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THE SUBSTITUTION THEOREM FOR SEMILINEAR
STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS'

SALAH-ELDIN A. MOHAMMED* AND TUSHENG ZHANG**

ABSTRACT. In this article we establish a substitution theorem for semilinear stochastic evolution equa-
tions (see’s) depending on the initial condition as an infinite-dimensional parameter. Due to the infinite-
dimensionality of the initial conditions and of the stochastic dynamics, existing finite-dimensional results
do not apply. The substitution theorem is proved using Malliavin calculus techniques together with new
estimates on the underlying stochastic semiflow. Applications of the theorem include dynamic char-
acterizations of solutions of stochastic partial differential equations (spde’s) with anticipating initial
conditions and non-ergodic stationary solutions. In particular, our result gives a new existence theorem
for solutions of semilinear Stratonovich spde’s with anticipating initial conditions.

1. Introduction. Statement of the substitution theorem.
The main objective of this article is to answer the following simple (but basic) question:

Given a non-anticipating stochastic partial differential equation with its initial condition as an
infinite-dimensional parameter, is it justified to replace the initial condition/parameter by an arbi-

trary random variable?

An answer to the affirmative for the above question is well-known for a wide class of finite-
dimensional sde’s via the substitution theorems in [Nu.1-2] and [M-S.2]). However, the existing
substitution theorems in ([Nu.1-2],[M-S.2]) do not apply to infinite-dimensional systems. There are

two serious obstructions to this approach:

e The substitution theorems are based largely on finite-dimensional selection techniques that
are known to fail in infinite-dimensional settings, as indicated by the failure of Kolmogorov’s
continuity theorem for infinite-dimensional random fields ([Mo.1-2], [M-Z-Z]) and the failure

of Sobolev inequalities in infinite dimensions.

e The infinite-dimensionality of the dynamics renders the conditions of the substitution the-
orems in [Nu.1-2] inapplicable (cf. Theorem 3.2.6 [Nu.1], Theorem 5.3.4 [Nu.2}).

Both obstructions are resolved using ideas and techniques of the Malliavin calculus together with

new global estimates on the semiflow generated by the spde (Section 2) ([Ma]). The use of Malliavin
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calculus techniques in this context seems to be necessitated by the infinite-dimensionality of the

underlying stochastic dynamics.

The difficulty in proving the substitution theorem for stochastic systems with memory was
pointed out by M. Scheutzow and one of the authors in ([M-S.1], Part II); but no rigorous proof
or counterexamples are known. The purpose of the discussion in [M-S.1] is to provide a dynamic
characterization of stable/unstable manifolds for stochastic systems with memory near hyerbolic

stationary states.

In work by Grorud, Nualart and Sanz-Solé ([G-Nu-S]) a substitution theorem for Stratonovich
integrals in Hilbert space is developed under the restriction that the substituting random variable
takes values in a relatively compact set in the Hilbert space. The substitution result in [G-Nu-S] is
obtained within the context of Hilbert-space-valued stochastic ordinary differential equations, using
metric entropy techniques. Cf. also [A-I], where the substituting random variable takes values in a

o-compact space.

In this article we establish a substitution theorem for semilinear spde’s for a large class of
infinite-dimensional Malliavin smooth random variables. We strongly believe that the techniques

developed in this article will yield a similar substitution theorem for semiflows induced by sfde’s.

We expect the results in this article to be useful in establishing regularity in distribution of

the invariant manifolds for semilinear spde’s.

In order to formulate our results, consider the following semilinear It6 stochastic evolution

equation (see):

(1.1)

du(t,z) = —Au(t,z) dt + F (u(t,z)) dt + Bu(t,z) dW (t), t>0
u(0,) =z € H }

in a separable real Hilbert space H.

In the above equation A : D(A) C H — H is a closed linear operator on the Hilbert
space H. Assume that A has a complete orthonormal system of eigenvectors {e, : n > 1} with
corresponding positive eigenvalues {u,,n > 1}; i.e., Ae,, = pnen, n > 1. Suppose —A generates a
strongly continuous semigroup of bounded linear operators Ty : H — H, t > 0. Furthermore, we
let F : H — H be a (Fréchet) C} non-linear map, that is F' has a globally bounded continuous
Fréchet derivative DF : H — L(H).

Let E be a separable Hilbert space and W (t),t > 0, be an E-valued Brownian motion
defined on the canonical filtered Wiener space (Q, F, (F;)i>0, P) and with a separable covariance
Hilbert space K. In particular, K C F is a Hilbert-Schmidt embedding. Furthermore, (2 is the
space of all continuous paths w : R — FE such that w(0) = 0 with the compact open topology, F is
its Borel o-field, F; is the sub-o-field of F generated by all evaluations Q 3 w — w(u) € E,u < t,

and P is Wiener measure on {2. The Brownian motion is given by

W(t,w) =w(t), we, teR,
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and may be represented by
W(t)=> WHt)fr, teR, (1.2)
k=1

where {fi : k > 1} is a complete orthonormal basis of K, and W* k > 1, are standard independent
one-dimensional Wiener processes ([D-Z.1], Chapter 4). Note that, in general, the above series

converges absolutely in £ but not in K.

Denote by Lo(K, H) C L(K, H) the Hilbert space of all Hilbert-Schmidt operators S : K —

H, given the norm
o 1/2
BT
k=1

where | - | is the norm on H. Suppose B : H — Lo(K, H) is a bounded linear operator. The
stochastic integral in (1.1) is defined in the following sense ([D-Z.1], Chapter 4):

Let v : [0,a] x Q — Lo(K, H) be (B([0,a]) @ F,B(L2(K, H))-measurable, (F;):>o-adapted
and such that / EHT/J(t)||%2(K7H) dt < co. Define
0

a '_00 a .
A¢wwwrgé¢wmmwm

where the H-valued stochastic integrals on the right-hand side are with respect to the one-dimensional

Wiener processes W*, k > 1. Note that the above series converges in L2(Q, H) because

;44vwmww%>=AEwwmmmﬁ<w

Throughout the rest of the article, we will denote by 6 : R x @ —  the standard P-

preserving ergodic Wiener shift on §2:
O(t,w)(s) =w(t+s)—w(t), tseR.
Hence (W, 0) is a helix:
Wty + to,w) — W(t1,w) = W(ta,0(t1,w)), t1,ta € R, we .

As usual, we let L(H) be the Banach space of all bounded linear operators H — H given the
uniform operator norm |- || (z). Denote by Ly(H) C L(H) the Hilbert space of all Hilbert-Schmidt
operators S : H — H, furnished with the Hilbert-Schmidt norm:

\wu=§?am@r7
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A mild solution of (1.1) is a family of (B(R") ® F,B(H))-measurable, (F;):>o-adapted
processes u(-,z,-) : RT x Q — H, x € H, satisfying the following stochastic integral equation:

t t
u(t,z,) = Ty + / T F(u(s,z, ) ds + / T, Bu(s,z,)dW(s), t>0,  (1.3)
0 0

(ID-Z.1-2).

The see (1.1) has the equivalent Stratonovich form

du(t,z) = —Au(t,z) dt + F (u(t,z)) dt — % i Biu(t,x) dt + Bu(t,z) o dW () (1.4)
k=1 :
u(0,2) =x € H

where By, € L(H) are given by By(z) := B(x)(fx), v € H, k > 1.
Condition (Aj):

Z M;l”B(en)H%g(K,H) < o0.

n=1
Conditions (As):
o0
(i) A~!is a trace class operator, i.e., Z b < oo.
n=1

(ii) Ty € L(H), t > 0, is a strongly continuous contraction semigroup.
Conditions (B):
(i) The operator B : H — Ly(K,H) can be extended to a bounded linear operator H —
L(E, H), which will also be denoted by B.
[ee]
(ii) The series kzl HBk”%(H) converges, where the bounded linear operators By, : H — H, k > 1,

are defined as in (1.4).

