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State Linearization of Control Systems: An Explicit Algorithm

Issa Amadou Tall

Abstract— In this paper we address the problem of lineariza-
tion of nonlinear control systems using coordinate transforma-
tions. Although necessary and sufficient geometric conditions
have been provided in the early eighties, the problem of finding
the linearizing coordinates is subject to solving a system of
partial differential equations and remained open 30 years later.
We will provide here a complete solution to the problem
by defining an algorithm allowing to compute explicitly the
linearizing state coordinates for any nonlinear control system
that is indeed linearizable. Each algorithm is performed using
a maximum of n — 1 steps (n being the dimension of the
system) and they are made possible by explicitly solving the
Flow-box or straightening theorem. The problem of feedback
linearization is addressed in a companion paper. A possible
implementation via software like mathematica/matlab/maple
using simple integrations, derivations of functions might be
considered.

I. INTRODUCTION

N the late seventies and early eighties the problem of

transforming a nonlinear control system, via change of
coordinates (and feedback), into a linear one has been
introduced and has ever since been referred as linearization
(feedback linearization). Of course linear systems constitute
the first class of control systems to which feedback classi-
fication was applied and a complete picture made possible.
The controllability, observability, reachability, and realization
of linear systems have been expressed in very simple alge-
braic terms. Another crucial property of linear controllable
systems 1is that they can be stabilized by linear feedback
controllers. Because of the simplicity of their analysis and
design; because several physical systems can be modeled
using linear dynamics, and due to the observation that some
nonlinear phenomena are just hidden linear systems, it is
thus not surprising that the linearization problems were
(and still are) of paramount importance and have attracted
much attention. Uncovering the hidden linear properties of
nonlinear control systems turns out to be useful in analyzing
the latter systems. The downside of linearization is that
some important properties of a nonlinear system, like global
controllability, might be lost by the operation. To give a brief
description of the linearization problems we will start first by
recalling some basic facts about linear systems. We consider
linear systems of the form

A t=Fz+Gu=Fx+ Y, Gu;,
: i=1

y=Hzx
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where x € R", Fz and Gy, ..., G, are, respectively, linear
and constant vector fields on R", Hx a linear vector field
on RP, and u = (ui,...,un)’ € R™. To any linear
system A we can attach two geometric objects, namely, the
controllability space

C, = span [GFG . F"flG]
and the observability space
O, =span [H (HF)T ... (HF*)T]".

The system A is controllable (resp. observable) if and only
if dimC,, = n (resp. dim O,, = n). By a linear change of
coordinates £ = T'xz, where 1" is an n X n invertible matrix,
the system A is transformed into a linear equivalent one

i { rerra G
y=Hz

with F = TFT', G = TG and H = HT~'. The
controllability space C. and observability space O,, of the
system A are related to those of A by C, = TC, and
0,, = 0, T~'. Thus the dimensions of C, and O,, (and
consequently the controllability and observability) are two
invariants of the state classification of linear systems. The
problem of classification of linear systems via state trans-
formation is to find a linear change of coordinates ¥ = T'x
that maps A into a simpler linear system A. In what follows
we will address only the single input case except otherwise
stated and we will ignore the output. The general case of
multi-input systems will be addressed in another paper. It is
a classical result of the linear control theory (see, e.g., [1],
[6]) that any linear controllable system is state equivalent to
the following form:

&

Wy = Awy + we
wWe = Agwiy + w3
Ay: = Ayw+bu 2 (I.1)
Wp-1 = Ap—_1W1 + Wy
Wy, = Apwy + u,
where
A 10 0 0
A 01 0 0
Ay = e . and b= :
Ao 00 - 1 0
A 0 0 -~ 0 1
If \y =--- =\, =0, the matrix A, is simply denoted by A

and the system A is called Brunovsky canonical form Ap...
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A. Equivalence and State Linearization Problem.

