Southern Illinois University Carbondale

OpenSIUC

Miscellaneous (presentations, translations )
. . (p ’ ’ Department of Mathematics
interviews, etc)

12-2001

How Many Symmetries Does Admit a Nonlinear
Single-Input Control System Around an
Equilibrium?

Witold Respondek
INSA de Rouen

Issa Amadou Tall
Southern Illinois University Carbondale, itall@math.siu.edu

Follow this and additional works at: http://opensiuc.lib.siu.edu/math _misc

& Dart of the Control Theory Commons, and the Mathematics Commons

Published in Respondek, W, & Tall, I. A. (2001). How many symmetries does admit a nonlinear
single-input control system around an equilibrium? Proceedings of the IEEE Conference on Decision
and Control, v2,1795-1800. doi: 10.1109/.2001.981165. ©2001 IEEE. Personal use of this material
is permitted. However, permission to reprint/republish this material for advertising or promotional

purposes or for creating new collective works for resale or redistribution to servers or lists, or to
reuse any copyrighted component of this work in other works must be obtained from the IEEE. This
material is presented to ensure timely dissemination of scholarly and technical work. Copyright and
all rights therein are retained by authors or by other copyright holders. All persons copying this
information are expected to adhere to the terms and constraints invoked by each author's copyright.
In most cases, these works may not be reposted without the explicit permission of the copyright

holder.

Recommended Citation

Respondek, Witold and Tall, Issa Amadou, "How Many Symmetries Does Admit a Nonlinear Single-Input Control System Around an
Equilibrium?" (2001). Miscellaneous (presentations, translations, interviews, etc). Paper 38.
http://opensiuc.lib.siu.edu/math_misc/38

This Article is brought to you for free and open access by the Department of Mathematics at OpenSIUC. It has been accepted for inclusion in
Miscellaneous (presentations, translations, interviews, etc) by an authorized administrator of OpenSIUC. For more information, please contact

opensiuc@lib.siu.edu.


http://opensiuc.lib.siu.edu?utm_source=opensiuc.lib.siu.edu%2Fmath_misc%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
http://opensiuc.lib.siu.edu/math_misc?utm_source=opensiuc.lib.siu.edu%2Fmath_misc%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
http://opensiuc.lib.siu.edu/math_misc?utm_source=opensiuc.lib.siu.edu%2Fmath_misc%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
http://opensiuc.lib.siu.edu/math?utm_source=opensiuc.lib.siu.edu%2Fmath_misc%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
http://opensiuc.lib.siu.edu/math_misc?utm_source=opensiuc.lib.siu.edu%2Fmath_misc%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/116?utm_source=opensiuc.lib.siu.edu%2Fmath_misc%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=opensiuc.lib.siu.edu%2Fmath_misc%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
http://opensiuc.lib.siu.edu/math_misc/38?utm_source=opensiuc.lib.siu.edu%2Fmath_misc%2F38&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:opensiuc@lib.siu.edu

Proceedings of the 40th IEEE
Conference on Decision and Control
Orlando, Florida USA, December 2001

WeMO03-6

How Many Symmetries Does Admit a Nonlinear
Single-Input Control System Around an Equilibrium?

Witold Respondek and Issa Amadou Tall!
Institut national des sciences appliquées de Rouen
. Laboratoire de mathématiques de 'INSA
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Abstract

We describe all symmietries of a single-input nonlinear
control system, thal is not feedback linearizable and
whose first order approximation is controllable, around
an equilibrium point. For a systern such that a feed-
back transformation, bringing it to the canonical form,
is analytic we prove that the set of all local symmetries
of the system is exhausted by exactly two l-parameter
families of symmetries, if the system is odd, and by ex-
actly one 1-parameter family otherwise. We also prove
that the form of the set of symmetries is completely
described by the canonical form of the system: possess-
ing a nonustationary symmetry, a l-parameter family of
symmetries, or being odd corresponds, respectively, to
the fact that the drift vector field of the canouical form
is periodic, does not depend on the first variable, or is
odd. If the feedback transformation bringing the sys-
tem to its canonical form is formal, we show an analo-
gous result for an infinitesimal symmetry: its existerce
is equivalent to the fact that the drift vector field of the
formal canonical forin does not depend on the first vari-
able. We illustrate our results by studying symmetries
of the variable length pendulum.