Remarks.
(i) Note that Condition (A;) is implied by the following two requirements:
(a) The operator B : H — Ly(K, H) is Hilbert-Schmidt.
(b) hnniio%f e, > 0.
(ii) Requirement (b) above is satisfied if A = —A, where A is the Laplacian on a compact

smooth d-dimensional Riemannian manifold M with boundary, under Dirichlet boundary

conditions.

(iii) Suppose A = —A where A is the Laplacian on a compact smooth d-dimensional manifold
with Dirichlet boundary condition. Then Condition (As) implies that d = 1. This follows
easily from the fact that j,, = O(n?/?) for large n ([T], Theorem 3.1, p. 89).

(iv) Unlike Condition (As), note that Condition (A;) does not entail any restriction on the
spatial dimension of the underlying spde.
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Under Conditions (B) together with either (A7) or (Asz), the see (1.1) (or (1.4)) admits a
perfect (B(RT) ® B(H) @ F,B(H))-measurable cocycle (U,0), U : RT x H x Q — H, with the
following properties:

(i) For each w € Q, the map R* x H 5 (t,z) — U(t,z,w) € H is continuous; and for fixed

(t,w) € Rt x Q, the map H > o+ U(t,r,w) € H is C .

(i) U(t+ s, w)=U(t,-0(s,w)) oU(s,-,w) for all s,t € RT and all w € Q.
(iii) U(0,z,w) =z for all x € H,w € Q.
For proofs of the above properties see ([M-Z-Z], Theorem 1.2.6); cf. [F.1-2].

An F-measurable random variable Y : Q@ — H is said be a stationary point for the cocycle
(U,0) if
Ut,Y(w),w) =Y (0(t,w))

for all (t,w) € RT x Q.

For any integer p > 2, denote by DY?(Q2, H) the Sobolev space of all F-measurable random
variables Y : Q — H which are p-integrable together with their Malliavin derivatives DY ([Nu.1-2]).

We now state the main substitution theorem in this article.

Theorem 1.1. Assume that the see (1.1) satisfies Conditions (B) together with either (Ay) or
(Az). Suppose F is C}. Let Y € DY*(Q, H) be a random variable, and U : Rt x H x Q — H be
the C1 cocycle generated by all mild solutions of the Stratonovich see (1.4). Then U(t,Y), t > 0,

is a mild solution of the (anticipating) Stratonovich see

o

dU(Y) = —AU(,Y)dt + F(U(t,Y)) dt — % B2U(L,Y)dt + BU(t,Y) o dW (1), t > 0,

k=1
U@©,Y) =Y.
(1.5)
In particular, if Y € DY4(Q, H) is a stationary point of the see (1.4), then U(t,Y) = Y(H(t)), t>0,

is a stationary solution of the (anticipating) Stratonovich see

dY (6(t)) = —AY (0(t)) dt + F (Y (6(t))) dt — % i BEY (0(t))dt + BY (6(t)) o dW (t),t > 0,
k=1

Y(0(0)) =Y.
(1.6)
Furthermore, assume that F is CZ. Then the linearized cocycle DU(t,Y) is a mild solution of the

linearized anticipating see
dDU(t,Y) = —ADU(t,Y)dt + DF(U(t,Y))DU(t,Y) dt
1 o
— §ZB£DU(15,Y) dt + {BoDU(t,Y)} odW(t), t >0, (1.7)

k=1
DU(0,Y) = idy ).
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In the subsequent sections we will detail the proof of the above theorem. In Section 2, we
begin by offering a series of estimates on the cocycle U (¢, x, -), its Fréchet derivative DU (¢, x,-) and
its Malliavin derivative DU (¢, x,-). These estimates-interesting in their own right-will be used in
the proofs of the substitution theorem (Theorem 1.1) and its finite-dimensional version (Theorem
3.1). In Section 3, we prove a special case of Theorem 1.1 in case the random variable Y is finite-
dimensional (Theorem 3.1). This result is then used to give a detailed proof of Theorem 1.1 in
Section 4. Section 5 contains an alternative proof of one of the estimates in Section 2, using a
chaos-type expansion in the Hilbert space Lo(H). In Section 6, we show existence and regularity

of solutions for semilinear spde’s with anticipating initial conditions.

2. Moment estimates of the cocycle.

In this section, we develop new estimates on the non-linear cocycle U : Rt x H x Q — H,
its spatial Fréchet derivative DU(t,z,-) and its Malliavin derivatives D,U(t,x,-) for u,t € [0, a
and € H. The derivations are based on results in [M.Z.Z], Gronwall’s lemma and the fact that

W has independent increments.
As before, assume the notation and hypotheses of Section 1.

Let ®(t,w),w € Q,t > 0, be the linear cocycle associated with the see (1.1). That is for
each z € H, ®(t,-)(x),t > 0, is a mild solution of the linear see

(2.1)

do(t,-)(z) = —AP(t,-)(z) dt + BO(t,-)(x)dW (t), t>0
®(0,-)(x) =2 € H. }

Recall that (F;);>¢ is the filtration generated by Brownian motion W.

Define
V(t,w) :=®(t,w) =Ty, t > 0,w € Q.

Then V(t,-), t > 0, is the continuous Lo(H)-valued solution of the following stochastic integral
equation in Ly(H):

V(L) = /0 T, BV(s. ) dW(s) + /0 T, BT.AW(s), >0 (2.2)

Fix s > 0, and denote

A~

Vt,w) =V(t —s,0(s,w)), t=>s.

Then V is a solution of the following integral equation:
A t A t
V(t,-) :/ Ty BV (u,-) dW (u) +/ Ti BT, sdW (u), t>s. (2.3)

in Lo(H). See the proof of Theorem 1.2.4 in [M-Z-Z].

We will need the following Gronwall-type lemma:
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Lemma 2.1.

Fiza € (0,00). Let f,g:[0,a] xQ — R™T be non-negative (B([0,a))@F, B(R™))-measurable
processes and h : [0,a] x [0,a] x @ — R* an (B([0,a] X [0,a]) @ F, B(R"))-measurable random field
satisfying the following hypotheses:

(i) For a.a. w € Q and all s € [0,a], the paths f(-,w),g(-,w), h(-,s,w) are continuous on [0,al.
(ii) The process f is (Ft)ie[0,q)-adapted; and whenever 0 < s <t < a, the random variables h(t—
s, 8,+) are measurable with respect to the o-algebra generated by the Brownian increments

W(s2) —Wi(s1),s <s1 <sy <t

(i) E sup g(t,-) + sup E sup h(t,s,-) < oco.
0<t<a 0<s<a 0<Lt<la

Suppose that

t
£t < gt + [ bt = sos, 001+ £ ds (2.4)

0
a.s. for allt € [0,a]. Then sup f(t,-) is integrable and there exist positive constants K1, Ky such

0<t<a
that

E sup f(s, ) < Ky (2.5)

0<s<t

for all t € [0,al.

Proof.

Use Conditions (i), (iii), put ¢ = ¢’ in (2.4), and take sup to obtain
o<t <t

t t
swp f(t,)< sup glt')+ [ sup hus)ds+ [ sup hus)e sup () ds
Ogé’gt 0<t’'<a 0 0<u<a 0 0<u<a 0<s'<s (26)

a.s. for all t € [0, al.
For each integer N > 1, and any s € [0, a], define the events

Qs N = < sup f(s',-) < N).

0<s'<s

Since f is is (F)ie[o,a)-adapted, then Q, ny € F; for all s € [0,a], N > 1. Furthermore,
Qt,NgQS,Na SSt7N217

and
1Qt,N < 193,1\17 s<t, N=>1. (27)

Since f has a.a. sample-paths bounded on [0, a] (actually continuous), we have

U Qv =20 (2.8)
N>1
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for each s € [0, al.

Define

fN(ta‘) = Ssup f(t,7')'1QtN7 OStSCL,N21
0<t’'<t '

Clearly |fn(t,-)] < N as. and Efn(t,-)] < N for all t € [0,a] and all N > 1.

