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Explicit Feedback Linearization of Control Systems

Issa Amadou Tall

Abstract— This paper addresses the problem of feedback
linearization of nonlinear control systems via state and feedback
transformations. Necessary and sufficient geometric conditions
were provided in the early eighties but finding the feedback
linearizing coordinates is subject to solving a system of partial
differential equations and had remained open since then. We
will provide in this paper a complete solution to the problem
(see the companion paper where the state linearization has been
addressed) by defining an algorithm that allows to compute
explicitly the linearizing state coordinates and feedback for any
nonlinear control system that is truly feedback linearizable.
Each algorithm is performed using a maximum of n — 1 steps
(n being the dimension of the system) and they are made
possible by explicitly solving the Flow-box or straightening
theorem. A possible implementation via software like math-
ematica/matlab/maple using simple integrations, derivations of
functions might be considered.

I. INTRODUCTION AND PRELIMINARIES

N the late seventies and early eighties the problem of

transforming a nonlinear control system, via change of co-
ordinates and feedback, into a linear one, has been introduced
and is known today as feedback linearization. The feedback
classification was applied first to linear systems for which a
complete picture has been made possible. The controllability,
observability, reachability, and realization of linear systems
have been expressed in very simple algebraic terms. A
crucial property of linear controllable systems is that they
can be stabilized by linear feedback controllers. Because of
the simplicity of their analysis and design; because several
physical systems can be modeled using linear dynamics,
and due to the observation that some nonlinear phenomena
are just hidden linear systems, it is thus not surprising that
the linearization problems were (and still are) of paramount
importance and have attracted much attention. Uncovering
the hidden linear properties of nonlinear control systems
turns out to be useful in analyzing the latter systems though
some global properties might be lost during the operation. To
give a brief description of the linearization problems we will
start first by recalling some basic facts about linear systems.

A. Linear Systems

We consider linear systems of the form

AL i=Fr+Gu=Fz+ )Y Gu,,
: i=1

y=Hzx
where x € R”, Fz and Gy, ..., G, are, respectively, linear
and constant vector fields on R™, Hx a linear vector field on
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RP, and u = (u1,...,Uy,)" € R™. To any linear system A
we attach two geometric objects: (a) the controllability space

C, =span[G FG --- F"'(]

as a nx (nm) matrix whose columns are those of the matrices
FF=1G,k=1,...,n, and (b) the observability space

O, =span[H' (HF)" --- (HF"1)T]T,

as a (np) x n matrix whose rows are those of the matrices
HFk1k =1,...,n. The system A is controllable (resp.
observable) if and only if dimC,, = n (resp. rank O,, = n).

By a linear change of coordinates £ = T'x and a linear
feedback ©w = Kx + Lv, where T, K, and L are matrices of
appropriate sizes, T and L being invertible, the system A is
transformed into a linear equivalent one

1~\ . { .f = f‘:—’i‘ + é’U,
"\ y=Hz

with FZ = T(F + GK)T~', G =TGL and H = HT .

It is shown in the literature [1], [6] that the dimension of
C,, and the rank of O,, (hence the controllability and ob-
servability), are two invariants of the feedback classification
of linear systems. The problem of feedback classification
for linear systems A is to find linear state coordinates
w = Tz and linear feedback v = Kx + Lv that map A into
a simpler linear system A. It is a classical result of the linear
control theory (see, e.g., [1], [6]) that any linear controllable
system is feedback equivalent to the following Brunovsky
canonical form (single-input case):

A, :w=Aw+bv,w € R",v € R,

where
0 1 O 0 0
0 0 1 0 0
A= : : : P b= :
0 -~ 0 --- 1 0
o 0 0 --- 0 1

In the case of multi-input linear control systems we can find
m

positive integers p; > +-+ > pm, > p; = n (called control-

=1
lability, Brunovsky or Kroneckerzindices) such that Apg, is

a cascade of single-input linear systems AL ... AT :
iB7. s = Ayw; + bivg, w; € R v; € R,
with A = diag {A1,..., A} and b = diag {b1,...,bn}.