Keywords: symmetries, nonstationary symmetries,
infinitesimal symmetries, feedback transformations,
odd systems.

1 Introduction

Recently there has been a growing interest in symme-
tries of nonlinear control systems. The structure of con-
trol systems possessing symmetries was analyzed e.g.
by Grizzle and Marcus in [5] and Garduer, Shadwick,
and Wilkens {for linearizable systems) in [3] and [4].
The role of symmetries in the optimal contro! problems
has been studied, among others, by Jurdjevic [7] (for
systems on Lie groups), van der Schaft [13], and Suss-
mann [14]. In [6], Jakubczyk gave a complete charac-

10n leave from the Department of Mathematics, University
Cheikh Anta Diop, Dakar, Senegal, E-mail: iatalle.refer.sn

0-7803-7061-9/01/$10.00 © 2001 IEEE

1795

terization of symmetries in terms of symbols of control
systerns.

In this paper we study symmetries of single-input non-
linear control afline systems whose linear approxima-
tion, at an equilibrium point p, is controllable. Re-
cently, we proved in [11] that “almost any” single-input
contral system, which is truly nonlinear (that is non
linearizable via feedback) does not admit any station-
ary syminetry, that is any symmetry preserving the
equilibrium point p. “Alinost any” refers to all sys-
tems away from a small class of odd systems which
admit one nontrivial staticnary symmetry, that is con-

Jugated to minus identity by a diffeomorphism bringing

the systemn 1o its canonical form (constructed in [15]}.
In the present paper, for the same class of systems, and
around an equilibrium point p, we study nonstationary
symmetries, that is, syminetries which do not preserve
p. Our main result states that also for nonstationary
symimetries a complete picture can be deduced from
the canonical form. We prove that an analytic system,
equivalent by an analytic feedback transformation to
its canonical form, admits a nonstationary symmetry if
and only if the drift vector field defining the canonical
form is periodic with respect to the first variable and
that the system admits a l-parameter family of sym-
metries if and only if that drift vector field does not
depend on the first variable. Moreover, we show that
in the latter case the set of all symumetries is given ei-
ther by exactly one l-parameter family of symmetries
(in the non odd case) or by exactly two l-parameter
families of symumetries (in the odd case). In the case
when the feedback transformalion, bringing the system
to its canonical form, is given by a (not necessarily con-
vergent) formal power series, we prove that an analo-
gous result holds for a formal infinitesimal symmetry.
Iu fact, its existence is equivalent to the fact that the
drift of the formal canonical form does not depend on
the first variable.

Let us consider the system
M: &= Fx,u),

where z(-) € X, a smooth n-dimensional manifeld and
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u{-) € U, a smooth m-dimensional tnanifold. The map
F: X xU — TX is assumed to be smooth and for
any value u € U of the control parameter, F defines a
smaoth vector field F,, where F,(:) = F(-, u).

Coensider the field of velocities F associated to the sys-
tem IT and defined as

Flz) = {Fu(z)

We say that a diffeomorphism ¢ : X — X is a symme-
try of I if it preserves the field of velocities F, that is,

u‘ju}-:f

Recall that for any vector field f on X and any diffeo-
morphism y = (z) of X, we put

(% F){(y) = DY($7 ' (5)) -

ruelUlCc T X.

O )

A local symmetry at p € X is a local diffeomorphism
¥ of Xp onto X, where X, and X; are respectively
neighborhoods of p and %#({p), such that

(. F)a) = Flq)
for any g € X;.

A local symmetry % at pis called a stationary symmeiry
if ¥(p) = p and a nonstationary symmetry if ¥(p) # p.

Let us consider a single-input control affine system
Z: &= f(x) 4 g9(z)y,

where 2(-) € X, u(-) €U =R and f and g are smooth
vector fields on X. The field of velocities for the system
% is the following field of affine lines

Alz) = {f(z) +ug(z) : veR}CTX

A specification of the above definition says that a dif-
feomorphism ¥ : X — X is a symmetry of X if it
preserves the affine line field A (in other words, the
aifine distribution A of rank 1}, that is if

".[)tA = .A

We will call p € X to be an equilibrium potni of 2 i 0 €
.A( ). For any equilibrium point p there exists a unique
@ € R such that f(p) = 0, where f(p) = f(p)+dg(p).