Now multiply both sides of (2.6) by 1gq, ,, use (2.7), take expectations, use hypothesis (iii)

together with the independence of sup f(s',-)-1g, , and sup h(u,s,-), to obtain
0<s'<s 0<u<a

t
Efn(t,) < K1 + KQ/ Efn(s,)ds, 0<t<a, (2.9)
0

for all N > 1. The positive constants K1, K5 in (2.9) are independent of N. By Gronwall’s lemma,
(2.9) gives
Efn(t,) < Kief?t, 0<t<a, (2.10)

for all N > 1. Letting N — oo in (2.10), using the fact that

lim fN(t7 ) = Sup f(tlv )
N —o0 Ogtlgt

a.s., and applying the Monotone Convergence Theorem, we get

E sup f(t',) < Ky
0<t'<t

for all 0 <t < a. This proves (2.5). O

Now consider the random integral equation
t
Ut z,-) = &(t, ) () +/ B(t — 5,0(s,))F(U(s,z, ) ds, t>0,z€H,  (211)
0

where F : H — H is C}} (as in Section 1).

Theorem 2.2.

Adopt the set-up of Section 1. Assume Hypotheses (B) and (A1) or (A2). Let U : RT x
H x Q — H be the cocycle generated by the mild solutions of the see (1.1). Fiz any a € (0,00).

Then the following assertions hold:

(i) The estimate

t.x.-)|?P
E sup M (2.12)
otz (1+zly)
holds for all p > 1.
(ii) Let F be of class C}. Then
E sup ||DU(t,z,-)||* < oo (2.13)
0<t<a

reH
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for all p > 1. In the above estimate, D stands for the Fréchet derivative of U in the spatial

variable x.
(iii) Let F be C%. Then
E sup ||D?*U(t,z,")||* < oo (2.13")

0<t<a
reH

for all p > 1.

Proof.
Assume Hypotheses (B) and (A;) or (Asg).
We will first prove the estimate (2.12). Fix any p > 1. By a simple application of Gronwall’s

lemma, (2.3) gives

E[ sup ||V (t — s,0(s, ))||L (H)] < 00 (2.14)

s<t<a

for any fixed s € [0,a]; and hence,

B s 00000 Fp | < 0 (215)

0<u<a

for each s € [0, al.

By (2.11) and the linear growth property of I, we get

wwaﬂ%gwwwmmuﬁ+cluww-< WMm0+W@%N”M8@uﬁ

a.s. for 0 <t < a,z € H, and C is a deterministic positive constant depending only on a. In
(2.16), divide both sides of the inequality by (1 + |z|3") and take sup to obtain

xeH
‘U(t7x7')‘2p /
sup —————45— <||®(¢ +C Dt
:cGEI (1+ ]wﬁf) H ( L(H) H ))HL(H)
U (s, @, )
_|_C/ Pt s 2.17
19— 5,006,y s0p (217
a.s. for 0 <t < a. Now set
|U(ta$7')|2p
t,) 1= sup —2 2 g(t,) = || D(t . h(t,s,-) = ||®(t,0(s ,
it = sup LT o) = [0 Hye b = 1906065 D
a.s. for 0 < s <t <a. Then (2.17) becomes
t
£(6) < g(t) + [ Bt =5 L+ s, ) ds (2.15)
0

a.s. for all t € [0, a].
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We will now verify that the processes f, g, h satisfy all the conditions of Lemma 2.1. First,
note that f, g, h are finite a.s. ([M-Z-Z], Theorems 1.2.4, 1.2.6). Secondly, the processes f, g, h(-, s)
are sample-continuous for each s € [0,a] ([M-Z-Z], Theorems 1.2.1, 1.2.2, 1.2.3, 1.2.6). Thirdly, the
process f is (F)tejo,q)-adapted. Fourthly, from (2.3), it follows that V(t,:) =V(t—s,0(s,) =
O(t — s,0(s,-)) — Ti—s is measurable with respect to the o-algebra generated by the Brownian
increments W(sy) — W(s1),s < s1 < so < t, and hence so is h(t,s,-). Finally, Hypothesis (iii)
of Lemma 2.1 is satisfied because of (2.15) and the measure-preserving property of #. Hence the

conditions of Lemma 2.1 are satisfied; thus (2.12) follows from (2.18). In fact, one gets

|l](t/’15')’2p < Kot

Kie (2.19)
; 2p
ostist (1 + |zl7)

for all t € [0, a] and some positive constants K1, Ko (depending possibly on a).

To prove part (ii) of the theorem, assume Hypotheses (B) and (As) or (A4;); and let F be
of class C}. Fix any p > 1. Take Fréchet derivatives with respect to z € H on both sides of the
random integral equation

Ut,z,w) = (t,w)(x) + /t Pt —5,0(s,w)F(U(s,z,w))ds, t>0,z€H, we.
0
This gives
DU (t,z,-) = ®(t,-) +/O O(t —s,0(s,-))(DF(U(s,x,-)))(DU(s,x,-))ds, t > 0.

As in the proof of part (i), observe that ®(¢t — s,6(s,-)) is measurable with respect to the o-algebra
generated by the Brownian increments W(ss) — W(s1),s < s1 < sy < t, while DU(-,z,-)) is
(ft)te[oﬂ]—adapted (and DF is bounded). Using this observation together with the above equation
and Lemma 2.1, one obtains
2
E sup ||DU(t,x, -)||LIEH) < 00.

0<t<a
r€H

This proves the first assertion in (ii) for all p > 1. The proof of the second assertion in (ii) follows

by a similar argument.

If F is C?, assertion (iii) of the theorem may be proved by an argument similar to the
above. [

The next theorem gives global spatial estimates on the Malliavin derivatives of the stochastic

semiflow U : Rt x H x Q@ — H and its linearization.



THE SUBSTITUTION THEOREM FOR SPDE’S 11

Theorem 2.3.

Assume the setting of Section 1. In the see (1.1), assume Hypotheses (B) and (A1) or (As).
Then the following assertions hold:

(i) Let u,t € [0,a]. Then V(t,-) € DV2P(Q, Ly(H)) and

B[ sup DV | < oo (2.20)

u<lt<a

for all p > 1.
(i) Suppose F is C}. Then for all p > 1, we have

DU(t,x, )3

E[ sup H’—:U’QI))H} < 00, (2.21)
A D)

where D stands for the Malliavin derivative.

(iii) Let F be CZ. Then

(2.21")

D, DU(t,z,-)||*"
E[ sup | ( 2)”@([{)}
o<u,t<a (1 ~|— |:L'|I_§))

reH

for all p > 1.

Proof.
Assume Hypotheses (B) and (A7) or (A3) throughout this proof.
We prove the first assertion in part (i) of the theorem. Let p > 1. Fix u € [0,a] and take

Malliavin derivatives in (2.2) to get the following stochastic integral equation in Lo(H):
t

D,V (t,-) = T_uBV(u,-) + Ty_u BT, + / T,_yBD,V(s,-)dW (s), t> u. (2.22)

u
Define the sequence of events

Qo n = < sup HDuV(s’,')Hi’;(H) < N)

u<s'<s

for u < s <a,N > 1. Now, from (2.22) and Proposition 7.3 in [D-Z.1], we obtain

2 2
Egﬁﬂmwuw&m4m4§mmwww£@+m

¢
_|_K3/u E[ sup ||DuV(S’7')||iI;(H)'1QS,N ds

u<s'<s

for all t > u.