For a complete description and geometric interpretation
of the Brunovsky controllability indices we refer to the
literature [1], [3], [4] , [5], [6], [10] and references therein.
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B. Nonlinear Systems and Feedback Linearization Problem.

Consider a smooth (resp. analytic) control-affine system

+Zgz

around an equilibrium (z,, u.), that is, f(z.)+g(zc)u. = 0.
We assume that f, g1, ..., g are smooth (resp. analytic) and
(e, ue) = (0,0) € R™ x R™ or simply f(0) = 0. Let

b= f(#)+§(@)v +Zgz

be another smooth (resp. analytic) control-affine system. The
systems X and ¥ are called feedback equivalent if there exist

= o)
F'{u = a(z)+ p(x)v

a transformation that maps 3 into f], that is, such that

o [ @) (F@) +g@a) = Fo)
(PD’“{ do(x) - (9(x)B(x) = §((x)).

We will briefly write I' = (¢, o, 8) and put T, = 3. When
Y and ¥ are state equivalent we simply write ¢, = 3.
The following two problems were considered in the late
seventies and early eighties by Krener [7], and Brockett [2].
Problem 1. When does there exist a local diffeomorphism
w = ¢(x) defining new coordinates w = (wy,...,w,)" in
which the transformed system ¢, takes the linear form

Nk =f(z)+g(x)

Ju;, x € R"

Yo, & € R"

m
A:w:Fw—FGu:Fw—FZGiui, weR", ueR™?
i=1
Problem 2. When did there exist a (local)feedback transfor-
mation ' = (¢, a, §) that takes ¥ into a linear system

m
A:szw—FBv:Aw—Fwai, weR veR™?

i=1
When Problem 1 (resp. Problem 2) is solvable, then the
system X is called state linearizable, shortly S-linearizable
(resp. feedback linearizable, shortly, F-linearizable). Prob-
lem 1 was completely solved by Krener [7] and Problem 2
partially by Brockett [2] for m = 1 and [ constant. A gen-
eralization was obtained independently by Hunt and Su [3],
Jakubczyk and Respondek [5], who gave necessary and suffi-
cient geometric conditions in terms of Lie brackets of vector
fields defining the system. Indeed, attach to X the sequence
of nested distributions D' € D? C --- C D", where

Dk:{ad‘}gi, 0<qg<k—1, 1§i§m},k:1,...,n
with ad(}gi = g; and adlfgi =[f, adlf_lgi] forall [ > 1.

Theorem I.1 A control system ¥ : & = f(x) + g(x)u is
locally equivalent, via change of coordinates w = ¢(x) and
feedback v = a(x) + B(x)u, to a linear controllable system
A= Aw + bu if and only if

(FI) dim D™(z) =n

(F2) D"~ 1 is involutive, that is, [D"~*, D"~1] C D"~ 1,

FrB04.3

If the transformation I' = (¢, «,3) linearizes X, then
(PDEs) should hold with f(¢(z)) = Ad(z), §(¢(x)) = B.

Although the conditions (F'1) and (F'2) provide a way of
testing the feedback linearizability of a system, they offer
little on how to find the feedback linearizing group I" except
by solving (PDE's) which is, in general, not straightforward.
Indeed, for the single-input case, the solvability of (PDFESs)
is equivalent of finding a function h with h(0) = 0 such that

Lg(h)=0, LyLy(h)=0, ..., LyL}~?(h)=0, Ly L’} =" (h)#0,

where for any vector field v and any function h, L, (h)=
ghv( ) is the Lie derivative of h along v. We propose here
to give a complete solution to problem 2 without solving the
partial differential equations. We will provide an algorithm
giving explicit solutions in that case. Recall that we have
previously obtained explicit solutions for few subclasses
of control-affine systems, namely strict feedforward forms,
strict-feedforward nice and feedforward forms, for which
linearizing coordinates were found without solving the corre-
sponding PDEs (see [11], [12], [14]). Indeed, for those sub-
classes we exhibited algorithms that can be performed using
a maximum of @ steps each involving composition and
integration of functions only (but not solving PDEs) followed
by a sequence of n 4 1 derivations. What played a main
role in finding those algorithms were the strict feedforward
form structure, that is, the fact that each component of the
system depended only on higher variables. In this paper we
consider general control-affine systems for which we provide
a feedback linearizing algorithm that can be implemented
using a maximum of n steps. This algorithm is, in part,
based on the explicit solving of the flow-box theorem [15]
and differs completely from those outlined in [11], [14] (see
also [8], [9]). In what follows we will address only the single
input case. We first recall the following well-known result.