By the linear approximaiion of ¥ at p we will mean
the pair (F,G), where F' = g{;(p) and G = g(p). It is
easy to see that if the linear approximation of £ at p is
controllable then, in a neighborhood of p, the set E of
equilibrium points is a smooth curve.

We will say that T is an odd system at p € X if it admits
a slationary symmetry at p, denoted by ¥~ such that

ay~
. (p) = —Id. (1
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The paper is organized as follows. In Section 2 we re-
call a canonical form for single-input control systems
{constructed in {15]) on which are based all our results.
In Section 3 we state two theorems describing, respec-
tively, local nonstationary symmetries and 1-parameter
families of local symmetries of analytic control sys-
temns which are analytically equivalent to their canoni-
cal form. Section 4 deals with sysiems whose canonical
form is formal. For such systems we describe formal
infinitesimal symmetries. We illustrate our results by
studying symmetries of the variable length pendulum
in Section 5. A more detailed analysis of symmetries,
together with proofs of all our results is given in [12].

2 Canonical form for single-input systems

In this section we will describe a canonical form for
single-input nonlinear systems, that has been recently
obtained by the authors [15], [16] as a completion of
Kang normal form [8]. In Sections 3 and 4, we will
show that symmetries take a very simple form when
the system is brought to its canonical form.

Throughout the paper we will consider & around an
equilibrium point p = 0 € X C R", where X is an
open neighborhood of 0 € R™ All objects, that is,
functions, maps, vector fields, control systems, etc., are
considered in a neighborhood of 0 € R™ and assumed to
be C*-smooth. Let k be a smooth R-valued function.
By

h(z) = %z} + k(z) + hE(2) + -

Z Hm ()

we denate its Taylor series expansion at 0 € R", where
All(z) stands for a homogenecus polynomial of de-
gree m. Similarly, for 2 map ¢ of an open subset of
R™ to B" (resp. for a vector field f on an open subset
of R™) we will denote by ¢l™] (resp. by fI™1) the term
of degree m of its Taylor series expansion at 0 € R”,
that is, each component qSE-m] of ™! (resp. fj[m] of flmh
is 2 homogeneous polynomial of degree m in x.

Together with © we will study also its Taylor series
expansion, around 0 € R", given by

© L E=Fe+Gut Y (S

m=32

+glm=ty), (2)

where I = %E(O) and G = g(0). Throughout the paper
the pair (F, () is assumed to be controllable.

Let

#(£)
«(€) + B(E)v (3)

]
T
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be an invertible feedback transformation acting on E.
Consider the Taylor series expansion of the transforma-
tion [ given by

i

Te+ 3 dlm(e
Ke+Lv+ 3 (lm(g) + 4 e)o).
(@)

The transformation I'*® can be viewed as a composition
of the linear feedback & = T¢, u = K€ + Lv and of

homogenous feedback transformations T™, for m > 2,
defined by

I :
u

I}

£ +9tm(e)
v+ alt™l(g) + g (E)v.

The equivalence via I'®, in those cases when we do
not address the problem of convergence, will be called
Jormal feedback equivalence.

T

1

.

u

Y

Define & = (€1, ...,&). Lel my denote the largest non-
negative integer such that for any 1 < k < n, the dis-
tributions

D* = (g.adsg, - - ,ad;_lg)

have constant rank k and are involutive modulo terms
of order mg —2. It follows that the system X is feedback
linearizable up to order mqg — 1 (see [10]}. We bring the
homogeneous part of degree myg of the system into Kang
normal form (see [8]) and without loss of generality we
can assume that the systemn £ takes the form

£ = A£t§u+ﬁmka
b3 (A + gy, O

m=mgqg+1

nee

where (A, B) is in Brunovsky canonical form and

n -
Y @PE) if1gi<n-2,
Al = § ot
0 frn-1<j<m,
(6)
that is the first nonvanishing homogeneous vector field
flmel is in Kang normal form.