Using (2.14) together with Gronwall’s lemma and the Monotone Convergence Theorem, the

above inequality implies (2.20).
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To prove the first assertion in (ii) of the theorem, let F' be C}l. Rewrite the random integral

equation
t
Ut,z,w) = ®(t,w)(z) —1—/ ®(t —s,0(s,w)F(U(s,z,w))ds, t>0,2€H, wel, (2.11)
0
in the form

Ult,r,w) = V(t,w)(:v)+Tt(x)+/0t[V(t—s,0(s,w))+Tt_s]F(U(s,m,w)) ds, t>0,z€ H,we

(2.23)
Taking the Malliavin derivative on both sides of (2.23), we get
t
DU (ta,) = DV (t:)(a) + [ DuVit = 500 ) (F(U(s,,) ds
0
t
+ / V(t—s,0(s,-)) +Ti—s|(DF(U(s,x,-)))(D,U(s,x,-))ds, t>0.
0 (2.24)

As in the proof of Theorem 2.2, observe that V(t—s,60(s,)), D,V (t—s,0(s,-)) are measurable with
respect to the o-algebra generated by the Brownian increments W(ss) — W (s1),s < s1 < s9 < t,
while U(-, x,-), DU (-, z,-) are (Ft)ie[o,a)-adapted. Using this observation together with (2.24) and
Lemma 2.1, one obtains

’DuU(tvwv ) 121?

Bl (1+ |z|7?)
zeH H

< 00, (2.25)

for all w € [0,a] and all p > 1. This implies (2.21).

Let F be C2. Then assertion (iii) of the theorem follows by a similar argument to the

above. [

3. Finite-dimensional substitutions.
Assume the notation and hypotheses of Section 1.

In this section, we will prove assertion (1.5) of Theorem 1.1 in the special case when the
random variable Y € DY4(€, H) is replaced by its finite-dimensional projections on H. The proof
of (1.7) (in this special case) is analogous to that of (1.5) and is left to the reader. Relation (1.6)

follows immediately from (1.5).

Recall that {e, : n > 1} is a complete orthonormal system of eigenvectors of A. For each
integer n > 1, denote by H,, := L{e; : 1 < i < n}, the n-dimensional linear subspace of H spanned
by {e; : 1 <i < n}. Define the sequence of projections P, : H — H,, n > 1, by

P,(z) := Z <z, ey, >ep, x€H. (3.1)
k=1

Define Y,, : Q@ — H,, by
Y, =PF,0Y, n>1. (3.2)
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Note that Y;,, — Y a.s..

The main result in this section is the following finite-dimensional substitution theorem
(Theorem 3.1). Note that the proof of this theorem still requires Malliavin calculus techniques,

largely due to the underlying infinite-dimensional semi-group dynamics in {T%};>¢.

Theorem 3.1. Assume all the conditions of Theorem 1.1. Then for each integer n > 1, (1.5) and
(1.7) hold when Y € DY4(Q, H) is replaced by Y,,. In particular,

1 o
dU(t,Y,) = —AU(t,Y,)dt+ F(U(t,Y,)) dt — 5 Z BU(t,Y,)dt + BU(t,Y,) o dW (t),t > 0,

k=1
U,Y,) =Y,.
(3.3)
for each n > 1.
Proof.
In this proof, we denote by C;,i =1,2,--- ,19, positive dterministic constants.
Rewrite (1.4) in its mild form
t 12t
U(t,z) = Ti(x) —|—/ Ti—sF(U(s,x)) ds — 3 Z/ T, «BFU(s,r)ds
0 1 /0
t
+/ Ti_sBU(s,x)odW (s), t>0. (3.4)
0

Using the fact that each Y,, € D¥*(Q, H,,) is a finite-dimensional random variable, we will

show that x in (3.4) can be replaced by Y,, to get

t 13t
Ut,Y,) =T(Y,) +/ Ty sF(U(s,Y,))ds — 3 Z/ T, BiU(s,Y,)ds
0 = 7o

t
+/ Ty BU(s,Y,) 0 dW(s), t>0,n>1, (3.5)
0

for each n > 1 (cf. [Nu.1], Section 3.3.2, [M-S.2]). To justify (3.5), it is sufficient to prove that the

random field .
/ T,_sBU(s,x)odW(s), =z € Hy,
0

has a version H,, x 2 — H satisfying

/t T;_sBU(s,x) o dW(s)
0

— /t T,_<BU(s,Yy) o dW(s) (3.6)
=Y, 0

n
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a.s. for fixed ¢t > 0. To prove (3.6), we will first establish some estimates on U(¢t,x),t >0, x € H .
Let x,2" € Hand t € [0,a]. Then (3.4) implies

B|U(t,z) = U(t,a")]* < C1|Ty(x) — To(2)[*?

2p

ey /0 (T, F(U(s,2)) — To_oF(U(s,2"))} ds

2p

+ C3E /0 T,—sB(U(s,z) — U(s, ")) dW (s)

t
< Cylo— /2P + 05/ EU(s, 2) — U(s, )27 ds
0
t P
+ Ce{ / E|U(s,x) — U(s,2")? ds}
0
t
< Cylz —2'|*P + 07/ E|U(s,x) — U(s,z")|*” ds.
0
Gronwall’s lemma implies
E\U(t,z) — U(t,2")|* < Cglx —2'|*?, x,2’ € H, t €[0,a. (3.7)
Fix 0 <t < a < oo, and define

Sm(x) : = /0 T, sP,BU(s,x) o dW(s)

N =

— /t Ty sPnBU(s,x)dW (s) + i /t Ty (P By)?U(s, %) ds (3.8)
0 0

k=1

for all z € H. Since each H,, is invariant under T3, ¢ € [0,a], then S,,(z) € H,, for all x € H.

Claim. Assume Condition (B) of Section 1. Fiz t € [0,a] in (3.8). Then there is a constant
Cy > 0 independent of m and t € [0,a] such that

E|Sy(2) — Sy (2')[?P < Colx — 2P (3.9)
for all z,2' € H and all m > 1.

Proof of Claim. Let x,2" € H and fix t € [0,a]. Assume Condition (B) of Section 1. Then

2p

t t
E‘ / Ty Py BU (s, 2) dW(s) — / T, Py BU(s,2') dW (s)
0 0

2p

<FE /0 Ty—sPnB[U(s,z) — U(s,2")] dW(s)

t
< 010/ T, Py B E|U (s, 2) — U(s, )| ds
0

t
<Cu [ EWU(s.2) ~ Uls,a)7 ds < Cualo — o',
0 (3.10)
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The series on the right-hand-side of (3.8) is absolutely convergent (uniformly in m) because of
Condition (B) and the a.s. estimates

/ Ty (P Bi)2U (s, m)|\ds<C’132HP BkH?/ U (s, ) ds

k=1

< vy / (sl ds- 3 1By
0 k=1

< Q.

Furthermore,

2p

Z/ Ty o(PmBy)?U(s, z ds—Z/ Ty_«(PmBy)?U(s,z') ds
k=

S 014{ i/ot HBkH2 {E|U(8,CL‘) — U(s,a:’)|2p}1/2p ds}2p
k=1

<Cis- Cs{ Z IIBk\|2}|x —2'|*? = Cy5)z — o'|P. (3.11)

k=1
Therefore (3.10) and (3.11) imply (3.9). This proves our claim. O

We next show that in (3.6), one can replace B by P,,B:

t
/ Ti_s P, BU(s,x) 0 dW (s)
0

t
:/ Ti_sP,BU(s,Y,) o dW(s) (3.12)
=Y, 0

a.s. for all m,n > 1.

To prove (3.12), write

t
/ T,_ 4Py BU(s, ) o dW (s) Z/ Ty s P BrU(s,z) o dW*(s), z € H. (3.13)
0
Let
N t
= Z/ Ty «PnBrU(s,z) 0o dW*(s), N >1, z € H, (3.14)
k=170

(for fixed m > 1). Then

N—oo

lim Ry (z Z/ Ty_ P ByU(s,2) 0 dW"(s) (3.15)
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in L2, because the series on the right-hand-side of (3.15) converges absolutely in L?(2, H,,). Also

for x, 2’ € H,
2p}1/2p>2p

E|Rn(x) — Ry(2))|* < (i {E‘ /Ot T, P, By, [U(s,x) —U(s,a")] o dW"(s)
< Cysle — 2P

were C15 is independent of m, N (by the proof of the Claim and Condition (B)).

