergence Theorem, (7.8) follows. |

Let D = (D',..., D% be the Malliavin differential operator associated with a d-
dimensional standard Brownian motion. Analogous to (7.5), we define a d x m-matrix-valued
three parameter random process by

/\(k) k I(s S](S)
DX, (s):=)  —obii DuX; s(v)dv. s&[-r,0] (7.17)

= Si T Si-1 Js,y
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Denote by DUX{’(k) the j—th row vector of the d x m matrix-valued process Dquk). We
can prove the convergence result of the derivative process of {X;} in a similar way, i.e., for

each 1 <5 <d,

//||D X" ||Vdudt<E//||DJXt||Vdsdt)% (7.18)

lim E/ / / 1Dux "™ (8) = DI X,y ()2 ds dudt)’ = (7.19)

k—o00

Next we show that X; belongs to D'?(H®,V) and f X,(s)ds is the limit of the

sequence defined by (7.6).

Lemma 7.2 For each k > 1, X®) € DV2(H®,V), and the derivative process Dy X" is

(k)
equal to D, X,

Proof Ifn eV, then

k , .
N 1 Sq S
XP nyy = 7/ Xi_s(v) - n(v) dv ds. 7.20
(X7 mv ; pr— N t—s(v) -n(v)dvds (7.20)
Foreachl1 <i<kand —r<s<0

/ Xi—s(v)dv = (X, I (s, , si))v € LP.
Si—1

Thus (Xt(k),n)v € LLP. Since for each 1 < j < d,

k si ‘
DUy = o [ DX Ky
i=1 = -1
——7,(k)
= (DX, ,mv.

By Inequality (7.18) we have

D, X“ ) dudt)’ < DJXt dsdt)¥ < 7.21
V 1%

So X(*) € DVP(H&,V), and DuXt( is equal to D X,E ). |

Now we obtain the main results of this section.

Theorem 7.3 Under the same hypotheses as Lemma 7.1, X = {Xt} belongs to the space
DY (H®9V), and for alln € V and s,t € [0,al,

0 0
i DX, (s)n(s)ds = i D, Xi—s(s)n(s)ds and (7.22)
(I6(Que (X)), I(Qu (Hy—a)))v — Ty (X )(1) (7.23)

as k — oo in]L};lp.
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Proof By Lemma 7.1 — 7.2, X = {X,} belongs to DYP(H®,V), and for all € V and
almost all s,¢ € [0,a], [ DuX¢(s)n(s)ds = [ DuXi—s(s)n(s) ds. Since

Jim [[(XB, )y — (X, vl =0, (7.24)

for all ¢ € L2(J; R), (7.23) follows. |}

Since § is a bounded linear operator form L2 into D2 = L2(Q), we have
Theorem 7.4 For any sequence of partitions {Il;},
a 0
klim E{Ju,(a) — / Xi—s(8)1<arsy(8)dsdW (t)}* =0, (7.25)
— 0 -r
where Jm, (a) is defined by (7.5).

Proof From the fact that [ X, (s)I1;<ass1(s)ds belongs to L1:2, the Skorohod integral
r {t<a+s} g m g

a 0
/ Xt*S(S)I{tSa-‘rs} ds - dW(t)
0

belongs to L?(Q). |}
By Definition 4.1 and Theorem 7.3, the Skorohod segment integral fg(XU,dWUW can

also be defined in the following way:
t a
/ <XU, dWU>V = / <I[O,t] (’U)Xv, dWU>V (726)
0 0
We can rewrite the right hand side of (7.26) as
/ <I[O,t] (U)Xv; de>V = / Xy s( )I{’U s<t}I{v<a+s} ds - dW( )
0 —

// Xop—s(8)u<iysy ds - dW (v).

Suppose X; is a V—valued stochastic process, and U(t) is a m-dimensional process

defined by

U(t) = /0 u(s) dW (s), (7.27)

where u : Q x T — L(R?; R™). We define

t t 0
/ (Xs,dUq)y = / [[ Xa—s(8){a<its) dsu(a)] dW (a) (7.28)
0 0

—-r

if the Skorohod integral of the right hand side of (7.28) exists. Since

Mk (Qur (Hi—a)) = Tk (Pox (Hi—a))[|v < [[TIe]],
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we can also use the Skorohod integrals

Ju, (a) = /Oa<QSk (Xt), dPgx (Wy)) (7.29)

to approximate the segment integral f0a<Xt, dW4)y . In this case, we can use the sequence

{ (T (Qur (X)), Ik (Por (Hi—a)))v }iZa (7.30)
to approximate I'}; (X )(t), for ¢ € [0, a].

Theorem 7.5 Under the same hypotheses as Lemma 7.1, we have

T ((Qux (X0)), I (Pux (Hy-a))hv = T3 (X)) (1) (7.31)
in LLP.

Remark 7.6 Suppose X; is a C[—r,0]—valued stochastic process. Analogous to (7.5), we

may want to use the sequence

@) = [P CEON P (i) - W (0

to approzimate the integral [ X, dW,. Since almost surely, {Iy(Pg.(H;—a))} is not a

Cauchy sequence in C[—r,0], and I (Pg (X)) converge to X; in (C[—r,0])*), the sequence

{ (T (Pgr (X1))) (I (Pyr (Hi—a))) }

is not a Cauchy sequence (even in Probability). Thus it is difficult to show that Ji, (a) has
a limat.

This is also the difficulty if we want to use the above approximation scheme to define
the integral [ Xy dWy for a (C[—r,0])* -valued process Xy with respect to the Brownian

segment.

8 Ito’s formula for the segment process

Now we are ready to derive It6’s Formula for the segment associated with the “semimartin-

gale” process defined by (1.5). Throughout this section, we assume
I : —r=s9g<s$1 < <38, =0},

is a family of partitions of [—r, 0], with ||II|| — 0 as k — oo, Ij, is the linear embedding and
Qg+ is the projection defined in Section 5. Denote J = [—r,0], T = [0,a], V = L*(J; R™),
H = L*(T;R™), J; := I

si_1,sy) and Ay = s; — 851, fori=1,... k.