Consider a C'*°-smooth control-affine system of the form
k= f(z) +g(e)u,

around the equilibrium that we assume throughout to be
(0,0) € R™ x R, that is, f(0) = 0. Let

Y &= f(@) +g@)v, TR

rzeR"”

be another C'*°-smooth control-affine system. The systems
Y. and X are called state equivalent if there exist coordinates
change & = ¢(z) that maps ¥ into 3, that is, such that

{dcﬁ(x)'f(ﬂc) = f(6(x))
do(z) -g(x) = g(o(x)).

We will briefly write ¢, = . In the late seventies Krener
[7] described, in terms of their associated distributions,
necessary and sufficient conditions for two systems X and
¥ to be state equivalent. He then derived as a corollary the
answer to the following problem.

S-Linearization Problem. When does there exist a diffeo-
morphism w = ¢(x) giving rise to new coordinates system
w = (wi,...,w,)" in which the transformed system ¢,
takes the linear form A : w = Fw + Gu, w € R"? He
proved the following [7] (see also [3], [4], [5], and [11]).

Theorem L1 A control-affine system % : & = f(z) + g(x)u
is locally state equivalent to a linear controllable system
A:w = Fw+ Gu if and only if

(S1) dim span{g(z),adsg(x),... ,ad}l_lg(x)} =n;

(S2) [ad;g,ad;g] =0, 0<g<r<n
Above the Lie brackets are defined recursively as

ad}g = g,adsg = [f,g],..,adsg = [f,ad} " g], 1 > 2.

Notice that if w = ¢(x) linearizes the system X, then the
following systems of partial differential equations hold

{ do(x) - f(x) Fo(x)

do(z) - g(z) = G.

Although the conditions (S7) and (S2) stated in Theorem 1.1
did provide a way of testing the state linearizability of
a system, they offer little on how to find the linearizing
change of coordinates ¢(z) except for solving the systems
of partial differential equations (PDEs) which is, in general,
not straightforward. Remark that, even in the single-input
case, the solvability of the PDEs is equivalent of finding a
function h with h(0) = 0 such that

Lgh=0,LyLsh=0,..., Lyl ?h =0,Ly L}~ "h #0,

where for any vector field v and any function h, we have
denoted L,h = 92y(x), and iteratively, LL,h = L, (L, 1h).
We propose here to give a complete solution without solv-
ing the partial differential equations. We will provide an
algorithm giving explicit solutions. Recall that we have

previously obtained explicit solutions for few subclasses
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of control-affine systems, namely strict feedforward forms,
strict-feedforward nice and feedforward forms, for which
linearizing coordinates were found without solving the corre-
sponding PDEs (see [12], [15]). Indeed, for those subclasses
we exhibited algorithms that can be performed using a
maximum of @ steps each involving composition and
integration of functions only (but not solving PDEs) followed
by a sequence of n 4 1 derivations in the case of feedback
linearizability. What played a main role in finding those
algorithms were the strict feedforward form structure, that
is, the fact that each component of the system depended
only on higher variables. In this paper we consider general
control-affine systems for which we provide a linearizing
algorithm (see [17] for feedback linearizing algorithm) that
can be implemented using a maximum of n steps. These
algorithms are based on the explicit solving of the flow-
box theorem [16] and are completely different from those
outlined in [12], [15] (see also [9], [10]).

B. Notations and Definitions

For simplicity of exposition we consider single-input con-
trol systems

Yix=f(x)+g(@)u,z € R" ueR.