Now apply Lemma 4.1 ([M.S-2], or [Nu.2], Lemma 5.3.1) to the sequence of random fields
{Rn(z) :x € H,}, N > 1. This implies the following limit in probability:

Jim {By(@)],_y } = <§2 /Ot T, yPnBpU(s,x) 0 de(s)>

=Y,
t
- / T, Py BU (s, 7)o dW(s) (3.16)
0 =Yy
We next show that, for each k& > 1, the following substitution rule holds:
t t
/ Ty P, ByU(s,z) o dW"(s) = / Ty P BLU(s,Yy) 0 dW*(s) (3.17)
0 =Y, 0

a.s. ([Nu.2], Theorem 5.3.3).

From (3.14), (3.15), (3.16), (3.17), and the finite-dimensional substitution theorem for
Stratonovich integrals (Theorem (5.3.4) in [Nu.2]), we get the following limits in probability:

=Y. = ngnoo {RN(xHr:Yn}

N t
= lim Z/ thstBkU(va) Ode(s)‘x:Y
0 n

N —o00

t
/ T;_sP,BU(s,z) o dW(s)
0

N t
= lim Z/ Ty_ P BpU(s,Y,) o dWF(s)

N—oo
0 t
:Z/ T, PnByU(s,Y,) 0 dW"(s)
k=10
t
- / Ty, P BU(s,Y,) 0 W (s). (3.18)
0

The last equality in (3.18) follows from the definition of the Stratonovich integral in infinite-
dimensions. This proves (3.12). Recall that

Sp(z) := /O Ty_ o P BU (s,2) dW (s Z/ Ty «(PmBy)?Ul(s, z) ds. (3.19)
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Define

S(zx) := /0 T,_sBU(s,x) o dW(s)

/ T,_sBU(s,z)dW (s Z/ T,_sBiU(s,z) ds. (3.20)
0
We will show that

lim S,,(x) = S(x) (3.21)

in probability for all z € H. Now, for every x € H,

lim PmB(U(s,m)) = B(U(S,l‘)),

m—0o0

|PmB(U(s, 1‘)) | < |B(U(s, 1‘)) ‘,
and

2p

t t
E / TtstBU(s,:c)dW(s)—/ Ti_sBU(s,x)dW (s)
0 0

2p

=F /t Ti—s(PynB — B)U(s,z)dW (s)
0

2p

=F /0 Ti-s{PynB(U(s,z)) — B(U(s,z))} dW (s)

< 016/0 E|P,B(U(s,z)) — B(U(s,x))|* ds (3.22)

a.s. for all m > 1 and all z € H. Then by the dominated convergence theorem, it follows that

t t 2p
lim E / Ti—s P BU(s,z)dW (s) — / Ti_sBU(s,x)dW(s)| =0, x¢€H.
Also, for each m > 1 and any x € H, we have
E|T,_o(P, onme—ﬂﬂ%U@mW
= BITs (P o B (U(s.)) - B (st)}\
<C17E| 'n © By, o Py, o By) ( ) oBkoBk)(U(s,:E))Fp

+ CisB|(Py 0 By o By) (UL(s, »—&ﬂm@m%
< Cyr||Bi||E| Pon (Bi (U (s, x))) = By (U(s,2)) |
+CISE|Pm(B13(U(S’:E))) _BE(U(Sax))‘Qp (3'23)
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and

|Ty—s (P 0 Be)*Ul(s,z) — T,—sBRU (s, z)|
< Cro[||Pm © Bi||* + || Bel*]|U (s, z)|
< 2C19||Bi|*|U (s, 2)| (3.24)

a.s.. The right-hand side of (3.23) converges to 0 a.s. as m — oo (for each fixed & > 1). Hence, by

(3.24), Theorem 2.2, the convergence of Z | Bx||* and the dominated convergence theorem, we
k=1
obtain

m—00

[e'¢] t o0 t
lim Z/ Ty (P 0 By)*U(s, x) ds:Z/ T,_ BiU(s,x)ds (3.25)
k=170 k=170

in L for all z € H.

Using (3.19), (3.20), (3.22), and (3.25), we get (3.21). By (3.21), we may apply Lemma
5.3.1 in [Nu.2] (Lemma 4.1, [M-S.2]) to get

lim S,,(Y,,) = S(Y,) in probability (3.26)

for each n > 1.
Using (3.26), we may let m — oo in (3.18) to get

t

= lim T,_sP,BU(s,Y,) o dW(s)

m—00 0

t

lim T;_sP,BU(s,x) o dW(s)

m—00 0

=Yy,

t
:/ Ti_sBU(s,x) o dW (s) . (3.27)
0 =Y,
Observe that
lim T; P, BU(s,Y,)=T;_sBU(s,Y,)

in L2([0,T] x Q).
Using a truncation argument, one can show that the process [0,t] > s — T;_BU(s,Y,) €
Lo(K, H) is Stratonovich integrable, and

t

t
lim Ti_s P BU(s,Y,) o dW(s) = / Ti_sBU(s,Y,) o dW(s). (3.28)
0

m—00 0
Details of the truncation argument are given in Section 3 (replacing B by P,,B). (Note that this

truncation argument does not depend on (3.28)). Combining (3.27) and (3.28) gives

/ I BUGs.z)edW(s)| = / T, BU(s.Y,) 0 dW(s). (3.29)
0 0

=Y,

This proves (3.6) and hence (3.5) holds.
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4. Proof of the substitution theorem.

In this section, we will complete the proof of the main substitution theorem (Theorem 1.1) in
Section 1. Our argument will appeal to the estimates in Section 2 on the cocycle U (¢, x),t >,z € H,
its Frechet and Malliavin derivatives DU (t, z), DU (t, ), respectively

Proof of Theorem 1.1. Assume that Y € DY4(Q, H), and the see (1.1) satisfies Hypothesis (B)
together with either (A;) or (A2). We will prove the equality (1.5) in Section 1. Equality (1.6) is
a special case of (1.5). The proof of (1.7) is similar to that of (1.5), and is left to the reader.

Fix t > 0 throughout this proof.
To prove (1.5) in Section 1, we will show that the anticipating process U (t,Y") satisfies the

Stratonovich integral equation
t 138t
Ut,Y)=T,(Y)+ / T,—F(U(s,Y)) ds — 3 Z/ T,  BU(s,Y)ds
0 =1 /0
t
+/ T;_sBU(s,Y) o dW(s). (4.1)
0

We start with the mild Stratonovich form of the see (1.1):
t 12t
Ut,z) =Ty (x) + / T,—sF(U(s,x)) ds — 5 Z/ T, «BiU(s,z)ds
0 i 70
t
+/ T;_sBU(s,x) o dW(s). (4.2)
0

Denote by L2 the class of all processes v : [0,t] x Q — H such that v € L2([0,t] x Q, H),

v(s,-) € DY2(Q, H) for almost all s € [0,¢] and E[fot fot | Duv(s, ) ||% duds] < co. We say that v
1,2

1o if there exists a sequence (§,,,v™) € F x L2 with the following properties:

belongs to L
(i) QT Q as m — oo,
(il) v = 0™ on Q.
We first show that the Stratonovich integral in (4.1) is well-defined. To prove this, it is sufficient
to verify that the process v(s) := Ty_ BU(s,Y),s < t, belongs to L;>> ([Nu.2], Theorem 5.2.3).
For any integer m > 1, let ¢, € CZ(R,R) be a bump function such that ¢,,(z) =1 for |z| < m
and ¢, (z) = 0 for |z| > m + 1. Define v"™(s) = v($)¢m(|Y|u), s < t. Clearly, v = v™ on
Q= {w : Y (w)|g < m} for each m > 1. Thus v is Stratonovich integrable if we can show that

v™ € Y2 for every m > 1. To see this, note first that the estimate

[0 (s)|g < C - sup \U(s,z)|u, s<t,
ol gy <m1

together with Theorem 2.2 (i) imply that v™ € L2([0,t] x Q) for each m > 1. On the other hand,

D™ (s) = Ty_sB[D,U(s,Y) + DU (5,Y)D, Y] (|Y 1) + Tt—s BU(5,Y ), (1Y |5)Du|Y |
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for all u, s € [0,t]. Therefore,

Duv™($)|ler < Cm - sup  [DyU(s,2) | + Cm - sup  |[[DU(s,2)[|1(m)[DuY |1
|| g <m+1 |z| g <m+1

+Cn - sup |U(s,2)|gDul|Y |, u,se€l0,t]. (4.3)
|z| g <m+1

Using the fact that Y € DY4(Q, H), Theorem 2.3 (ii) and Theorem 2.2 (i),(ii), it follows from (4.3)

that -
E[/ / |Duv™ ()% dsdu] < 0.
o Jo

Hence, v™ € %2 for each m > 1.