22 F. Yan and S. Mohammed

For an m x k matrix X, we denote by 2" its i-th column vector and by x;; its entry at
the i-th row and j-th column. Suppose f = f(t,n, ™) € CZ(T x V x R™). For each

k > 1 we define a C?(T x R™ x R™; R) function by
FREX T = f( LX), 7Y = f( Ie(@), . Te(@T), Y, (8.1)

where 7"+ = (201115, Tmy1.k) € RE. Suppose n = (01,...,Mm), where n; € L?(J; R),
1 <j < m. We write f(t,n,Z7%) as f(t,m1,. ., 9m, Z™T1). In this case, denote by

-m-+1

it mi, oo i, 1) the derivative of f(¢,m1, .. ., Nm, ™) with respect to the variable n;
(or to the vector 1 if j = m+1) and % the derivative of f with respect to t. Similarly, we
denote by f;, j, the derivative of f;, with respect to the variable n;, (or Z™*1 if jo = m+1).

We will use similar notations for the derivatives of f*(t, X, #m+!) = fE(¢, 2%, ..., 2™, & +L).

Suppose Y and Z are m x k matrices. If 1 < j < m, then

X, @Y i = (it LX), &), I (7)) p2(g:my - (8.2)
If1 S jl,jQ S m, then

i (X (2 @ §7) = fi, 50 (8 Te(X), ) (I (57) @ Te(272)). (8.3)

Jij2

Suppose H; and Hs are two Hilbert spaces. Denote by H,&9H, and H; &1 Hs the com-
pletions of Hy ® Hy under the e—topology ([21] Section 43) and the m—topology (projective
topology) ([21] Section 43) on H; ® Hj respectively.

Suppose A € L?(J; R™) ® L3(J; R™) and ® € (L?(J; R™) ®; L*(J; R™))*. We can
“decompose” A and ® into m x m matrices (still denoted by A and ®) with entries in
L?(J;R) ®1 L*(J;R) and (L%*(J;R) ®1 L*(J; R))* respectively. We then formally write
®(A) as Tr(® - A), where Tr is the trace of a square matrix.

For a twice differentiable function f = f(¢t,7,%) € C*(T x V x R™), the derivative
giné(t,n,f) is in general an element of (V®;V)*. Due to this, two alternative conditions
must be satisfied in order to prove the It6 formula:

Hypotheses 8.A The map (t,7n, %) — giné(t, 7, &) is uniformly continuous from T'x V' x R™
into (V®32V)* on bounded sets.

Hypotheses 8.B The map (¢,7, &) — giné(t, 71, &) is uniformly continuous from 7' x V x R™
into (V®1V)* on bounded sets, and the linear operator on H = L%([0,a]; R™) with kernel
u(s)DsX (s) is of trace class almost surely, where u is the coefficient process in (1.5).

If the m x d matrix-valued coefficient process u in the SDE (1.5) is deterministic, then
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u(s)DsX (t) is of trace class. One example of a function satisfying Hypotheses 8.A is f(¢,7) =
h(t,{¢,n)v), where ( € V and h € C*(T x R).
Note that V&,V C V®,V. Although Hypotheses 8.B allows a larger class of functions
f € C3(T x V x R™), it requires an additional condition on the solution process {X (¢)}.
When we are saying “a function a(s,t) is of trace class”, we mean that the operator

associated with the kernel a(s,t) is of trace class.

Lemma 8.1 If u is an m x d matriz-valued process with row vectors u',...,u™

, where
ut € L3(T; RY), and v € LL2, then the kernel u(s) fot Dgv(r)dr (as an m x m matriz-valued

function) is of trace class. (We skip the words “almost surely”).

Proof We write v = (v1,...,vy). Forall 1 < i < mand 1 < j < d, the functions
u'(s)Divi(r) and Ijo<,<¢y belong to L?(T?) (with the notation D = (D*,..., D%)"), and
u' (s) /Ot Divi(r)dr = /Oa u" (8)Dlvi(r) o< <4y dr, (8.4)
it follows that the operator with kernel wt (s) f(f ngi(r) dr is the composite of two Hilbert-
Schmidt operators with kernel u*(s)DJv;(r) and Ito<r<sy, and it must be of trace class.
|
One can refer to Elworthy ([5] Section V.1), Metivier and Pellaumail ([15] Chapter 2), Da
Prato and Zabczyk ([4] Section 9.45) for Itd’s formula for infinite-dimensional semimartin-
gales. Because the quadratic variation (operator-valued) process of a martingale process is
always of trace class, the Ito formula is valid for any twice differentiable function f € C?(B)
satisfying the condition that f, f’ and f” are uniformly continuous on bounded sets of B,

where B is a Banach space with a “smooth” norm.

Lemma 8.2 Suppose F(s,t) is a function in L*(T?% L(R™; R™)), which is the kernel of a

trace class operator F on H = L*(T; R™). Define F(s,t) =0 if s <0 ort <0, and define
Fi(a,B) .= F(s+a,s+ (), where se T,a,8 € J=[-r,0]. (8.5)
Then for each s € T, f is the kernel of a trace class operator on V. = L*(J; R™).

Proof Since F can be written as BA, where A an B are two Hilbert-Schimidt operators on
H ([8] Problem 572). Assume (matrix-valued functions) A(s,t) and B(s,t) are the kernels

of A and B, then F can be written as

F(s,t) = /0“ A(s,u) - B(u,t) du.
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It follows that
:/ A(s+ a,u) - B(u,s+ ) du
0

For each s € T, A%(ev,u) := A(s + a,u) and B*(u,3) := B(u, s + () are kernels of Hilbert-
Schmidt operators A®* : V — H and B® : H — V, respectively. Let F'® be the linear operator
on V with kernel Fy, then F* = B%A® which is of trace class. |}

Now we are ready to prove It6’s formula for f(¢, X;).