Theorem L2 A control system ¥ : & = f(x) + g(x)u is
locally F-equivalent to a linear controllable system if and
only if it is S-equivalent to the feedback form

Z = Jf1(21722)
22 = f2(2’1, z2, 2’3)
(FB)
2.:77.71 = fn,1(217...,2n)
Zn = fu(z1,ooy20) + gn(z1, .- 20)u.

The proof of Theorem 1.2 is straightforward and can be
found in the literature (e.g. [3], [4] [5], [10]). Let f =
(fisoeosfn) §=0(0,...,0,9,) and h( ) = z. It follows
that the feedback transformatlon r & ((b, Q, B) defined by
w = ¢(z), u=a(z) + 3(z)v, where

01(2) = h(2), d2(2) = L(h), ..., dn(2) = L (h)
L7 (h) . 1

A S B an 2)=———

2= Ll () 4 86) Lyl ()

brings (F'B) into the Brunovsky canonical form Ap,..
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II. MAIN RESULTS: F-LINEARIZABLE SYSTEMS

Below we give our main result, that is, an algorithm allow-
ing to construct explicitly feedback linearizing coordinates.
Consider ¥ : & = f(z) + g(zr)u and let 1 <k <n — 1.
We say that ¥ is in (F B)y-form, and we denote it 35, if
in some coordinates xy = (X1, .- .,Xkn), it takes the form

Xkj = Pk, Xkey1), f 1< <k
Xikt1 = Furp1(Xua, .o Xikt2)
EFB .
k .
Xkn—1 = Fkn—l(xkla cee ann)
Xkn = Fkn(xk17~-~7xkn) +U,

where k& = k. For simplicity we chose the coefficient of the
control input u to be 1 but this is not a restriction. We have

Theorem I1.1 Consider a linearly controllable system
Y= f(x)+g(x)u, x e R", u e R.

Assume it is F-linearizable (let ¥ = SEB and x £ xn).
There exists a sequence of explicit coordinates changes
On(Xn); Pn-1Xn-1),...,02(x2) that gives rise to a se-
quence of (F B)y-forms ZEBD SEB, . 5B such that for
any 2 <k < n we get XEB, = (¢ ). 2EB.
Moreover; in the coordinates z = ¢2(x2) the system Y.

(actually Y¥B) takes the feedback form (FB).

A direct consequence of this result is the following corollary.

Corollary I1.2 Consider a linearly controllable system %
and assume it is F-linearizable. Then X is linearizable by
the feedback transformation w = ¢ o (), u = @ (d(x)) +
B(p(x))v, where z = ¢(x) is the diffeomorphism taking
S into the feedback form (FB), and T = (¢,é, () the
transformation taking (F B) into to the Brunovsky form Ap,.

The proof of Theorem II.1 follows from the algorithm below.

A. Feedback Linearizing Coordinates: (F £)-Algorithm.

Consider 3 : @ = f(z) + g(x)u, x € R", v € R and
assume it is F-linearizable. Applying a linear feedback z =
Tx,u = Kx + Lv, if necessary, we assume that %(O) =A
and g(0) = b, where (A, b) is the Brunovsky canonical pair.
The algorithm below consists of a maximum of n — 1 steps.
Step 1. Set ¥ £ ¥FB and 2 £ x, = (Xn1,.--,Xnn) .
Apply Theorem IL.2 ([16]) with v = g(x) to construct a
change of coordinates z = ¢(x) such that ¢, (g)(z) = 0., .
If we denote x,_1 = z and ¢y, = ¢, it thus follows that the

change of coordinates X, 1 = ¢n(%y) takes 5B into
knfll = Fllfll(XYIfll? cee ;anln)
Xn—12 = Fp_12(Xn-11,---;Xn—1n)
ZFB
n
Xn—-1n-1 = Fn—ln—l(xn—lla oo 7xn—1n)
Xn—1n = anln(xnflla cee aanln) + u.