Next we prove that U(t,Y) satisfies the equation (4.1). For any integer n > 1, define
Y, := P, oY asin (3.2). Then by Theorem 3.1, we know that for every n > 1,

¢ 1. gt
U(t,Y,) =T(Y,) + / T, F(U(s,Y,)) ds — 5 Z/ T, BiU(s,Y,)ds
0 =10

t
—1—/ T,_sBU(s,Y,)odW(s), t>0. (4.4)
0
We wish to pass to the limit a.s. as n — oo in (4.4). To do this, first note the following easy a.s.
limits:
lim U(t,Y,)=U(tY)

t

lim Tt,sF(U(s,Yn)) ds = /t Tt,sF(U(s7 Y)) ds

nan;O—Z/Tt SBU(s,Y,) Z/ T,_ B2U(s,Y) ds.

Therefore, (4.1) will hold provided we show that
t

lim [ T, .BU(s,Y,)odW(s) = / T, BU(sY) 0 dW(s) (4.5)
0

n—oo 0

in probability.
To prove (4.5), we use the following truncation argument:
By the local property of the Stratonovich integral ([Nu.1]), we have
t t
| T BUG Y 0t ) = [ T BUG V)0 (Y1) 0 W (o)

on Qp, ={w: |Y(w)|g <m}, and

/ T, BU(s,Y) 0 dW(s) = / Ty BU(5,Y )b (Y |1) 0 dVV(s),
0 0
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on €, for any fixed m > 1. So, to establish (4.5), it is enough to prove that

t

lim Tt—sBU(SaYn)¢m(|Y|H)OdW(S):/0 Ti—sBU(5,Y )pm(|Y | 1) 0 dW (s) (4.6)

n—oo 0

in probability for each m > 1. To see this, fix m > 1 and let

gn(8) = T—sBU (8, Y,)0m (|Y ), 9g(s) :=T;—sBU(3,Y)om (Y1)

for all s € [0,t]. We first show that g = lim g, in L12. Since both g, (s) and g(s) are bounded by

C sup |U(s,z)|m, then by Theorem 2.2 and the Dominated Convergence Theorem, it follows
|z| g <m+1

that the sequence {g,}2°; converges to g in L%([0,a] x Q, Ly(K, H)) for each a € (0,00). Notice
that

Dugn(s) = thsB[DuU(Sv Yn) + DU(S? Yn)DuYn]gbm(‘Y‘H)

for all s € [0,t]. Since |Y,|g < |Y|g and |D,Y,|g < |D,Y |, we have

Dugn($)|ler < Cm - sup  [DyU(s,2) | + Crm - sup  |[[DU(s, 2)|| )| PuY |1
|z| g <m+1 |z| g <m+1

+Cp - sup  |U(s,2)|aDu|Y |u (4.8)
|zl <m+1
Applying Theorem 2.2 (i), (ii), Theorem 2.3 (ii) and the Dominated Convergence Theorem again,

we conclude that

T T
i E| [ [ 1Pu9u() ~ Duso) s = (49)
0 0

n—oo

For a given process v, recall the following notations from [O-P]:

(Div), = lim Dyu(s),

s—u—+

(D_v), = lim Dyu(s)

S—U—

(V0)u = (D40} + (D_0),

We now find the expressions (Vg,), and (Vg),. Replacing = by Y,, in (2.24), we obtain
DuU(s,Yy) = DoV (s,)(Y2) +/ DV (s — 1,6(1, ) (FU(L Yo, ) dl
0

+ / <V(s 100, + Ts_l> (DFWULY,, ) (DuU(1, Y., ) dl
0 (4.10)

By (2.22), we have
(D4V), = lim D,V (s,:) = BV(u,-) + BT,

s—u—+
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a.s.. Similarly, we obtain

(DLVa(B(1,w))a = lim DuV(s = 1.00,)
= BV(u—1,0(l,w)) + BTu_,

for a.a. w € Q. Thus, it follows from (4.10) that
(D4U)y(Yy) = [BV, + BT, |(Y,,) + / [BV(u—1,0(,-)) + BT, _J(F'(U(l,Y,,-)))dl
0

+/0 (V(u—l,&(l,-))+Tu_l>(DF(U(Z,Yn,-)))(DUU(Z,YH,'))dl

(4.11)
a.s.. Now taking limits as s — u+ in (4.7), we get
(Pign)u = Ti—uB(D1U)u(Yn) + DU (u, Yn ) Du Yo |om (Y | 1)
Ty BU (Y)Y 1) Dul ¥ L. (4.12)
Note that D,U(s,Y;) = 0 when u > s. Therefore, letting s — u— in (4.7) gives
(D—gn)u = Ti—uB[DU (u, Yo ) Do Yoo ([Y | 11) + To—u BU (4, Y3 )63, (Y | 1) D] Y| 11 (4.13)

Because of the continuity of the functions involved, it is easy to see from (4.12) and (4.13) that

= (V9)u = (D4 9)u + (D-g)u, (4.14)

where (D,g), and (D_g), are given by

(Pi9)u = Ti—uB(D1U)u(Y) + DU (4, Y )DuY [ (Y | )
+ T BU (0, Y) ¢y, (IY | 11) Dl Y |11,

and
(D-9)u = Tt—uB[DU (v, Y )D, Y9 (|Y | 1) + thuBU(uvY)(ngn(’Y’H)fDu’Y’H-

Now, (4.9) implies that
t

lim [ go(s)dW(s) = /0 o(s) AW (s)

n—oo 0

in probability, where the stochastic integral is the Skorohod integral. Therefore, (4.6) (and (4.5))

will hold, and hence the theorem, if we can show that

t t 1t /
/0 gn(s) o dW (s) = /0 gn(8)dW (s) + 5/0 (Vgn)sds, n>1, (4.15")
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and
t t 1 t
/0 g(s) o dW (s) = /0 g(s)dW (s) + 5/0 (Vg)s ds (4.15)

a.s.. We will prove (4.15). The proof of (4.15)" is very similar. It seems difficult to verify the
known sufficient conditions in the literature for proving (4.15) (cf. [Nu.1] and [Nu.2]). Instead, we
will prove (4.15) from first principles, using approximations by Riemann sums. Following [Nu.1],
choose any partition 7 = {tp =0 < t; < ... < t,,_1 < t, =t} of [0,¢], with mesh ||, and introduce

the following step process:

gr(r) = f %(/}:Hl g(s)ds) Ity 00 (r), 7 €[0,1].