Theorem 8.3 Suppose X (t) is a continuous stochastic process defined by (1.5), where u has

1

row vectors ul,...,u™, ut € ILd loc: V€ L and n: J — R™ is a function of bounded

m, loc’

variation, Assume f = f(t,n) € CH(T x V) has bounded continuous second order partial

derivative with respect to n (i.e., giné € Cy(T x V) and Hypotheses 8.A, then we have

ft, X)) — (0, Xo) / f (s, Xs)ds +/ <gf( , Xs),dXs)v

+ ng(s X,)(,) ds,

where O(a, B) = 2((uA)s Xs(a, B) + (uA)s Xs(B, @), and (uA) X, : Q x J*> — L(R™; R™)

is the m x m matriz-valued process defined by

(uh)s Xs(a, B) = Io<s+anpyt(s + @) DspaX (s + ). (8.6)

Note that the right hand side of (8.6) is equal to

B s+03
Ito<stangru(s + @)[u'(s + @) [jo<sia<sipy + / Dgyou(r)dW(r) + / Dy ov(r)dr].
0 0

Proof  For simplicity, we assume 7 is absolutely continuous and define v(s) := n’(s) and
u(s) = 0 for s € J. We will identify a linear operator with its kernel (if it has a kernel) in
the proof. We also write the m x d matrix u as (u"),, 4.

By localization technique (c.f. [17] P 45), we can assume f, f’ and f” are uniformly
continuouson TxV, v/ € L§’4, and v € LL*. Suppose [T : —r =59 <51 <--- < s =0isa
family of partitions of [, 0], with ||TIx|| — 0 as k — oo, J; := I(5,_, 5] and A; 1= s; — 8;_1,
fori=1,...,k Write X(t) = (X*(¢),...,X™(t)).

If 1 < j <m, then (X{, J;) = [7 XI(t+s)ds= [/" XI(s)ds. It follows that

t+s;—
d , ,
dt(XtJ,J-> = X(t+4s;)— X7 (t+s;_1)
d b 1, _
0 Qui(X h o= Z Ji(X7 (t+ s1) — X7 (t+ si_1)).

i=1 A
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Denote by (-,-) the inner product of the Hilbert space L?(J; R), u’ the j-th row vector of

u, and v’ the j-th entry of the vector v. Let

07 (t) —/Otuj(s)- AW (s), and V9 (t) _{ n(0) + Jovi(s)ds, t>0 (8.7)

n(t), —r<t<0,
U= (Ul, cee Um)’ and V = (f/l, ceey f/m)/, Applying the chain rule to the function f(t, I o
Qg+ (X)), we have

@, I o Qg’“(Xt)) = f(0, 1) 0 Qﬁ’“(n)) - /0 %(S,Ik ° Qﬁ’“(XS)) ds

= ZZ/ (35, T © Qe (X)), i) (X7 (5 + 51) = X7 (5 + 5,1)) d

=1 5=1

- z/A {55010 Que (X)), J) (D (5 4+ 50) = D95 + 5i-1)) ds

+ Z/ (£, T 0 Qu (X)), Ji) (VI (5 + s3) — V(s + s1)) ds
= P+ Yo

By Lemma 5.1 and the continuity of f’,

Z/ (35, I 0 Que (X)), Ji>/l i (r) dr ds
tof
= (5-(8, 1k 0 Qur (X)), Ik © Qi (vs))) v ds
o On
af tof -
Xs),vs)y ds = — (s, Xs), dVs)y.
[ xvas= [l avy
By the formula for the Skorohod integral of a process multiplied by a random variable ([16]

Theorem 3.2),

s+s; .
¥ = Z/ / (f5(5: I 0 Que (X)), Jo)ud (r) AW (r) dis

+si—1

s+s;
+ Z/ /+811 : D, (fj(s, I, 0 Qer(Xy)), Ji) dr ds
= Y11 + Y12,

By the stochastic Fubini Theorem (Lemma 4.2),
iy = Z/ / (5. Tk 0 Qo (X)), Ji) (o, o — s)ud () ds dW (a).  (8.8)
Let g1(e) = (g1(e),..., 97" (@), @ € T =[0,a], where

. koq
@ =D a [ 1050510 Qu (K)o pngfa = ) s (5.9
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We will show that
of
g1(a)u(a) — FH(an( , X)) (a@)u(a)
in L(li’z as k — oo, where I'}; is defined by (4.6), and

0= [ Za-sx o @tcan@ i, 1<l

Then by the continuity of §, we have

t af

o= [ TaE X)) @u@ awe) = [ (G x0.avn.

Set ga(a) = (g3 (), ..., g5 (a)), a € T = [0, a], where
k

Gi0) = 31 [ Ui X I oy g (0= ) s

(8.10)

(8.11)

(8.12)

(8.13)

First we will show that g; (o) —g2(a) — 0 in L1* as k — oo. By Definition (5.4) and Lemma

5.1,

/ 19l(a) — gi(a) ? da?

IN

- ey [ 10 Qui (X0 — 55,0, 0 s
i=1 ¢

t
= t2E(‘/0 <IkOQ§k(fj(S7IkOQ§k(XS))—fj(&XS)),
fi(s: Ix 0 Qo (Xs)) = f(s, X)) ds)?
< t2E(/t |[£5(s, 1k o Qg (Xs)) — fj(S7Xs)||2dS)2 — 0 as k — 0.
0

Similarly,

/ / D (o] (@) ? devduy?

(fi(s o Q .k — fi(s 2 ds du)?
E(/O / 1D (5 (5 Tk © Que (X)) — f5(s Xo))|? ds du)

IN

- ewy / (5.1 0 Qe (X)) (T 0 Qe (DXY)
- fJJ (SX)( )||2d8du) — 0 as k — oo.

Thus g1 — g2 — 0 in L;A as k — oo. We can rewrite gé as

Z fJ — B, X ) Ji) (s, 5 (B)Ha1(B) B,
=1

7/ T

t*E Z/ / fJ S IkoQSk( )) _fj(S7XS)’Ji>I(S'L—1;S'L](a_S))2 dea)2

(8.14)
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where H,(s) is the Heaviside-type function defined by (7.3).