Remark that this first step is independent of whether ¥ is
F-linearizable or not. It depends only on the fact that the
vector field g is nonsingular, and hence, can be rectified.

FrB04.3

Step n — k. Assume that a sequence of explicit coordinates
changes ¢, . . ., ¢k+1 were found whose composition x, =
P41 0 0 Pn(xn) takes LEB into the (FB)y-form

EFB XK = Fk(Xk) + bu, xx € R",

where (recall that k& = k)

P (X1, - Xihr1), 1<j<k
ij(Xk): ij(Xkl,...,ij+1), k+1§j§n—1
ij(xkl,...,xkn), j:n.

Once again reset the variable 2 = x) and denote ZEB simply
by ¥ : & = f(z) + g(z)u with g(z) = b and

) _ fj($1,...7 1§j§k
fj(x)_{fj($1,.--7 kE+1<j<n,
where the last component f,, depends only on z1,...,x,.
We showed in Section IV (IV.1) that there exist smooth func-
tions ©(x) = O(x1,...,2Tk41), Fj(x) = Fj(x1,...,2) and
vi(z) = vj(z1,...,xx) for 1 < j <k such that

filz, ..., =Fj(z)+vj(x)0(x) 1 <j<k

with ©(0) = ajj@i -(0) # 0. This and the fact that
9%c_(0) # 0 imply vx(0) # 0. Define the nonsingular

61k+1
vector field

l‘k+1),
Tjt1),

Thi1)

v1(2)0y, + -+ vi(2)0s, € RF.

Apply Theorem II.2 ([16]) to construct a change of coordi-
nates z = ¢(z1,...,7x) € R¥ such that ¢,(v)(z) = 9.,.
Extend such change of coordinates in R™ (still called ¢) by

v(z) =

z = ¢($) = (¢1($)7 ey (bk(x)?xk-‘rla e axn)T~
The inverse z = 1(z) = ¢ !(z) is also obtained by
Theorem I1.2 ([16]). Clearly, the inverse is of the form
z=1(2) = (Y1(2), .., Uk(2), 2kt 1,2 Z0) |

The change of coordinates transforms the system X into

$:2=f(2)+§(2)u= ¢ f(2) + dug(2)u,

where ¢,g(z) = (0,...,0,1)T and
f(z) = duf(z) = Zas*(fj (21, 811)0, )
5 be(filen ).
j=k+1

It is easy to see that the second term is equivalent to

> o (fiene )i )= 3 S0,

j=k+1 j=k+1

The first term rewrites

k

< filx ” T1ye..,2k)0g,

2 o(fi(@)0,) = m( S, k), )

+z¢*( (@)@, .. 2)0%,)

k
2 (2155 28)02, + O(1(2)) 0,
- (IL.2)

(IL1)
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We deduce from (II.2) that the first kK —1 components depend
only on the variables zj,...,2; and the kth component
depends on zq,...,25+1. In the other hand (II.1) shows
that the jth component (j = k + 1,...,n) depends on the
variables z1,...,2;41. We thus conclude that

- fiz,nz),  1<j<k-1
fiey =1 ¥ Do=Is
filz, . z54), kE<j<n,
where the last component fn depends only on 21, ..., 2,.

Denote xi_; 2 z and ¢ = ¢. Thus the change of

coordinates Xx_1 = ¢k (xy) brings the system EEB into
Xk-1; = Fx—1;(Xk-11,---,Xk—1k)
if1<j<k-1
SFB_ Xk—1k = Fro1e(Xk—11,- - Xk—1k+1)
Xk-1n-1 = Fk-1n-1(Xk-11,- -, Xk—1n)
Xk-1n = Fko1n(Xk—11,- - Xk—10) + U
This completes the induction an the algortihm;
consequently, we can construct a sequence

(bn(xn)» ¢n71(xn71)7 cee
changes whose composition z = ¢g0---
original system 3 into the (F'B) form.