5= ZO M%t ( / 9(s) ds) (W (tis1) — W(E:)):

From the definition of the Stratonovich integral, it follows that

lim S™ :/0 g(s) o dW (s)

|| —0

whenever the above limit in probability exists. On the other hand, by (3.4) in [Nu.1], we have

i1 tit1
S7 / s)dW (s +Z / D,g(s) duds

Since lim g™ = g in L»? (see [Nu.1]), then

|| —0

z+1_t

lim [ g7(s)dW(s) = /O o(s) AW (s)

|7|—0 Jo

in probability. So, to complete the proof of (4.15), it remains to show that

n—1 it+1 tit1 t
lim 7/ Dug(s )duds—/ (Vg)sds.
0

‘77|_’0 7fz—‘,—l —t

To simplify the notation, set

n—1 t. t.
1 i+1 i+1
1™ := 7/ / D.g(s)duds
; biv1 — Ui Jy, t; ug(e)

Split I™ into two integrals,

n—1 1 tit1 u
1" = 7/ du/ Dug(s)ds +
; tiv1 —ti Jy, t; wgls ZE:

tit1 tit1
Pp— / du D.g(s)ds.
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Denote the first and second term on the right-hand-side of the above equality by 1™ and 1117,
respectively. Write,

n—1

1 tH—l u
I = Z P— / du/ T,—sB[DU(5,Y)D,Y | (|Y 1) ds
ti—i—l —t t;

tit1
+ Z du Tt SBU(s,Y)¢. (Y |1)Du|Y |1 ds.
— Z+1 _ t m

We will prove that

n—1 1 tit1 u
|7r11102m/t du/t, Ti—s B[DU(s,Y)DuY ¢ (|Y | 1) ds
=0 K
1 st
= 5/ T wB[DU(u,Y)D,Y | (Y | 1) du (4.17)
0
and
. n—1 1 tit1 m /
iﬁfogm/t du/ti T,_«BU(5,Y)¢., (IV|g)Dul|Y | ds

t
- %/ Ty~ BU(u,Y) ¢, (Y | ) Du|Y | 1 du. (4.18)
0

We will prove (4.17). The proof of (4.18) is very similar. Rewrite the left-hand-side of (4.17) in the

form

Z:_: tiv1 — b /LH du/ Ti—sB[DU(s,Y )DuY|pm (Y |1) ds
—Z — / [0 BIDU YYD 00V ) - T BIDU (Y DY Yo (V1))

+Z z+1_t /z+1(u_tl)TtUB[DU<U7Y)DuY]¢m(’Y‘H)du (419)

Since the sequence of functions

- ti)I(tmtiH](u) eR,n>1,

converges weakly to the constant function 1 in L?([0,¢],R), then

n—1

m Z%/M(u—ti)TtuB[DU(u,Y)DuY]qu(\Y]H)du

Im[—0 =g tiv1 — b

N —

/U t T,_ o B[DU (1, Y)DyY ] (Y |11) du. (4.20)
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For a given partition 7 := {tg = 0 < t; < ... < tp_1 < t, =t} of [0,¢] , and any u € (¢;,t;11],
denote

uTT =, uT =t
We now estimate the first term of (4.19) as follows

n—1

Ztﬂ%t h dU/ {T—sBIDU(5,Y)DuY ¢ (Y |11) — Ty—u BIDU (u, Y) Dy Y | (|Y | ) }ls
< Z/t i+1 ﬂ§2p< {|IT;—sB[DU(8,Y)D,Ybum (|Y 1) — Ti—u B[DU (u, YY)D, Y] (|Y | )|} du

=/ sup  {|Ti—s B[DU(s,Y)DuY]om (Y 1) — Tr—u B[DU (4, Y )DuY | (Y | 1)} du.
0 u™ <s<u (4.21)

By the continuity of T;_sBDU(s,Y) in s € [0, ], we see that

lim sup {‘Tt s [DU(S’Y)DuY]¢nL(’Y‘H) - thuB[DU(uvY)DuY]¢m(‘Y’H)‘} =0

|| —0 gym— <s<u

for any fixed u € (t;,t;41], 0 < i <n — 1. On the other hand,

sup  {|Ti—sB[DU(s,Y)DyY ¢ ([Y ) — Ty—u B[DU (u, Y )Dy Y| (IY [ 1) [}

uT™ <s<u

<2 sup ||T,—sBIDU(s,Y)||[DuY [om (Y | )

0<s<t

a.s. for all u € [0,¢]. Applying the Dominated Convergence Theorem, we see that the right side of
(4.21) tends to zero as || tends to 0. Thus, (4.17) follows from (4.19) and (4.20). This gives the
a.s. limit

1 t
lim 117 = 5/ Ty W BDU(u, V)8 (|V |1 DY | du
| — 0

1 t
+i/ﬂw£UwaMWMﬁMYmm- (4.22)
0

To treat I1I™, write it in the form

n—1 tiv1 tit1
1T — 27 du Ty—sB[D,U(s,Y) + DU(s,Y)DyY]dm(|Y | 1) ds
tz+1 —t

tz+1 tz+1
+Z m—t / du/ T, sBU(s,Y)o. (Y1) Du|Y | 1 ds. (4.23)
We will prove that
n—1 L+1 tit1
|7r‘rilozt+l_t / / T,_«B[D,U(s,Y) 4+ DU(5,Y)D,Y]|bm(|Y | 1) ds
1
=§/T WBIDLU)L(Y) + DU YD Y] (Y|i)du  (4.24)



26 S-E.A. MOHAMMED AND T.S. ZHANG

and
n—1 it+1 tit1
lim 7/ du/ Ty, sBU(s,Y)¢,, (|Y |z)Du|Y | ds
‘77|_’0 tz—i—l
1/t ,
= 3 Tt,uBU(u,Y)qu(\Y]H)Du\Y\H du. (4.25)
0

The proof of (4.25) is similar to that of (4.24). We will complete the proof of the theorem by
proving (4.24). To do this, consider

S

/LH du/w T,_B[DLU(s,Y) + DU (s,Y)DuY b (|Y | ) ds

i+1 —
- Jl + J2 ;
where
n—1 1 tit1 tit1
=3 ﬁ/ du[/ (Ty_oB[DLU(s,Y) + DU(s, Y)DuY]ém(|Y 1)
o vl T e Jty U
—Ti—uwB[(DLU)(Y) + DU (u,Y)D, Y| (Y | ) }ds
and
n—1 1 tit1
T / (tisr — WT)wB(DsU)u(Y) + DU (u, YD Ybm(|Y |ir) du
i=0 Ut vt

As noted before, the sequence of functions

[0, t] BUHZ

1 — t H—l - U)I(ti7ti+1](u) €ER
t;

converges weakly to the constant function 1 in L%([0,¢],R). Therefore,
1 t
|h‘m0 Jy = 5/ Ti—uB[(D+U)y(Y) + DU (w, Y )D,Y | (|Y | ) du. (4.26)
™| — 0
Now we show that JT tends to zero as |r| — 0. First note that

¢
|JT] §/ < sup +{]Tt,sB[DuU(S,Y) + DU(s,Y)D, Y] (|Y | 1)
0 u<s<u™

T, B{(DyU)u(Y) + DU, Y)DuY1¢m<|Y|H>|}> o
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Furthermore, there is a positive random constant C' such that

sup {|Tt—sB[DuU(57 Y) + DU(Sv Y)DuY]¢m(|Y|H)

u<s<uTt

— Ty B(DLU)u(Y) + DU (u, Y )DY 16 (Y | )|}
<2 sup {|T;—sB[D,U(s,Y) + DU(s5,Y)DuY ¢ (|Y | 1)]}

u<s<t

< Ol sup [DLU(s,Y)| +[D,Y]] (4.28)

u<ls<t

a.s.. Let h(u,a) := sup |D,U(s,Y)|. Replacing x by Y (w) in (2.24), there is a positive random
u<ls<a
constant ¢ such that

t
h(u, a) gcm( sup [PV (s, -)|+/ sup HDuV(s—l,H(l,-))Hdl>
0

u<ls<t u<s<t

e f " sup V(s — 00 |+ [ Tomtl Vi, 1yl
0

1<s<a
a.s. for all a € [0,¢]. By Gronwall’s inequality, the above inequality implies

¢
h(u,t) < c\Y|< sup ||D,V (s,-)|| +/ sup ||D.V (s — l,9(l,-))Hdl> X
0

u<ls<t u<ls<t

cexp( [ sup (IV(s = 00Dl + ITil ),

1<s<t

Using the above estimate and Theorem 2.3 (i), it is easy to see that

/t(i}(u,t))2 du < 0. (4.29)
0

By the definition of (D,U), the integrand in (4.27) approaches zero as |1| — 0 for any fixed w.
Applying the Dominated Convergence Theorem, it follows from (4.28) and (4.29) that

lim JT = 0. (4.30)

|7|—0
This together with (4.26) implies (4.24). The proof of equality (4.15) is now complete. [

5. Alternative proof of Theorem 2.3 (ii).

In this section we give an alternative proof of the estimate in Theorem 2.3 (ii). This proof
is based on a chaos-type expansion in the Hilbert space Lo(H). The argument we present is of

independent interest.