By Theorem 7.5,

of

g2 — I‘*H(a—n(,X)) in LL* as k — oo. (8.15)

Since for all 1 < j < m, u € LZA, By Holder’s Inequality, it follows that
g2(t)u(t) — T (f2(, X)) (#)u(t) in Ly as k — oo. (8.16)

Now let us consider ¢12. Set O4(a, 8) := 3((uA)Xs(e, B) + (uA)sX(B,a)), where

(ul)s Xs (e, B) is the m x m matrix-valued process defined by

(uh)s Xs(a, ) = u(s+a)DsyoX(s+3)=u(s+ a)[u/(s + O‘)I{0§5+a§s+ﬁ}

s+8 s+
/ Dgyou(r)dW(r) + / Dy qu(r)dr].
0 0

Write ©4 = (0%),,5m. Applying Lemma 6.1 and Proposition 6.2, we have

Y Y Y / S D510 Que (X))

J=1141,i2=1 j1,j2=1

/ / o X (s + B (s + a) dadB , ds).

ig—1

By the commutativity of the operators D and ¢ ([16] Proposition 3.4),

D£+an2 (S + 5) = ’Usz‘j(S + a)—[{0<s+a<s+[j}

s+0
+ /0 Dg-l-auh / Ds-l—avjz ) dr.

Denote by T'r(A) the trace of a square matrix and E;; the m x m matrix whose entries are
0 except the entry at position (4, 5) is 1. Since 3% ‘9 (s 7n) is symmetric for all n € V', applying
Lemma 5.1 (under Hypotheses 8.A), we have

v = Z / Figa (8, I 0 Qb (X)) (g2 © Q§k2 (©2172)) ds

J1,j2=1

S / Fiuga (5, I 0 Qe (X)) Tz © Qi (Tr(©,E)) dis

J1,j2=1

_ /O g L (5, X.) (I 0 Qe (04))

t azf aZf
+ /0 (T(S,IkOQEk(XS)) on -5 (8, Xs)) (g2 © Q2 (©5)) ds

t an
/0 5—772(5’)(5)(@5) ds a.s. as k —oco. |

Corollary 8.4 Theorem 8.8 still holds if Hypotheses 8.A is replaced by Hypotheses 8.B.
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Proof
We only need to re-compute the term 12 in the proof of Theorem 8.3. By Lemma
8.2, for each s, (uA)s X, belongs to V&1V almost surely. We can easily finish the proof by

applying Lemma A.3 (in Appendix A) under Hypotheses 8.B. |}

Note 8.5 When X is brownian motion, the left hand side of equation (8.6) has a simple

form:
(uh)s Xs(a, B) = Ljo<stay (@) {o<stpy (B)-

We can easily see that it is of trace class.

Next we shall extend It&’s formula to functions of the form f(¢, X;, X(¢)) and use it to
study the weak infinitesimal generator of SFDE’s and derive the Feynman-Kac formula in

the next section.

Theorem 8.6 Suppose f = f(t,n,%) € CH(T x V x R™) has bounded continuous second

order partial derivative with respect to (n,Z) (i.e., % € Go(T x V), under the same

hypotheses as Theorem 8.8 (or Corollary 8.4), we have
f(t7 Xt, X(t)) - f(07 Xo, X(O))

_ /3_f(s,xs,x(5>>ds+/ﬁ(s,xs,x(s)),dmv
0 0

0s on
¢ 8f t a2f
+ o 8—f(S7Xs,X(S))dX(8)+ o 8—772(8’X57X(S))(®s)d5
t 82f t 82f
+ /0 anaf(s,XS,X(s))[(uA)SX(s)] ds+/0 afan(s,xs,X(s))[u(s)psxs] ds

d t 02
+ 3 [ e xxeiwine e o)

where O is defined in the statement of Theorem 8.8, u' is the i—th column vector of the

m X d matriz u,
(Vi X)(s) = 11%1(1)3;)((15 +e)+DiX(t—¢)), 1 <i<d, (in L*(; R™)), (8.17)

(uh)s X (s): 2 x J — L(R™; R™) and u(s)DsXs : 2 x J — L(R™; R™) are m x m matriz-
valued processes defined by

(uA)s X (s)(@) == u(s + @) Ds 10 X (5) {5100} (8.18)
u(s)Ds Xs() = u(s)Ds X (5 + @) [{54a>0}- ’
Proof We will use the same notations as in the proof of Theorem 8.3. For simplicity, we

assume m = d = 1, n is absolutely continuous and define v(s) := n’(s) and u(s) = 0 for

s € J. We will identify a linear operator with its kernel (if it has a kernel) in the proof.
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By localization technique (c.f. [17] P 45), we can assume f, f’ and f” are uniformly

continuous on 7' x V, u € L?* and v € LY. Define V;i(s) := =~ (X(¢), Ji)y. Since

A

d
a<Xt, J1>V = X(t—|— Si) — X(t + Sifl),

(8.19)

applying the multi-dimensional It6 formula due to Nualart and Pardoux ([16] Theorem 6.4)

to derive the chain rule for f*(t, Qg (X¢), X (1)), we have

fk(thQk(Xt)vX( )) fk(O st(XO

k
/ f S IkOQSk( ) (S))dS

k . 5
B Z / ZJ;Z st s), X (s)) dVi(s) + / 0f (s, Qsk (Xs), X (s))u(s) dW (s)

0 0Tk

a?fk
+ 5 Ox2 (S7Q§k (XS)vX(S))(V-i-X)(S)U(S) ds
0 A

t k a2fk
" /o ;m(s’Qﬁ’“(Xs)vX(S))DsVi(S)u(s) ds

t k
= 3 R U 0 Qur (). X(9). Jv (X (s ) = X s+ 511)) ds
i=1 "

[ hals b0 Quu(X), X(s)uts) AW (s)
0
¢
v g / s, T Qe (X,), X () (74 X)(5)u(s) ds
+ / Z A, (f21(s, Ik © Qor (X5), X (5)), Ji)v (Ds X, Ji)v ds
= (k +Iz(k) + I3(k) + (k)
It is easy to see that
: I
khm Is5(k) = 5/ fo2(s, X5, X (8))(V+X)(s)u(s)ds a.s.
—o o
Similar argument as the proof of the convergence result (8.15) shows that
I}g&() fQ(Sa Iy o Qﬁk (XS)7 X(S)) = fa(s, X5, X(S))

in L%, Thus

{ hmkﬂoo fQ(S,Ik Ogék (XS),X(S))U(S) = f
limg oo I (k) = [y f2(s, X5, X (s))u(s) dW (s) in L*(Q)

by continuity of the operator ¢ : L2 — L2?(2). Since

I4(k) = ~/O <I/€ © Q§k (f21 (S, Ij o Qﬁk (Xs)vX(S)))7 DSXS>VU(S) ds,

(s, Xs, X(s))u(s) in L2,

(8.20)