Let (i1,-..,n_s), where i+ +in_, = mp and i, _, >
2, be the largest, in the lexicographic ordering, (n — s)-
tuple of nonnegative integers such that for some 1 <
j < n-—2, we have

Hma 1"”01
‘T‘iLr:¢&
gy -+ 8L,
Define
amu '[mo]
r:mm{sz”””‘ T8 Lol
agir .. gEn
The following result was proved in {15].
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Theorem 1 The system L™, given by (5), is equiva-
lend by a formal feedback T'™® to a system of the form

op t &#=Ar+ Bv+ Z A (z), (7

mamg

where, for any m > my,

k)

5 2Pt NE) if1<i<n-2,
Ay = { =
0 fn-1<j<mn,

(8)

additionally, we have

gmo fie)
PRI

= i1 9)

and, moreover, for any m > mp + 1,

Hmo _(’.n]
I o 0)=0 (10)

1 in—s
Ozt - 0w,

The form E&p satisfying (8), (9),(10) will be called the
canonical form of the system £°°. The name is justified
by the following result that we proved in [15].

Theorem 2 Two systems B and T are formally
feedback equivalent if and only if their canonical forms
Etl)?CF and SS?CF COiﬂC'idE.

3 Main result: analytic case

In this section we will state our main results describ-
ing all nonstationary symmetries of analytic systems.
In general, we do not know whether a formal {feedback
transformation I'*°, bringing the system X to its canon-
ical form Z¥p, converges, that is, whether the formal
power series defining ¢, a, and F, converge, If they do,
we get a complete description of all local symmetries
of analytic control systems around equilibria. Consider
an analytic control system X on X. We will say that an
analytic control system X, defined on an open subset
Xcr C R™, is the canonical form of ¥ if there exists
an analytic feedback transformation T, of the form {3),
with ¢(X) = X¢r, which maps T into

Terp @ &= Az + f(z) + Bv,

- i Z zml?})ja"(z]-! e =‘tf)
filz)=q =7

0 fn-1<j5<n,

f1<j<n—-2,
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and all P;;, and thus f, are analytic functions on X¢p
such that

ﬂ%——(:ﬁ],o, . ,O) = =+1.
zi -9z
The (n — s)-tuple (é1,- - ,in—s) and the index j= are

those defined in Section 2.

Let X be an open subset of R™ equipped with coordi-
nates {23,...,2,)" such that 0 € X. We will say that
amap [ of X into R™ is periodic with respect to z; on
X il there exists ¢ = (¢1,0,...,0)%, ¢; # 0, such that
e€ X and f(z)= f(z +¢) for any x, s+ c€ X,

Theorem 3 Consider en agnalytic system L on an
open subset X C R™. Assume that its hinesr approz-
imation (F,G) at an eguilibrium point 0 € X is con-
trollablc and thet T is not lecally feedback linearizable
at 0 € X. Suppose thalt £ is equivalent via an ana-
lytic feedback transformation T, of the form (3), with
¢(X) = Xcr, to its canonical form Ecp defined on
Xcr C R®. The system L admits a local nonstation-
ary symmetry ¥, such that ¥(0) = p € X, if and only ¢f
the drift Az+ f(x) of its canonical form T is periodic
with respect to 2y on Xcp.

Now we will describe systems that possess 1-parameter
families of symmetries. We will say that .,, where
c1 € {—¢,¢) C R, is a nontrivial 1-parameler analytic
family of local symmetries if each ., is a local analytic
symmetry, ¥, # Y, If €1 # c2, and ¥, (z) is jointly
analytic with respect to (x,e;). Notice that, by tak-
ing ¢ sufficiently small, we can assume that all elements
{with a posstble exception for one symmetry) of a non-
trivial analytic 1-parameter family of symmetries are
nonstationary symmetries.

Theorem 4 Consider an analylic system L on an
open subset Y C R"™. Assume that its linear approz-
imation (F,G) at an equilibrium point 0 € Y is con-
trollable and that £ is not locally feedback linearizable
at 0 € Y. Suppose that % is equivalent via an ana-
lytic feedback transformation T, of the form (3), to ils
eanonical form Tep. If 3 is not odd (resp. odd) then
there exists an open set X C Y such that the following
condifions are equivalent.

(i) T admits a nontrivial I-parameler analytic fam-
ily of local symmetries ¥.,, forcy € (—4,8), such
that ¢, {0) € X.

(1) T admats exactly one I-parameler family of lo-
cal nonstationary symmetries i.,, where ¢y €
(—¢€,€) (resp. two I-parameter families of lo-
cal nonstationary symmetries ¥, and ¥, where
c1 € (—¢,€)}, which exhausts completely the set
of all local symmetries of 33, that is, for any local
symmelry ¥ of T, such that $(0) € X, there ez-
tsts a real ¢y, satisfying o1 € (—¢,€) and such that
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on a neighborhood of 0 € R™ we have ¥ = 1,
(resp. either ¢ = ¥, or ¢ =97 ).