The case of multi-input systems is more involved and will be
addressed somewhere else. Let 0 < k£ < n — 1 be an integer.
We say that ¥ is quasi k-linear if

g(x) =b,adsg(x) = Ab, ..., ad?ik*lg(x) = Ank-1p,

where (A,b) is the Brunovsky canonical pair. To fix the
notation we will denote hereafter the coordinates in which
the system is quasi k-linear by the bolded variables xy, =
(Xki1,---,Xkn) | and the system by ¥, where k& = k. It
follows easily that a quasi k-linear system takes the form

Xij = Fij (X1, - - Xkkt1)
if1<j<k
Yk X = Fioi(Xx, -+ Xk 1) + X1

fk+1<j<n—1

Xin = Fion (XK1, - -+ Xkh1) + U

A more compact representation of Xy is obtained as

Yk X = Fie(Xxt, - oo Xikg1) + AwXi + bu, x € R,
where Arxyi = (0,...,0, Xkrto, Xkkt3, - - -, Xkn,0) | iS a
vector whose last and first £ components are zero. If the
vector field Fy is affine in the variable xyjy1, that is,
decomposes as

Fx(') = fiuXka, - -

O Xkk) + Xkk19k (X1 - - - Xkk)

we then simply write ¥ = 2aff,
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II. MAIN RESULTS

The first result is as follows and states that any S-
linearizable system can be transformed into a linear form
via a sequence of explicit coordinates changes each giving
rise to an quasi k-linear system.

Theorem I1.1 Consider a controllable system
Y:i=f(x)+g(@)u,z € R",u e R.

Assume it is S-linearizable (denote ¥ = fof and & £ xy).

There exists a sequence of explicit coordinates changes
On(Xn); dn-1Xn-1),...,01(x1) that gives rise to a se-
quence of quasi k-linear systems Y2 ¥t 0 vaft gucn
that 3% = ¢, (32) for any 1 <k < n.

Moreover, in the coordinates w = ¢1(x1) the system
Y (actually i) takes the simpler linear form Ay where
A1, ..., A\, are constant real numbers.

The proof of this theorem relies mainly on the flow-box
theorem for which we gave recently explicit solution [16]
(see below) and on Theorem 1.1 (S2).

Theorem I1.2 Let v be a smooth vector field on R™, any in-
teger 1 < k < n such that v;(0) # 0 and o (x) = 1/vi(x).
(i) Define z = ¢(x) by its components as following

63() = 2+ Y I L o) @)
- (_SI;H (IL1)
o) = 3 T L o) )

s=1
for any 1 < j < n,j # k. The diffeomorphism z = ¢(x)

satisfies ¢, (v) = 0s,.
(ii) The diffeomorphism x = (z) given by its components

b=+ 3 (z

1=0

yiciol, Li“(umz))

o] s [5—1
i =Y s—1i—
-y ';(z it )
s=1 =0
(I1.2)
SJorany 1 < j < mn,j #k, is the inverse of z = ¢(z), that
0
is, such that ;/)Z(k) = v(¢¥(2)).
Above, we have adopted the following notation
0 oh o'h
0y ==, 0y h=——,...,00 -h==-—,i>2
Oz k 0z, * 0z, '

A sketch of the proof will be given in Section V along
with few examples. For further details we refer to [16]. The
following remarks that are of paramount importance here.
R1. The expressions above are not series around the origin
or in the variable xy as the coefficients L7 ,(oxv;)(x) are
evaluated at z = (x1,...,,) and might well depend on z.
R2. If the vector field v is independent of some variable x;
(I # k), then the diffeomorphism ¢(x) is also independent
of the variable z; (except a linear dependence).

R3. If any of the components of v(z) is zero, say v;(z) = 0,

then qu(a?) = Zj.
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III. LINEARIZING COORDINATES

In this section we define an algorithm that shows how
to compute the linearizing coordinates for the system. The
algorithm stands also as a proof of Theorem II.1.

A. (S£)-Algorithm. Consider a S-linearizable system

Y:i=f(x)+g(@)u, x e R", ueR.

Without loss of generality we can assume that g(0) = b =
(0,...,0,1) . This algorithm consists of n — 1 steps.