(8.21)

(8.22)

(8.23)
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it follows that

klirn I, (k) :/ (f21(s, X5, X(8)), Ds Xs)vu(s) ds. (8.24)
— 00 0

Now let us consider I (k), since

s+s;
L) = / Z AU D0 Que ). XN v [ ate) () s
s+s;
+ /ZA (f1(s, I 0 Qg (Xs), (s)),Ji>V/S+Silv(r)drds

Ill(k) + Ilg(k)

it follows that
t
Lak) = / (I 0 Que (f1(5 Ti © Qui (X2, X (5))), sy ds
0

— (f1(s, X5, X (8)),vs)y ds :/ (f1(s, X5, X (8)), dVs)y a.s.
0 0

as k — oo. By the formula for the Skorohod integral of a process multiplied by a random

variable ([16] Theorem 3.2)7

t s+s;
Ill(k) = /0 , / fl S, Ik OQSk( ) X(S))7JZ>V’U,(T) dW(T) ds

+8i-1
t 1 s+s;

+ /0 ZE/+ D, (f1(s, Ix 0 Qor(Xs), X (5)), Ji)vu(r) dr ds
i=1 stsio

L (k) + iz (k).
Analogous to the argument showing (8.12), we can show that
t ot
khrn Illl(k) = / / <f1(S,XS,X(S)), dUS>V (825)
— 00 0 0

in L?(Q). By Proposition 6.2, we have

Lia(k) = /ZAA (fi1(s, Ik 0 Qur (X5), X (8)) i, Jj)v

1,7=1

/ / Des s X (5 + a)u(s + B) dadBds

X

+

/ ZA (fr2(s, Ik © Qgr (X / Dy pX(s)u(s + B)dBds
= Iio1(k) + 22 (k).

Analogous to the argument deriving the term 12 in the proof of Theorem 8.3, we can show

that

leH;O11121(k)—/O fll(S,XS,X(S))(GS)dS (826)
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Finally, we have
11122(I€) = A <IkOQﬁk(f12(57IkoQék(XS)aX(S))),(UA)SX(S)>VdS
- /0 <f12(S=XsaX(S))7(UA)SX(S)>V ds a.s.

as k — oo. The It6 formula follows. |}

As an application of Corollary 8.4, let us look at a simple example.

Example 8.7 f(n) = ||n||3, {W(t)} is the standard Brownian motion, by (5.6), we have

t
0

t
W2 = W, dW, "(Ws)(©s) ds.
W2 2/( >v+/0f()()8
Since f"(n)(C1,C2) = 2(C1,C2)v, and

Os(a, ) = (L{a+s201l{azp) + Liprsx0t {5<ar)

=1ang>—s} = 31ia>—s I (p>—s}

it follows that

0 0
Wl =2 J5 J2, W) osriay dsdW () + [5 [2, Iax o) dords

= 2[3 OHS W (v) dW (v) ds + fot s Ards.

Since

t t

d t <

/ sArds= fOtS % " =" (8.27)
0 Josds+ [ rds, t>r,

One may check it agrees with the formula
t
2/ W(s)dW (s) =W?3(t)—t. |}
0

9 The weak infinitesimal generator, the Feynman-Kac
formula, and the Black-Scholes PDE for SFDEs

As an application of Itd’s formula for segment processes, we shall study the weak infinitesimal
generator of SFDE’s and derive the Feynman-Kac formula in this section. Suppose J =
[-7,0], T = [0,a], V = L*(J; R™), H = L*(T; R™) and {W(t) : t > 0} is a d-dimensional
standard Brownian motion, we denote by W(t) the ith component of W (t). Denote by
e; =(0,...,1;,...,0), then {e1,...,eq} is a basis of R%. For (n,%) € V x R™, let

ﬁz(t) — {fit)’ te [0,11] (91)

n t e [—-r0).



32 F. Yan and S. Mohammed

Then for each s € J,t €T,

8

T t+s>0

’ 9.2
nt+s), t+s<0. 6:2)

fm_mm)_{

Denote by {S; : t € [0,a]} the weakly continuous contraction semigroup of the shift

operators defined on C(V x R™) (c.f. [1] and [13] Chapter 4) by
Si(¢)(n, T) = (;5(5?, Z) for ¢ € Cp(V x R™).

Denote by CP the set of all ¢ € C,(V x R™) such that S;¢ is strongly continuous, S the
weak infinitesimal generator of S;, and D(S) C C} the domain of S.

If f € C*(V x R™), denote by f; the Fréchet derivative with respect to the first variable,
f2 the derivative with respect to the second variable, and f2 the derivative of fo with
respect to the second variable. Assume

{G .V x R™ — L(R%; R™)
H:V xR™— R™
satisfying Lipshitz and linear growth condition. Let us consider a class of autonomous
stochastic functional differential equations (SFDE’s) of type (c.f. [1], [13] P 226)

(9.3)

X() = 7+ [y G(X,, X (5))dW (s) + [ H(X,, X (s))ds, t>0
n(t), —r<t<0,

where n € V and ¥ € R™. We will write H = (H',..., H™) and G = (G*,...,G™), where
G' = (G, ... ,G).

Under linear growth and Lipschitz condition the SFDE (9.3) has a strong unique solu-
tion(c.f. [13], pp. 226 — 228, [1] Chapter 2).

There is a weakly continuous contraction semigroup {P; : Pup(n, () := EY(Xe, X ()}
associated with the solution ([1], section 3.3). The semigroup {FP; : t > 0} is strongly
continuous if and only if the delay r is zero (cf. [13], for the case of the state space C(J, R%).)

Denote by A the weak infinitesimal generator of {P;} (c.f. [1] Chapter 4) and by D(A)
its domain. The class of quasitame function is dense in the domain of A. The action of A

on quasitame function is well studied (c.f. [13] Section 4.4, [1] Section 5.2).