(1) The drift Az + f of the canonical form Tep of
T satisfies f(z) = flxz,...,Tn)-

(iv) For any c; € (—¢,¢), the translation T, (z) =
(z1 + e1,22,-..,20)" is a local symmetry (resp.
the translation 1., (z) = (z; + c1,22,..., 20}
and the composition of -1d with T, that is the
map T, (x) = (-1 + c1,—T3,. .., —Z5)" are lo-
cal symmelries) of the canonical form Tgp on
Xcr = ¢(X), for some sufficiently small €.

We can summerize our results as follows. Consider the
systemn L around an equilibrium point and bring it to its
canonical form Lcr via an analytic feedback transfor-
mation I' defined on X. Denote X¢p = ¢(X), where
¢ 1s the diffeomorphism defining T'. If the drift vec-
tor field Az + f of ¢ p satisfies f{z) = —f(—x) then
Yer 18 odd and admits minus identity as the only non-
trivial stationary symmetry. Qtherwise LcofF does not
admit any nontrivial stationary symmetry. If the drift
Az + f(z) is periodic, with respect to z;, with a period
¢ such that (¢,0,...,0) € X¢r, then Tgr admits
the translation T, (z) = {#1+c1,%2,...,Za)" as a local
symmetry. Finally, if Az + f(z) does not depend on
z1 then Tep admits the 1-parameter family of trans-
lations T, (z) = (z1 + ¢1,22,...,Z,)", for ¢; € R, as
local symmetries. This exhausts completely the set of
all possible generators of symmetries of Ecp. Recall
that ¢ denotes the analytic diffeomerphism defining I’
that brings ¥ to its canonical form Xop. The above
analysis implies that, under the assumptions of Theo-
rems 3 and 4, any local symmetry 3 of X is either of
the form
Yp=¢ toT, o0¢

or of the form

p=¢""oT, 0¢

for some real ¢;. Moreover, the latter case is possible
only for odd systems.

4 Main result: formal case

We do not know whether, in general, the feedback
transformation I'*® bringing the system to its canon-
ical form £ converges. If it does, Thecrems 3 and 4
describe all local symmetries of E. If it does not, the
canonical form T is considered as a formal power se-
ries but even in this case it keeps, as we will show in
the sequel, important information about symmetries.

We say that a vector field H on an open subset X C R”
is an tnfinifesimal symmetry of the system ¥ if the (lo-
cal) flow 4, of H is a local symmetry of £, for any ¢ for
which it exists. Denote by G the distribution spanned
by the vector field g.
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Proposition 1 A vector field H is an infinitesimal
symmetry of ¥ if and only ¢f

[H,f] = 0modg,
[H,g] = 0modg.

This characterization of infinitesimal symmetries jus-
tifies the following notion. We say that a vector field
formal series

[se]

H=(g) =Y Almlg)

m=0

is a formal infinitesimal symmetry of the system

5 ¢ €= SO +9(€u= Y, (M) + o)
m=1
if
[H2 f] = 0modg,
[H'oo’g] = 0 mod g

Here, [-, ] is understood as the Lie bracket of formal
power series vector fields.

Theorem 5 Consider the system L. Assume that ils
linear approzimation (F, G) is controllable and that T®
15 not feedback linearizable. The following conditions
are équivalent.

(I} E= admits a formal infinitesimal symmetry,

{ii) The only formal infinitesimal symmelry of L™
is H® = (qﬁ_l).a—%, where ¢ is the formal dif-
feomorphism defining a feedback transformation
I'® that brings £%° inlo its canonical form EF.

(i) The canonical form E¥p of T  salisfles
_f[m](w) = f[m](:lfg,...,.’.l!n?, for any m > my,
where the vector fields fl™] are of the form (8),
(9}, and (10}.

(iv) For any c; € R, the translation T, (x) = (z1 +

¢1,%3, ..., &)} 16 @ symmetry of the canonical
Jorm EXg.
(v) The vector field H&p = 5—‘;—1- is a formal infinites-

1mal symmetry of the canonical form L¥5.

This result, established in the formal category, provides
the following necessary condition for the existence of
analytic 1-parameter families of symmetries. Notice
that below we do not assume that the feedback trans-
formation I'*®, bringing X to its canonical form Z¥,
converges.