B. Summary of Algorithm. Start with a system

Y:i=f(x)+g(x)u, x e R", ueR.

, 02(x2) of explicit coordinates
0 ¢n(xn) takes the

Step 0. Normalize the vector field g — g = (0,...,0,1)7

and apply a linear feedback to put the linearization in

Brunovsky form (not necessary but very recommended).

Step n — k. If the condition
2 f]

of;
(f£k+1):>ak+177 ( )ax

, 1< <k

fails (y,—k(2z) not the same for first k¥ components) then
system is not feedback linearizable and algorithm stops.

If (F£ky1) is satisfied, then decompose the first & com-
ponents fq,..., fi as following (see (IV.1))

fil@s, . = Fj(z) + vj(2)0(z) 1 < j < k.

Apply Theorem II.2 ([16]) to construct a change of coordi-
nates z = ¢(x) € R™ to rectify the nonsingular vector field

Thy1)

v(z) = v1(2)0p, + 4+ Vk(2)0z, +0-0p +- - +0-0g,,

that is, such that ¢.(v)(z) = 0,,. Compute ¢,X the
transform of precedent system. Repeat Step n — k for k =
n—1,...,2. End if system is in (FB) form or algorithm fails.

III. EXAMPLES

Example ITI.1 Consider a single-input control system

.’tl $2(1 +.’Lg)
Sii=f(z)+g(@)us iy = w3(1+x1) — 220
3 = 21+ (1+x3)u
with f(z) = (z2(1 + 23), 23(1 + 21), 1) and

g(x) = (0, —x2,1 + LI}3)T.

FrB04.3

We first rectify the vector field g(z). Put v(z) =
ply Theorem I1.2 ([16]) with n = 3 and o3(x) = 1+1: ,
Ory + Opy. Since v; = 0 and v(z) =

g(x ) and ap-
thus

o3V = _1+x3 —Zx2,
we have ¢1(x) = x; in one side, and
219 9 6o
Loy - 2, -2
swlo92) = e Bow(own2) = =0
in the other, and recurrently
—1)%slay
L3 (o) = ST
nsu( 3 2) (1+.’L‘3)s
It follows that
2y = —x3+z SLZB,}(Udyg)( Y=x2(1 4 23).
To calculate ¢3(z), notice that
2
Ly, =——— — and L% = —.
3 (03) (1+.%‘3)2 an o3 ( ) (1+$3)3
Thus a simple recurrence shows that
—1)57 (s —1)!
L Yo (—, for s > 1
031/( 3) (1+.’E3)S =

which implies

- Z/<1+1‘3) < fxs>/dx3
*/1+ —das =

We apply the change of coordinates

In(1 + x3).

21 = 1,22 = w2(1 + 23), 23 = In(1 + x3)

to transform the original system into

. 2’1 = Z9
2= f(2)+9(2)u 2 {2 = (1+ 21)e*(e® — 1) + 2120€™ %
Z3 = z1€” %3 4 u.

The system is in (F'B)-form and can be put into the linear
Brunovsky form Apg,. : Wy = weo,ws = w3, w3 = v via

w = h(z)=xn

we = Lfit(z) = 29

wg = L?jL(z) = (14 z1)e*(e*s — 1) + 2129 *3
v o= Li’ﬁ(z) + LgLf;lAz(z)u

The composition of the two-step changes of coordinates and
feedback gives linearizing coordinates for the original system

wy = I1
Wy = :L‘g(l +{E3)
w3 = .%‘3(1 + $1)(1 + .’173) + x122
v = 2o(1 4+ 23) (22 + 23 + 23) + 21 (1 + 21)(1 + 323)
—|—[(1 + Il)(l —+ Ig)(l —+ 2I3) — iEll'g]U
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Such linearizing coordinates and feedback could have been
obtained by other methods. We want to point out that the
method is applicable to all feedback linearizable systems.