Remarks 9.1 Let us consider the SEFDE (9.3), suppose H € C}(V x R™; R™) and G €
C2(V x R™; RY), then one may check that G*(X, X (t)) belong to }LZA and H(X;, X (1))

belong to ]Llli’4 respectively.
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Remarks 9.2 Suppose we consider the SEFDE (9.3). Theorem 8.3 and 8.6 hold for all initial
values n € C([—r,0]) if the derivative g—f;(t,mf) of f(t,n, ) belongs to C1([—r,0]) for all
(t,n, %) €T xV x R™.

Proof  Suppose ¢ € C([-r,0]), %(s,w,w(ﬂ)) belongs to C*([—7,0]) and n € C([-r,0]) is

absolute continuous. By the change of integration formula,

0
/ OF (6, o, 0(0)) (@) () dov

o
g—i@,w,ww))(om(m - §—£<s,¢,¢<—r>><—r>n<—r>
- / O (., 0(0))@)n(a) d
7Taaaws,, a)n(a) da.

Now for any n € C([—r,0]), let 7, be a sequence of absolute continuous functions that
converge to i in C([—r,0]). We can define the integral

0 9f
G5 vvO) (@) dnfa)

as the limit of

g—i<s,w7w<o>><o>nn<o> - g‘—;;@, (=) (=) (1)

0 92
/T (;Zy—aj;p(s’¢’¢(0))(a)nn(a) dav.

Let X™(t) be the solution of the SFDE (9.3) with initial value 7,,. We can see Theorem 8.3
and 8.6 hold by letting n — oo. |

We now derive the generator A associated with the SFDE (9.3). Then we can express the
operator S (hence A) as sum of differential operators by applying 1t6’s formula (Theorem

8.6),

just as the ordinary stochastic differential equation case.

Lemma 9.3 Suppose f € CZ(V x R™) belongs to the domain of A, G* € CZ(V x R™; R%)
and H € C}(V x R™; R™). Assumen € V, & € R™, and {X(t)} is the solution of SFDE
(9.3). Let{ej:j=1,...,d} be a normalized basis of R%. Then for all 0 <t < a,

AF(XLX(W) = SFOGLX (D) + Fa(Xe, X (0)H(X;, X (1)
d

b5 Pa(Xe XAIG(X X ())es) © (G(Xe, X (1))ey)]
=1

Proof  First we assume that 7 is absolutely continuous and 1n(0) = z. Set

u(t)_{G(Xt,X(t))7 t>0 . U(t)_{H(Xt,X(t)), t>0

94
0, —r <t<0, n'(t), —r <t<DO. (04)
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Fix 0 < to < a. Let ¢ := X;, and ¢¢ be defined by (9.2).

B(f(Xt, X(8) = (Xt X (t0)) X1, X (t0)
= B(f(d},. X(t0)) — f(Xip, X (t0))| X1y, X (t0))
+ B(f(65,, X (1)) — f(9F,. X (to))| X1y, X (t0))
+ B(f(Xe, X(8) = F(0F,, X (1)) X1y, X (t0))

= FEy+ FEy;+ Es.

By the definition of S, Fy/(t — to) converges to Sf(Xy,, X (to)) as t — to. By classical Ito’s

formula, as t — g, Ea/(t — to) converges to
fa (Xth( 0))H (X4, X (t0))

me (Xto, X (t0))[(G(Xi, X (t0))ej) ® (G(Xiy, X (t0))e)]-
By Taylor’s formula,

(X0, X(8) = F(65,, X (1) = f1(95,, X(O)(X: = 6],) + Rito, 1),
where X
Rito, 1) = /0 (1= ) (B, + (X — GE) (Xe — 3, X — OF,) du
Thus Es/(t — to) converges to 0 as t — to. We proved the lemma for the case the initial
function 7 is absolutely continuous and the initial value & is 1(0).

For any (n,Z) € V x R™, there exists a sequence of absolutely continuous functions

{nn} C V such that
Jim {9, —nlly = 0.

Define a sequence of linear approximation of (1, &) by

7(s) = 7771(5)7 -
nn( ) {f+n8(f—77n(5))7 _

|
3=

<
<

Sl 3

Then 7,, is absolutely continuous and

i ||(77,1(0)) = (1, )|y xcpm = 0.

Let X™ be the solution of SFDE (9.3) with initial function 7,, and initial value 7,,(0). By

above argument, the lemma holds for each n, i.e.,
Af(XY, X" () = SF(X], X™(1) + f2(X3, X7 () H (X[, X™(1))

d
+ %me (X7, XM E)GXP, XM (1)) © (G(X] X (1))e;)]-
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The proof is completed by letting n — oco. |}

We can extend the definition of A and S to f € CZ(T x V x R™). For t € T, let

ft(n, @) :== f(t,n,T). We define Af(t,n, %) = Aft(n, %) and Sf(t,n, %) := Sft(n, 7).

We can also prove the lemma by applying It6’s formula (Theorem 8.6) [22].

By It6’s formula (Theorem 8.6) and Lemma 9.3 we can express the operator S (hence A)
as sum of differential operators. We can also extend It6’s formula for SEFDE for any initial

value n € V. First we need to define the integral
0
fi(n, ©)(a) dn(a),
where n € V, f € CH(V x R™), f is the derivative of f with respect to the first variable.

It turns out the above integral is the same as Sf(n,Z). To see this, we first assume 7 is

absolute continuous and & = 7(0).

SFnn(0) = N (f(nf.7) ~ f(,5)/t
0 ne o) —n(a
— tiy [ o) = g
0 0
= [ hmn@)r(@)da= [ fi(n,n0(0)) dn(a),

Let 1, be defined by (9.5). Then

Sf(n7f) = nlgrolo Sf(nnann(o))

We define

0
< filn, @), dn >v= [ fi(n,T)(a)dn(a) = Sf(n, T). (9.6)

—-r

Since Sf is continuous, by (9.6), the following result holds:

%lig < fl(¢7 f)a d¢ >y =< fl(nvf)a dn >vo. (97)

Corollary 9.4 Suppose X (t) is the solution of the SFDE (9.3), and u(t) is defined by (9.4).