Step 1. Set ¥ 2 ¥, and = = x,, = (Xn1,...,Xnn) |- Apply
Theorem II.2 with v = g(z) to construct a change of coordi-
nates z = ¢(x) given by (IL.1), such that ¢, (g)(z) = 0z,.
Such change of coordinates transforms ¥ into

Sz =f(2) +9(2)u= (6.)(2) + ($:9)(2)u, z € R,

where g = b. Since X (hence ¥) is S-linearizable, then
Theorem 1.1 (S2) is satisfied, which is equivalent to

[adqg,adfg}—o 0<gq,r<n-1L. (IL.1)

Taking ¢ = 0 and r = 1 we get in particular [g, adfg] = 0
or equivalently (because g = 0z,)
f

=0.

It follows that f is affine with respect to the variable z,.
Denote x,_1 = z and ¢, = ¢ it follows that the change of
coordinates Xy,_1 = ¢n(Xy) transforms 3, into

En—1 :Xn—len—l(Xn—l) + An—lxn—l + bua Xn-1 € an

where A,_1 =0 and Fy,_1(Xp_1) = f(xnfl) = ¢ns(f).
Moreover, the vector field Fy,—1(x,—1) is affine with respect
to the variable x,_1, 2 2, that is, decomposes uniquely as

anl(xnfl) = fnfl(xnflla”'v
+ Xn—lngn—l(xn—lla ey

We deduce that ¥, ; = X2 | and 22 | = (¢,). 22
Step n — k. Assume that Eff has been taken, via a compo-

sition of diffeomorphisms Xy = @41 0 - -0 ¢n(z), into the
following system

anlnfl)

Xn—ln—1)~

Ykt Xk = Fie(xk) + Arxk + bu, xx € R",

where Apxy, = (0,...,0, Xiht2, Xkht3, - - -, Xkn,0) |, and
that the vector field Fy(xy) is affine with respect to the
variable Xyx41, that is, it decomposes uniquely as

Fk(xk)

Once again reset the variable 2 £ x) and denote ¥y simply
by ¥: & = f(z) + g(z)u with g(z) = b and

= fu(Xx1, .-, Xkk) + Xik+19% (X1, - - -, Xkck)-

f(CL') Fk(Xk) + Apxxk
= ful@r, . o) + Terage(, - Tk) + Ak
Notice that in these coordinates
g=0g,,06dfg = =0y, ., ,ad?_k_lg = (71)”*’“*18@““
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which implies that ad;‘_kg = (=1)"Fge(xy,...,78). We
deduce from Theorem 1.1 (S1) that the vector field

)

is nonsingular in R™ and depends exclusively on the variables
Z1,...,%;. By Theorem II.2 we can construct a change of
coordinates z = ¢(z) such that ¢.(v)(z) = 9,,. Moreover
the components of ¢ are such that

¢i(xr) =

This change of coordinates transforms ¥ into

v(z) = gx(x) = (g1 (1, -, Tk)s -« 5 Gren (21, - -

zj+@i(z,...,zx), 1<j<n. (IIL.2)

£ 2= F2) + 520 = (6e))(2) + (B0
where §(2) = (¢+g)(z) = (0,...,0,1)T and

F(2) = (9 i) (2) + [z — Prt1(671(2))](Dagx) (2)
(¢ (Ak)) ().

Because the k first components of Ay x are zero, then (I11.2)
implies (¢.(Axx))(z) = Axz. We then deduce that

f(Z) = Fk_l(z) + Ax_12

where Fi_1(2) = (¢4 fi)(2) — prr1(¢71(2))0., depends
exclusively on the variables zy, ..., z; and
Ak—lzz Zk+18zk+-/4kz = (07 o 0y Rk+15 k425 -« -5 Zn; O)T

is such that the (k — 1) first components are zero. We can
easily check that

§=0.,0d;g=~0.,_,.....ad; " g = (-1)"*0,,
which implies that a (=) *H19,, - Fe_1(2).
Theorem I1.2 (S2) for r =n — k and ¢ = r + 1 yields

0?F_1(2)
n—k+1~ n—k~1 __ k-1
[adf ,adf gl = 782,%

Hence the vector field Fix_1(z) is affine with respect to the
variable z, that is, decomposes uniquely as

Fe_1(2)=fx-1(21, ..

dq—k-{-lg _

=0.