Proof of Theorem 2.3 (ii).
In the see (1.1), assume Hypotheses (B) and (A1) or (Az). Suppose F is C}. In this proof,

C will denote a generic positive constant which may change from line to line.
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Recall the equation
t
DLU(t,") = DVt )(x) + / DLVt — 5,0(s,))(F(U(s,,))) ds
0
t

+ /0 [V(t—s,0(s,-)) + Ti—s](DF(U(s,x,-)))(D,U(s,x,-)) ds,

for u € [0,a], a € [0,¢], ¢t > 0.
Fix any p > 1. Set

DU, )i
h(u,t) := sup ———2"H 4>,
(w.8) = sUp = )

From (2.24) it follows that there are positive constants M, C such that
t
h(u,t) < MDDV ()| o) + C/ DLV (t = s,0(s, )l Loy ds
0

t
o <||v<t 5,005, i) + 1)h<u, S)ds, ¢30.
0
Define '
g(u7 t) = MHDUv(t7 )HLz(H) + C/O ”DuV(t - S, 0(87 ))HL2(H)dS

and
L(s,t) == |[V(t — 5,0(5, )| Loy +10< s <t

Iterating the inequality (5.1) n times, we obtain

(2.24)

n t S1 Sk—1
h(u,t) < g(u,t) + Z C’k/ L(sy,t)dsy / L(s2,s1)dsy -+ - / L(sg,Sk—-1)9(u, sk) dsk + Rpy1,
0 0 0

k=1

where

t S1 Sn
Ryt = ontl / L(sy,t)ds; / L(s2,s1)dsg - - - / L(8n11,8n)h(ty Spt1) dSpi1
0 0 0

1 n+1
< C’"H( su L(us,u > - sup h(u,s) —0
~ (n+1)! OSugSI’I)AlSt (2, 1) OSuSPSSt (t2)

almost surely as n — oo. This implies that

o] t s1 Sk—1
h(u,t) < g(u,t) + Z C’k/ L(sy,t)dsy / L(s2,s1)dsg - - - / L(sk, Sk—1)9(u, s )dsg
0 0

k=1 0

Next we estimate E[(h(u,t)??]. First observe that

EK/O Lontdss [ Blomsnyasa [ Llswseonte Sk)dsk>2p]

2p—1
< </ dsk...dsl> X
0<sp<...<s1<1

X / E[L(s1,t)* L(s2,51)% - - L(sg, Sx—1)°Pg(u, 51,)°P] dsy, - - - ds.
0<sp<...<s1<1

(5.2)

(5.3)
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Since L(s;,s;—1) is measurable with respect to the o-algebra Fs, 5, , = o{W () — W(s;) : | €
[si,8:—1]} and W has independent increments, it follows that the random variables

L(Sla t)2p7 L(527 31)2p7 e aL(Sky Sk—1)2p7g(ua Sk)2p
are independent for 0 < s, < ... < s1 < t. Hence,

E[L(s1,t)?PL(s2,51)% - - - L(sk, sx—1)*Pg(u, s1,)*"]
= BE[L(s1,t)*"|E[L(s2,51)°"] - - - E[L(sk, sx—1)*|E[g(u, sx)*"].

Therefore, (5.3) gives

t S1 Sk—1 2p
E</ L(sq, )dsl/ L(SQ,Sl)dSQ"‘/ L(sg,sk-1)9(u, sk)dsk>
0 0 0

tk tk:_le: t
< ——2>b E P14 A4
< i ) Flae sl (5.4)

where

M;:= sup E[L(uz,u;)*].
0<uz<u; <t

Combining (5.2) with (5.4), we arrive at

(El(h(u, )% < (El(g(u,t/]) % fj (5 1Mk> ([ Elotws ) (>0

k=

Hence,

D
Esup|Ut$ ] /E h(u,t)?"]d

zer (1+ |zf3F
< C{/O Elg(u, t)2"] du + /Ot /OtE[g(u7 $)?P] du ds}, t > 0. 55

We show now that the right side of (5.5) is finite. It is easy to see that
t t
V(t—s,0(s,-)) = / T: BV (l —s,0(s,-))dW(l) + / Ty BT,_s dW(1).
Thus D,V (t — s,0(s,-)) =0 for u & [s, t]; and for u € [s, ],

t
DVt — 5,0(s,-)) = / T, BDLV (1 — s,60(s, ) dW (1)
+ T BV (u—s,0(s,-)) + Ti— oy BTy—s.
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By the It6 isometry we get

t t l
[ BP0, D it < € [ [ BT D 5,006, ) )
t
+c/ BTy BV (u — 5,005, )2 )| du
+c/ BTt BT |2 ) du

This implies that, for any 7" > 0,

t t l
[ EUDY 5006 D b < 04 [ [ BUDLVA = 5,005, DI )

and all t € [0,T]. By Grownwall’s inequality, we have

[ EIDVE 5,005, ) < € (5.6

for all ¢ € [0,T]. Now,

| Elatuoiran < c / 122V 6 ldu+ € [ [ BIDLY (5006, g d

So it follows from Theorem 2.3(i) and (5.6) that the right side of (5.5) is finite, which completes
the proof of (2.21). O

6. Anticipating semilinear spde’s.

As a corollary of Theorem 1.1, we show existence and regularity of solutions to a semilinear
Stratonovich see with anticipating initial conditions. The proof is essentially a reformulation of the

corresponding argument for Theorem 1.1. It is not clear whether the solution of (6.1) is unique.

Corollary 6.1. Assume that Conditions (B) together with either (A1) or (As). Suppose F is C}

and let Y € DY4(Q, H) be a random variable. Consider the following anticipating semilinear see

dv(t) = —Av(t)dt + F(v(t)) dt + Bu(t) o dW (t), t > 0,} 61)

v(0) =Y.

Then the anticipating semilinear see (6.1) has a pathwise continuous (B(R1)®F, B(H))-measurable
mild solution v : RT x Q — H with the following properties:
(i) v(t) € DY*(Q, H) for all t > 0.
(ii) ts[Lép]E\Dv(t)ﬁ[ < oo for all a € (0,00).
€0,a

(i1i) sup |v(t,w)|lg < K(w)[1+ |Y(w)|g] for a.a. w e Q,

te[0,qa]
where K is a random positive constant such that K € L?P(Q,R*) for all integers p > 1.
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Proof.
Assume all the conditions of the corollary.

In (6.1), replace the initial condition Y by a deterministic vector z € H. Then with this

replacement, (6.1) is equivalent to the semilinear It6 see

1 [o@)
du(t,z) = —Au(t, ) dt + F(u(t,z)) dt + 3 > BiU(t,z)dt + Bu(t,z)dW (t), t > 0,

1 (6.2)

u(0,z) = .

Set
1 oo
Fo(u) := F(u) + +§ ,;1 Biu

for all u € H. By Condition (B), it is easy to see that Fy: H — H is Cl. Therefore the (adapted)
see (6.2) satisfies all the requirements of Theorem 1.1. In particular, its mild solutions generate a
C' cocycle Uy : Rt x H x Q — H. Moreover, the cocycle Uy satisfies all the estimates in Section
2 (Theorem 2.2 (i),(ii), Theorem 2.3 (ii)). Now set v(t,w) := Up(t,Y (w),w) for all t > 0, w € Q.
Using the substitution theorem it is not hard to check that v is a mild solution of (6.1) which

satisfies all the estimates in Corollary 6.1. [

Remark.

A similar result for anticipating stochastic ordinary differential equations in a Hilbert space
H is given in ([G-Nu-S], Theorem 4.4) under the restriction that the initial random variable takes
values in some relatively compact set in H. Cf. also [A-I] where the substituting random variable

takes values in a o-compact space.
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