Under the same assumption as Theorem 8.6, if 0 < s < a,

Sf(s,Xs,X(s)) = <g—£(s,Xs,X(s)), dXs)y
b S XX )0 + L5, X X (DI (Wh). X ()]

where O4 and (ul)sX (s) are defined in the statements of Theorem 8.3 and Theorem 8.6,
respectively, and <g—7f7(s,X5,X(s))7 dXs)v is defined by (9.6).
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Proof Let

of
alt) = / L (s X, X(5)), dX.)v 9.8)
o On
By It6’s formula (Theorem 8.6) and Lemma 9.3, and the fact X (¢) is adaptive and D X (s) =

0 a.s., we only need to verify that for all ¢; < g,

lim E(Q(tz) —q(t1) F) = <3f

L, X0, X (0)), dX0, )y 9.9
talty t2 — tl an( 1, Aty ( 1))7 t1>V ( )

By the stochastic Fubini Theorem (Lemma 4.2) and the definition of segment integral,

q(t2) —q(t1) /_ t 8—£(S,XS,X(S))(a) dX (s + a)da
| / (5. Xy X())(@) (s o) dX (s + ) da

t2
+ / / 8—77(8,X5,X(s))(a)]{5+a>t1}dX(s+a) do
-Tr t1

J1+ Jo.

We can further decompose Js:
_ f
Jy = 8—77(57 Xo, X(8)) () [s4a>t,3v(s + ) ds da
—rJity

+ /7T /1 (s, Xs, X (s ))(Q)I{s+a>t1}u(s+a) dW (s + a) da

= Jo1 + Joo.
Let us consider the SFDE

t
r (Y, Y (s (Y,,Y(s))ds, t>t
Y(t) = {Hfh R e ' (9.10)

X(t), —r <t<ty,

where the the Brownian motion B vanishes on [—r,t1]. Hence (%(tl,th,X(tl))7 dX¢, v

can be defined by (9.6). We can see that

J1 of

lim E ty, Xe, X(t1)),dX 9.11
tglFltl (tg —t1| tl) <377( 15Nt ( 1))7 t1>V’ ( )
tl;fntl E(t2 —t |Ft,) =0, (9.12)

and E(J22|Ftl) =0. I
Note that if Ss, f(t,n,Z&) — S(f)(t,n,Z) as n — oo uniformly for n € V and ¥ € R™,
where ¢, = t/n. Then we can prove the It6 formula expressed using S (or A) directly ([22]).

Next we shall derive the Feynman-Kac formula for SFDE’s.
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Theorem 9.5 (The Feynman-Kac formula) Suppose g is a function defined on V- x R™. If

a function f € CZ(T x V x R™) satisfies the partial functional differential equation:

0 0
P md) = ST+ geltn DG0,7)
1L 92f
+ 528?(15777’ f))[(G(n>f)6J)® (G(%f)ej)],
j=1
with final value f(a,n,Z) = g(n, &), then
ft,n, %) = E(g(Xa, X ()| Xt =n,X(t) =17) V0 <t <a. (9.13)

The reverse is also true if we assume g € C*(V x R™).

Proof Without loss of generality we assume m = 1. If g € C?(V x R™), then f(t,-,-) €
C?(V x R™) for all t and f(-,n,%) € CY(T) for all (n,¥). By Itd’s formula (8.17)

f(t7 Xt; X(t)) - f(t(); Xtov X(tO))

t t
- [ %(MS,X(SMH/t0<g—£<s7XS,X<s>>7dXs>v
t 8 t 82
-/ O (s, X X(3)) dX (5) + [ (5, e, X(5))(0.) ds
t 82 t 82
+ / ng@,xs,){(s))[(uA)sX(s)] ds + / an(s,xs,X(s»[u(@szs] ds

t 02
VL 6, X X () [V X)(s) @ u(s)] ds,

+ Ly
22~ ), 022

By the property of Ito integral,

B[ 2o, ., X (0)uls) W ()X, =1, X () =) =0

Suppose equation (9.13) is true. If 0 < ¢ < t3 < a, by the Markov property of the segment
process [14],
E(f(tQa Xt27 X(tQ)) - f(t7 Xta X(t))|Xta X(t))
= E[E(9(Xa, X(a))| Xy, X(t2)) — E(9(Xa, X (a))| X, X (1)) X, X(2))]
= E[E(9(Xq, X(a))|Ft,) — E(9(Xa, X (a))|Fy)|F] = 0.

By Corollary 9.4, for (n,2) € V x R, the Feynman-Kac PDE holds.

On the other hand, we need to show that f satisfies the PDE implies

ft,n, %) = E(g(Xq, X(a))| Xy =0, X(t) =7) V0O<t<a.
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Fix 0 <ty < a. Define for all tg <t < a
q(t) == E(f(t, X¢, X (1)) |Fy)- (9.14)
We shall show that ¢(¢) is a constant a.s. on Fy,. If tg < t1 < t2 < a,
q(t2) — q(tr) = E[E(f(t2, Xuy, X (t2)) = f(t1, Xoy, X (01))[Fr)) [Fy]- (9.15)

Let Jy, Ja1 and Jag be defined in the proof of Corrolary (9.4). Then E(Jag|Fy, ) = 0. It is

easy to see that the following limits hold:

. J1 of
lim F Fi,) = (= (t1, X¢,, X(t dX 1
Jim (t2 —t1| ) <<977( 1, Xy, X (1)), dXe,)v, (9.16)
. Jo1 _
lim E( |Fy,) =0, (9.17)

tolty t2 — tl
Thus the right derivative of ¢

ta) —q(t
¢, (t1) = lim altz) —a(ty) _ 0 as. on F. (9.18)
talty to — 11
Thus the function ¢ is continuous and has continuous right derivatives. By a well-known

lemma ([23], P 239), ¢ is differentiable and hence a constant. We conclude that
q(to) = q(a) = E(f(a, Xa, X(a))|Fy,) = E(9(Xa, X(a))|F,) (9.19)
and complete the proof of the Feynman-Kac equation. |

Note 9.6 It is unclear whether we can assume a weaker condition on the boundary function
g than the condition g € C*(V x R™) in Theorem 9.5. Unlike the finite dimensional case,
it is hard to describe a “smooth” density function in an infinite dimensional space V' since

we can not define a Lebesque measure on V.