.y Zk—1)~
(II1.3)

We denote xi_1 £ z and ¢ 2 ¢. Thus the change of

coordinates Xx_1 = ¢k (xy) brings the system Ziﬂ into

S Zk—1) + 2kgk—1(21, - -

Sl ko1 = Feo1(Xk-1) + Ax-1Xk—1 + bu,
where Akflxkfl = (Oa . 0, Xk—1k+1s- - Xk—1n; O)T and
Fe1(xk-1) = fue1(Xk—115 -+ s Xk—1k-1)

+Xk—169k—1(Xk—115 - - - s Xk—1k—1)-

Notice that when k£ = 1, condition (II.3) reduces simply to
Fo(z) = 21\, where A= (A1,...,An)".

This ends the general step and shows that a sequence of
explicit coordinates changes ¢n(Xn),...,¢1(x1) can be
constructed whose composition z = ¢1 0 - - - 0 ¢y (Xy,) takes
the original system Y into the linear form Ay of (I.1).

B. Summary of Algorithm. Start with a system

Y= f(x)+g(x)u, xeR”, uekR.

FrB04.2

Step 0. Normalize the vector field g — g = (0,...,0,1)".
Apply a linear change of coordinates to transform the lin-
earization such that %(O) = A,.
Step n — k. If the condition
0% f
(S§Lpt1) = =—=— =0
x4
fails, the algorithm stops: The system is not S-linearizable.
If (S§£)+1) holds, then decompose the vector field f as

f((L‘l,..

Apply Theorem II.2 to construct a change of coordinates
z = ¢(x) € R™ that rectifies the nonsingular vector field

Hxpr1) = F(zq, .. xp) + wppv(zy, .o xp).

I/((E) = V1($)8I1+"‘+Vn($)axn,

that is, such that ¢.(v)(z) = 0,,. Find the transform ¢, %
of the system in precedent step. For k =n—1,n—2,...,2
repeat Step n — k. End if system is linear or algorithm fails.

IV. EXAMPLES

In what follows we illustrate with few examples.

Example IV.1 Consider a single-input control system
T1 = X9 — 2Tox3 + x?,) + dxoxsu
Y:d = f(z)tglx)u 2 { 2o = 13 — 273U
.fg = U
with
f(@) = (w2—2xow3+23,23,0) ", g(x) = (4wows, —223,1)"

We first rectify the vector field g(x). Denote v(z) = g(x)
and apply Theorem I.2 with n = 3 and o3(x) = 1. Since

L,(v1) = =823 + dxo, L2 (1) = —24x3, L3 (1) = —24,
we have L3~ !(v1) = 0 for all s > 5 and hence

a=h) = m+ X DG @)@,
- 4

= 1 — 41729:§ — 4x§ + 21729:§ + 4:L'§ — x5
= T — 2x2x§ - xé.

s
s T3

Likewise, L, (v2) = —2 and L5~ !(12) =0, s > 3, yielding

= bala) = 12+ 3 (1) DL ) ()
i — mg(—2a3) + (1/2)22(<2) = 22 + 22,
We apply the change of coordinates
21 = X1 — 2x2z§ — zg,zg =9+ 1’%,23 =3

to transform the original system into

B 5 2’1 = 22—22223
S:i=fR)+guc n = z
2:“3 = u,

where §(z) = (0,0,1)7 and f(2) = (22 — 22023, 23,0) .