Proposition 2 Consider an analytic system ¥ and as-
sume that its linear approzimation is controllable and
the system is not feedback hincarizable, If ¥ admils
@ nonfrivial I-parameter analytic family of local sym-
metries Y., for ¢ € (—¢,¢€), then the drift vector
field of the canonical form Y& satisfies fi™l(z) =
ﬂ"‘](zg, ..y &), for any m > my.
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We will end this section by giving a necessary condition
for the existence of a family of local nonstationary sym-
metries which does not require to bring the system to
its canonical form but oniy to normalize a finite number
of terms.

Recall, see Section 2, that mq denotes the degree of the
first nonlinearizable term. After having annihilated all
terms fI™], for 2 < m < mg — 1 we can thus bring the
system X to the form

$ @ &= Az + Bu+ fl™l(z) + O(z, v)™t?, (11)

where {A, B} is in Brunovsky canonical form and the
first nonlinearizable homogeneous vector field fI™] js
in Kang normal form (6).

Proposition 3 Under the assumptions of Proposi-
tion 2, if f™el(z) in (11) depends on z, then ¥ does
not admit any nontrivial I-parameter analytic family of
local symmetries.

We would hke to emphasize that the above condition
is checkable via an algebraic calculation. In [15} (see
also [16]) we gave explicit polynomial transformations
that bring a homogenous part of any degree of a system
to Kang normal form [8]. Therefore & successive appli-
cation of those polynomial transformations, of degree
2 up to myp, brings ¥ into ® for which we can apply
Proposition 3. We will illustrate this result in Section
5 by describing all symmetries of the variable length
pendulum.

5 Example

Example 1 Consider the variable length pendulum of
Bressan and Rampazzo [1] (see also [2]). We denote
by £&; the length of the pendulum, by £2 its velocity,
by &3 the angle with respect to the horizontal, and by
£4 the angular velocity. The control u = §4 = €3 is the
angular acceleration. The mass is normalized to 1. The
equations are (compare (1] and [2])

& = &
£2 = —gsinfa+£EL
& = L
€& = u

where g denotes the gravity.

Clearly, ¥~ (€) = —£ is a stationary symmetry of the
systemn and therefore the variable length pendulum is an
odd system. Since the vector field [ satisfies f(—£) =
~f(£), the drift f(z) of its canonical form (see below)
also satisfies f(—x) = = f(x).

We would like to know whether the variable length pen-
dulum admits nonstationary symmeiries. The system
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is feedback linearizable modulo terms of degree three
and the first nonlinearizable term is of degree mg = 3.
The feedback transformation

n = &
Ty = &
E3
3 = —g(&- ';312
xy = —gba(l— %‘1) 2
vo= gt —ug(l - %)

brings the system to the following Kang normal form

£ = Ty
; = 1 2
Ty = &3+ 371'1.[-4
ia = I4
;i:Q = u

modulo terms of order four. The vector field fI¥ =
51,::11735% depends on 1 and thus, by Proposition 3,
the variable length pendulum does not admit any non-

trivial local I-parameter group of symmetries.

In order to check whether this systern admits a nonsta-
tionary symmetry we bring it into its canocnical form.
The analytic diffeomorphism & = ¢(£), deflined on
X=RxRx (-7 xR, and given by (see [15])

¥ = %61

Iy = &

.-"':‘3 = —sin 53
Zq = —fqcosfs,

and followed by a suitable feedback u = a(€) + 8(£)v,

brings the system into the following canonical form Xe p

i‘; = ig

i o £ =2
L2 = I3+ :%'324
Bz = ¥y
574 = .

The vector field f(z) = 1_2?526%2 is not periodic with
respect to Z; and thus, by Theorem 3, the system does
not admit any nonstationary symmetry i such that
P(0) € X = Rx R x (—m,7) x R. Hence the only
local symmetries of the variable length pendulum in
X are identity and minus identity. Notice that this
example llustrates well a local character of presented
results. Indeed, the variable length pendulum admits
clearly the symmetry ¢(€) = (£1,£2,&3 + 2m, £5), how-
ever it maps 0 € R outside the set R x Rx (-7, 7) xR
on which we can bring the system to its canonical form
and therefore this symmetry cannot be detected by the
canonical form.
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