The functional PDE in Theorem 9.5 (the Feynman-Kac formula) can be solved numer-
ically using forward finite difference scheme. On the other hand, it can be solved using
Monte Carlo simulation (c.f. [7, 22]).

Because the Feynman-Kac equation is derived from a dynamic system with memory
driven by finite dimensional Brownian motions, the variation of 7 is governed by the forward
shift operator S. For example, suppose we try to solve the Feynman-Kac functional PDE
using finite difference scheme, the variation of the infinite dimensional variable 7 is ”finite-
dimensional” instead of ”infinite-dimensional”, as defined by equation (9.2). This behavior

is different than that of evolutionary equations.
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As an application of the Feynman-Kac formula, we shall derive the functional Black-
Scholes PDE under the SFDE setting. Suppose there is an European option on a portfolio of
m assets whose prices movement follow the SFDE (9.3). The pay-off function is g(X,, X (a))
when the option expires at t = a, where g € C?(V x R™). Note that this option is path
dependent if the function g is non-singular on the first variable. For simplicity, we assume
interest rate is zero. The value of the option at time ¢ is f(¢,n, %) = E(9(X4, X ()| X: =
7, X(t) = Z). From the Feynman-Kac formula, f(¢,n,Z) satisfies the functional Black-
Scholes PDE

0
~Hma = sfenn+ oL

d 52
+ %Z %(tm, DG, Z)e;) © (G(n, Dey)],

with final value f(a,n,Z) = g(n, Z).
This paper was inspired by the works of Mohammed ([13]), Nualart ([17]), Nualart and
Pardoux ([16]), in stochastic functional differential equations and anticipating stochastic

calculus.
Appendix A. Tensor products of Hilbert spaces.

Let Hy and Hs be two Hilbert spaces. We first consider the algebraic tensor product

space of all formal finite sums represented by

n

z= Z(% ®yi), x; € Hy,y € Hy. (9.20)
=1

We endow this space with the inner product

O (@wi@u), Y (s;@t)) =D > (@i, 5;)(wist;). (9.21)
=1 Jj=1 =1 j=1

The indices n; and ns may be taken to be same without loss of generality by adding zero
entries. Note that the inner product is independent of the tensor representation. We denote
this inner product space by H; ®9 Ha, and the completion of this space by H;®9H, under
the norm induced by the inner product. The n-fold tensor product H; ®s ... R9H, is defined
as the tensor product of H1®s ... ®9sH,_1 and H,.

Remark A.1 The inner product above induces a topology (e—topology) which is weaker
than the projective topology (m—topology) on H; ® Hs ([21] Section 43). If H; ® Hy is

endowed with the m—topology, we denote the space and its completion as H; ®; Hy and
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H, &1 Ho respectively. If 7y, 1o € Hy, then (c.f. [21] Proposition 43.11)

lIm @ n2ll2y = llm @ n2llqy = llm |l a, |1n2ll#, - (9.22)

Denote by Lz)(H) and Ly (H) the spaces of all Hilbert-Schimdt operators and trace
class operators on H, respectively. Clearly L¢y(H) = H&1H and Lz (H) = H®,H ([21]
Section 47). For every A € L;y(H), the sum

trace(A) := Z(Aen, en)H (9.23)
n=1

converges for every basis {e,} of H and independent of the choice of {e, }. We call trace(A)
the trace of the operator A. The function ||Al|(1) := trace(A) is a norm on L1y(H), with
respect to which this space is a Banach space.

Remark A.2

(1) The composition of two Hilbert-Schmidt operator A, B belonging to L) (H) is of trace
class.

(2) If H = L?(T) and A has kernel a(s,t), then A* has kernel af(t, s).

Lemma A.3 Suppose Il : —r = 50 < - -+ < s, = 0 is a sequence of partitions of [—r, 0],
with [|Ig|]| — 0 as k — oco. Denote J; = (s;—1,8;] and A; = s; — s,-1. I Y belongs to
V&1V and Y is symmetric, set Yy 1= I}2 o Qg2 (Y), then [[Yi[[(1) < [[Y|(1) and

Jm [[Ye =Yy =0.

Proof  We also use Y to denote the operator (of trace class) associated with kernel

Y =Y(s,t) on V. Let {¢,}52; be the normalized eigenvectors of Y, (||¢n||v = 1). Then

Y = 22021(}/7 ¢n ® ¢n)¢n & d)n and

Y, = Z(Y’ ¢n & ¢n)Ik2 o Q§k2 ((bn & ¢n)
n=1
= D (Vi ® ¢n) Ik 0 Qe (dn) ® I © Qe ().
n=1
Thus
Willy < D 1Y 60 @ o)l 0 Que ()13

3
Il
-

<

NE

(Y, dn @ du)lllnll} = (1Y 1] )-

3
Il
-

Fix € > 0, there exist N = N(¢) > 0 such that

> (Y60 @ 0a)l < 1.

n>N
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There exists K = K (e, N(e)) > 0, such that if £k > K, then

[[1r 0 Qsr (Pn) — dnllv < , foralln < N.

€
4lY |

If K > K, then

IN

IN

IN

1Ye — Yl
Z |(Y, d)n & ¢n)|||lk © Qg"(‘bn) ® I o Qg"(¢n) - d)n & d)n“(l)
n=1

D 1Y 60 @ dn) {1k 0 Qur(60) ® I 0 Qe (dn)l (1) + [ dn © Sulliay}

n>N

N
Z |(Y7 On ® qbn)l”‘[k o ng((bn) ® Iy o ng((bn) —Pn ® ¢n||(1)

n=1

N
2 (Vo @ )| + D 1Y 60 @ ¢0)|

n>N n=1

||(Ik © Qg"(¢n) - d)n) ® Iy o Qg" (d)n) + 0 ® (Ik o Qg" (d)n) - ¢n)||(1)
N
3 722|602l Qus(0n) = dully <.
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