The vector field f(z) = (22 — 22223, 23,0) " decomposes

f(z) = (22, 0, 0)—r + 23(—224, L,O)T.
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The next step is to rectify v(z) = (—2z2,1,0)". Theo-

rem I1.2 with & = 2 and o5(2) = 1 yields

wy = 21+ Z( 1) ZLS H)(2)
= Z1— 22( 22’2) (1/2') 2(—2) =21+ Z%
ws = o

The system is then transformed, under these change of coor-
dinates, to the linear Brunovsky form Apg,. The linearizing
coordinates for the original system are thus obtained as a
composition of the two-step coordinate changes

wy = 11— 2w27% — 25 + (22 + 22)? = 1 + 23
wy = X9+ a3
w3 = 3.
Of course, these linearizing coordinates could have been

obtained directly or by other methods. The emphasis here is
on the applicability of the method to any linearizable system.

Example IV.2 We consider the following example

Itl = ZI9 + ((1/2)132 — (1/12)I’3$4)U
To = T3+ (1/2)£3U

T3 = T4 + 24U
1‘4 = Uu.

Because of the strict feedforward structure, we showed in
[12] (using a 4-step algorithm) that the change of coordinates

7 = — (1/24) (122924 — dx323 + 1)

2 = w2~ (1/2) (r3zs — (1/3)])

2 o= as—(1/2)2] ) (IV.1)
Z4 = T4

linearizes the system. We can recover such coordinates
directly by applying the algorithm given in the proof. Denote
by f(a) = (22,23,24,0)" and

v(z) £ g(z) = ((1/2)x — (1/12)x324, (1/2)23, 24, l)T

The first step consists of rectifying the control vector field
via Theorem II.2. Since v3 = 1, hence o3 = 1 we have

Ly(v1) =(1/2) (x3/2)—(1/12) (% + z3)
and L2(v1) = tx4— 224 =0, ie, L3(v1) = 0,s > 2. Thus

¢1(z) = a1 —zn(z) + (1/2)25L, (1)
= 1z — (1/2)zxs + (1/6)z322 — (1/24)23

Also L, (v2)=4x4, L2(v2)=% and L} (v2)=0, s > 3 implies
$2(x) = @2 — wavo(w) + (1/2)aL, (va) — (1/6)aL] (1)

= 2o — (1/2)x324 + (1/4)23 — (1/12)27}
= x5 — (1/2)z324 + (1/6)25.

Similarly L,(v3) =1 and L5 1(v3) = 0, Vs > 3. Hence

b3(x) = x3—aqvs(x) + (1/2)23L, ()
= w3 — 22+ (1/2)22 = 25 — (1/2)22.
Because v4(x) = 1, we get ¢4(x) = x4 and the change

of coordinates (IV.1) rectifies the control vector field g and
linearizes the system. Notice that the algorithm described in

=(1/6)z3—(1/12)a3, =

FrB04.2

[12] allowed only to find (IV.1) by computing one component
at a time (holding other components identity), starting from
¢3 then ¢, and finally ¢; and updating the system after
each step. A composition of different coordinates changes
gave (IV.1). However, Theorem II.2 allows to compute those
components independently to each other. >

V. APPENDIX

Below we give a brief proof of the constructive approach
(Theorem 1I1.2) for rectifying nonsingular vector fields.
Proof: Notice that for any diffeomorphism z = ¢(x) the two
following conditions are equivalent.

(i) 6.(0)(2) = 0.
(ii) Ly(¢;)(z) =0 and L,(¢,)(x) =1for1 <j<n-—1

For that reason we will show that condition (ii) holds. To
start let us take 1 < 7 < n — 1. It follows directly

o(25) +ZL ( "LS -1 nu]))

_ +Z( D ‘”"L L3N onvy)

Ly(¢;)(x) =

= 0.