Example IIL.2 Consider a single-input control system
2

i’l = T2 — I,
L s ) d2 = x4+ 20374 + 2240
Y:i=fx)+g(x)us s = a2
iy = 21 +23+u
with f(x) = (22— 22, 24+ 22314, 22,01 +22) T and g(x) =
(0,224,0,1) 7. This system is not feedback linearizable as it

can be checked that [g, adrg] ¢ span {g,adrg} . We want to
show that the algorithm provides such information without
having to compute the involutivity of the distributions.

We first start by rectifying the control vector field g.
Identify v = g(z) with o4 = 1. We calculate the component

3324-2
= m-i-z

Since v1, v3, v4 are constants, then ¢ (z) = x1, ¢3(x) = w3,
and ¢4(x) = 4. The change of coordinates z; = x1,29 =
X9 — X3, 23 = 13,24 = 14 takes the system into

dolw) = CU L ) )

$4Lg Y2z (x) = zo — 273

21 = 29
- : . Sy = 24— 2 22224 — 223
O O T S
z3 = Zl
2 = zn1+ 224w

where § = (0,0,0,1)" and

f(2) = (22,24 — 22124 + 22224 — 223,22 21 + 22) 7.
Clearly,
d »*Pf
ai (0,1-22,+222—623,0,224) ", aTJ; = (0, —1224,0,2)
0% =mok 1< <3 ails

The algorithm ends: the system is not F-linearizable.

Example IIL.3 Consider the single-input control system [4]

1 = e*?u
Yidg=fx)+glxuzl 9 = 1+ 23 +e2u
ig = X1 — T2

with f(x)=(0,z1 + 23,21 — x2) " and g(x)=(e*2,e%2,0)".
We first rectify the vector field g(«). Denote v(z ) = g(x)
and apply Theorem I1.2 ([16]) with n = 3 and o5 (z) = e~ *2,
hence oav = 0y, + Oy,. Since vz = 0, then ¢3(z) = x3.
Because L3 ! (oov1) = 0 for all s > 2, we obtain

ooV
+§:

2%0’21/1)( ) =1 — T2.

D - ) (o911 ()

o2V

21 =¢1(x) =

FrB04.3

To compute ¢o notice that L5} (d2) = Le=2 for all

s > 2. It thus follows that

(~1)~

s (_1)s+1 s

= ¢o(z) = ZT

o2V
s=1
X s
Ty _ _
= E —?e T2 =1-—e"",
St
s=1

The change of coordinates
z=¢(x) = (x1 — T2, 1 — e %2, 23) "

whose inverse ¥ = 1(2) = (z1—In(1—22), — In(1—22),23) "
can be obtained directly or by applying Theorem I1.2 (ii) (see
[16]), takes the original system into

= —2 +In(1—23) — (In(1 — 29))?
,%2 = (1—=29)[z1 —In(1 — 23) + (In(1 — 29))?] + u
zZ3 = Z21.

A permutation of the variables z; = 23,25 = 21,23 = 29
yields a system in feedback form
Z o= %
(FB) 2:2 = —22—"-111(1—23)
23 = (1 — 23)[22 — ln(l — 2’3)

that can be linearized by

(ln(l — 23) 2

)
(In(1 — 23))*] + u

w, = 21
w, = 22
wy = —Z+In(l—23) — (In(1 — 23))?

v = wg.

We thus deduce that the change of coordinates

wp = X3
wy = T1 — T2
ws = —T1 — ZL’%

v = —2mo(xy +23) — (14 2x2)e™2u

Tbrings ¥ into Brunovsky Ap, : i1 = wa, Wy = w3, W3 = v.

Notice that such change of coordinates was given in [4].
However, the system was coupled with the given output y =
h(z) = x3 which made finding them straightforward.

IV. APPENDIX

Below we establish an equivalence between the involu-
tivity conditions of Theorem I.1 and a sequence of easily
computable conditions (F£,),...,(F£1) each stating the
fact that the second derivative of f with respect to some
variable is proportional to its first derivative with respect to
the same variable. This constitutes the core of the algorithm.

Simple Involutivity Conditions.