A direct computation shows that

Lubnle) = Y1 (sznxon))
s

+Z 8111369 :

£l

+Z

= vp(z)o,(z) = 1

This ends the proof of Theorem I1.2 (i). O
The proof of Theorem II.2 (ii) is more involved and we
refer to [16] for more details. We illustrate with few examples
and justify in Example V.2 that the expressions (II.1)-(I1.2)
of Theorem II.2 are not Taylor series at the origin.
Example V.1 Consider v(z) = 230, + (22 + ©3)0ny + Oy
in R3. Here L, (1) = 1 and L5 1(v1) = 0 for s > 3 and
L3 Y (vg) = 29 + 23 + 1 for all s > 2. It follows that
(1),
o) =+ >
s=1
=T — 1‘31/1( )

sls

nL Ls 1(O_n)
va(2) Ly (0n)
Vn(x)Lgnu(Un)

+VrL Un Vn )Lgny(an)

1)(z)

+(1/20)23 Ly (1) (2) =21 — (1/2)a3
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and

0 s () (o)

+Z

= (zg + 3+ 1)e —’ﬂs_l

P2(z)

$2+Z

X9 — SU3V2

$2+.’E3+1)

To find the inverse first notice that 9¢
if (4,s) # (0, 1), which yields

s LT ) (z) = 0

Pi(2) = 2+ X 3 (DD (-1iCial - LT (m)(2)
s=1 i=0

21+ (1/20)2201(2) = 21 + (1/2)23.
From 9! - L5 (1vy)(2) = 0 for all i > 2, we deduce

zZ3 v

s—1

Yo (F1)CiaL, - Ly (1)(2)

i=0

= L5 (12)(2) — 80., - L5 2(10)(2) = 20 + 23+ 1 — s.

By Theorem I1.2 (ii) we get the 2"¢ component of v(z) as

s—1

Yo (FUiCiaL, - Ly ()(2)

=0
oo s
z
> B
St
s=1

Ya(2) = zm+ Y 4
s=1

= s

Z9 + Z %(22-’-234-1)—
s=1

= (22 + 1)€Z3 — Z3 — 1.

It is straightforward to verify that the inverse is

v =11(2) = 21+ (1/2)7
xo =1a(2) = (2m+1)e® —23—1
r3=13(z) = zs.

Example V.2 Consider the non singular vector field
v(z) = Mx3)0y, + Ozgs

where A is a flat function, that is, A and all its derivatives
are zero at x3 = 0. A well-known example is the function

AM0) =0, Mxs)=exp(—1/z3) if x5 # 0.

It is straightforward to check that L3~ (1) (z) = A~ 1 (x3)
for all s > 1, where A(¥)(z3) is the kth derivative of .
Should (II.1) have been a series around O or at x;, = 0 the
straightening diffeomorphism would have been identity:

x e R3,

p1(z) = +Z ng‘s Hu)(0) = 2
da(z) = u+§j %H‘(szm
Oo( 1)5 15”3 s—1

ds(x) = Y Ly H1)(0) =

which is impossible However we can verify easily that
¢1(z) = 21 — [;* A(u) du which coincides with

¢1(z —$1+Z

333 )\(e—l)( )

FrB04.2

Indeed, [, A( = x?’)\(é_l)( 3) because

the two functions coincide when x3 = 0 and it is enough
to verify that their derivatives are also equal. The derivative

of the right hand side gives after simplification

_Z 5—1

Now to find the inverse of the normalizing coordinates, let
us apply Theorem I1.2 (ii) with n = 3 and k = 3. First we
have L5y = \%)(x3)0,, for all s > 1. We thus have

o0

)\(5—1)( 5) — Z( 1) 953)\(5)(

S'
s=1

3)=A(x3).

W) =2+ 5 A (S (niciol - (L) ()
s=1

)\(571) (2’3)821

s=1 =0
0o
1)52%
Z ( 3/\(5 1)(23)
S
= s=1
22
23

z3 T
It clearly follows that ¢(z) = A(s) ds, 22, 23)

21+ /
0
which was predictable directly by inverting z = ¢(z). >
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