Consider the system ¥ : & = f(x) 4+ g(z)u and assume

without loss of generality that g(x) = (0,...,0,1)" and
fi(z) = fi@e, . apgn) 1<5<k
! fj(.r1,...,$j+1) E+1<j<n,

where 1 < k <n—1 and f, depends only on x1,...,T,.
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Claim: [f the following distributions

DI (z) = span {g(x)adfg(x) ce adgflg(x)} ,1<j<n

are involutive, then there is a function v, _j. such that

2f af;
£ L = ,1<j<k
(Fbunn) = 5o = s g, 1<)
Moreover, functions O(z) = O(z1,...,Tk41) and Fj(z) =
Fi(z1,...,x) and vj(z) = vj(z1,...,2y) exist such that
fi(, . apg) = Fj(@) + v5(2)O(2) 1< j <k (AV.D)

with ©(z) depending exclusively on ~y,_i(x).
Proof: Remark that the vector field f can be written as

k
.’E) = ij(.’bl,...7
j=1

and that the function © given above is independent of j; oth-
erwise the decomposition (IV.1) would have been trivial. For
any 1 < j < n denote by A7 = span {9y,_,.,,.-., 0z, }
the module generated over the field of smooth functions,
that is, each element of A7 is a linear combination of the
vector fields 0, ., ., 0z, whose coefficients are smooth
functions. We first verify easily that

8fnfl afn _
oz, oz, 0z, = pn—1(2)0,,_, +Un—1(z)

where fi,—1(z) = —% and ¥,,_1(x) € A'. An induction
argument implies that for any 1 < j <n —k — 1 we have

adfg—,un J( )axn ]+19n J( )

1'k+1)ax].+ Z fj(il'h ey

j=k+1

xj+1)amj

adrg = — Oy

n—1__

(-1)7 ) L and U,,_j(z) € AJ. In
L 5., n—j :

particular for j =n — k — 1 we have

where p,—;(z) =

ad?—k—lg = pik41(2) 0y, + Dpg1()

where ¥4 1(z) € A"~*~1 The Lie bracket with f gives
k
ad?fk 2_3 [fy(xh s Tk41)0z; s ket 10244, +19k+1}
+ E |:fj ('Tlv D) xj-‘rl)al'j ) Mk+16wk+1 + ﬁk+1:|
j=k+1
~ _of;
= - IOy + Uy,
Prer1(z 22: Drin J k
where Jy(z) € A" F = span {0411+ 0p, }. This is

due to the following facts:

@) ad;f»*kflg e A"k,

(i) fi(a1,... 2j01)0s, € AP, k+1<j<m
(ii1) [f] (Ih s 7zk+1)amj ) Anik] = fj(')[aﬂc;aAnik];
(iV) [An—k7An—k] C An—k.
A simple calculation shows (using items (i)-(iv)) that

e 32f
[adf J
k+1

k

n—k—1
ad’} g}: b2 (x Z

O ;T ng(x),

FrB04.3

where J;, € A"% = span {00ys1s--2 02, )
The involutivity of D™~ *+1 1mp11es that

Z(Sn,jad?_]g

= 5n—kad?_kg +Jy,

ad}hkg, ad}“kilg] =

for some smooth functions &g, d1,...,0p—k-
Comparing the two Lie brackets it follows that

k k

D f df;

8 = " J

Mk+1 E (%Hl —(Hk+1)0n—k - E aka 5
that is, the condition
d*f; df;
£ S L, 1<j<E.
(f k'“'l) :> axi+1 ’Y k( )ax ]

Notice that v,,—x = Yn—k(Z1,...,2k+1) depends exclusively
on the variables 1, ...,%x41 since the components f; de-
pend only on such variables. A double integration shows that
there exist functions F;(z) and v;(z), 1 < j <k such that

fj(xl,..., :Fj<{1}1,... .’L‘k)@(.’l))

where

Tri1 t
O(z) = / exp (/ Y-k (X1, ... ,xk7s)ds) dt
0 0

depends exclusively on +,_j but not on the components.
This achieves the proof of the claim.

.’L‘k+1) ,xk)—i—uj(acl,...,
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