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Abstract— We propose a weighted canonical form for single-
input systems with noncontrollable first order approximation
under the action of formal feedback transformations. This
weighted canonical form is based on associating different
weights to the linearly controllable and linearly noncontrol-
lable parts of the system. We prove that two systems are
formally feedback equivalent if and only if their weighted
canonical forms coincide up to a diffeomorphism whose
restriction to the linearly controllable part is identity.

INTRODUTION

The feedback classification of nonlinear control single-
input systems of the form

S i = f(z) + g(a)u

under the action of feedback transformations of the form

2 = 6(a)
u = al) + Ba)v

has been extensively studied during the past years. Normal
forms for such systems have been computed [4], [5], [6],
[10], [12] using a fruitful approach proposed by Kang and
Krener, which generalizes to control systems a method
developed by Poincaré for dynamical systems (see, e.g.,
[1]). This method is based on analyzing the action of
the homogeneous components of the feedback group on
the homogeneous components, of the same degree, of the
system.

The problem of obtaining canonical forms is more com-
plicated because it involves analyzing the action of homoge-
nous components of lower degree of the feedback group
on the homogenous components of higher degree of the
system. Recently canonical forms for single-input systems,
with controllable linearization, have been obtained by the
authors [10], [13] who proved that two systems are feedback
equivalent if and only if their canonical forms coincide.
Construction of those canonical forms has led to a complete
description of symmetries of single-input control systems
with controllable linearization. Those symmetries have been
fully described by the authors [8], [9] using the canonical
form: possessing a stationary symmetry, a non stationary
symmetry, a one 1-parameter family of symmetries or two
1-parameter families of symmetries corresponds, respec-
tively, to the fact that the drift of the canonical form is
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odd, is periodic with respect to the first variable, does not
depend on the first variable or is odd and does not depend
on the first variable.

The aim of the present paper is to construct a canonical
form for single-input systems with uncontrollable lineariza-
tion. We recall that normal forms for such systems have
been already obtained [11], [12], [5], [7] and so constructing
canonical forms has been a challenging problem. Analyzing
the proposed canonical forms should allow to describe
symmetries and feedback invariants of single-input control
systems with noncontrollable linearization.

I. NORMAL FORMS

All objects, that is, functions, maps, vector fields, control
systems, etc., are considered in a neighborhood of 0 € R"
and assumed to be C*°-smooth. Consider the system

L:a = f(z) + g(@)u,
where f(0) =0 and ¢(0) # 0 and let
A:d=Fz+Gu

reR”, ueR,

be its linearization around the equilibrium point 0 € R”.
We assume this linearization to be noncontrollable, that is

rank [G FG --- F" 'G]=n—r,

for some positive integer r. Applying a linear feedback
transformation we can always assume that the linear part
(F,G) of the system is in Jordan-Brunosky canonical form

wm=(4 8)(5)

that is, the uncontrollable part, of dimension r, is defined
by the matrix A' in the Jordan form and the controllable
part, of dimension n —r, is defined by the pair (42, B?) in
the Brunovsky form.

We will be using the same notation S, (R, 0) for the space
C°(R",0) of smooth functions defined locally at 0 € R" as
well as for the space R[[x1, ..., x.]] of formal power series
in z1,...,x, with real coefficients. For a smooth R-valued
function h, defined in a neighborhood of 0x0 € R" xR"~",
we denote by

h(z) = hloz) + (@) + P () + - = AlmI(2)
m=0
its Taylor series expansion at 0 x 0 € R" x R™™", where
Rml (x) stands for a homogeneous polynomial of degree m

in the variables x,41,---,z, whose coefficients are in
S-(R,0).
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Following [12], we will use different weights correspond-
ing to the uncontrollable and controllable parts:

T

Fom) — <f1[m U flmt) g ,flf’”)
— m— m m)\ T

g = (g, gl g gho)
— m— m m\ T
¢(m>:<¢[1m l]a"'7 L 1]7¢£‘+]15"'a¢£1 ]) )

where, for any 1 < j < r, we set f][.fl] () = ;.71] () =
qﬁg._l} (z) = 0, and h™ (z) = hl™l(z) for a homogeneous
polynomial. We will consider the action of the Taylor series

expansion I'*° of the feedback transformation I' given by

z=Te+ Y o™ (x)
T . m=0 oo
u=Kx+ Lv+ ), (a<m> (z) + ﬂ<m’1>($)v)7
m=0

ny

on the Taylor series expansion of the system X given by

Y®:1x=Fzr+ Gu-+ i (f<m>(x) +g<m_1>(x)u) .
m=0

1.2)

After having transformed (F,G) into its Jordan-

Brunovsky form we then study the action of the weighted
homogeneous feedback

z =2+ ¢\ (2)

(m) .
s u=v+a™(z)+ 1 (z)

on the weighted homogeneous system
2 i = Az 4+ Bu+ fY(x) + £ (2) + ¢V (@),

where the last n —r components of the vector field f(!) are
equal to zero (which can always be achieved by a feedback
transformation).

Denote z; = (z1,. ..
in [12].

,2;). We proved the following result

Theorem 1.1 For any m > 2, there exists a weighted
feedback transformation T\ that transforms the weighted
homogeneous system ©\™) into its weighted homogeneous
normal form

SW s = Az + Bu+ fO(2) + (=),

with fU(2) = £ (2) and the components of the vector

field £ (z) satisfy

m—1 . N2 (m=3)
zi1 Sim(Zr) + X0 2 Qj,i (2i)

1=r+2
o if1<j<r,
=9
> szjﬁT‘m (z), ifr+1<j<n-2
i=j+2
0, if n—1<j<n,
(1.3)

where S; (%) are C°-functions of the variables
Z1,+ 2z, the functions Pj<7i 2 and Qf;_?’) are homo-
geneous polynomials, respectively of degrees m — 2 and
m — 3, of the variables z,.,1,--- ,z;, with coefficients in
S-(R,0).

Denote by A = {\1,...,\,} the spectrum of A, that is
of the uncontrollable linear part of the system (I.2). We
say that an eigenvalue \; is resonant if there is a r-tuple
(a1,...,q,.) of positive integers such that

o+t ar>2 and A\ =og A + -+ o (14)

The set R; of all r-tuples o = (v, . . ., o) satisfying (1.4)
is called the resonant set associated to the eigenvalue ;.

A normalization of the vector field f(!) () followed by
a successive repeating of Theorem I.1, for m = 2,3,--- |
yield the following result, see [12]:

Theorem 1.2 There exists a formal feedback transforma-
tion T'>° of the form (L.1), which brings the system >°°,
given by (1.2), into its normal form

YXp 2= Az+Bv+f<1>(z) +f(z),

where the components f;(z) of f(z) satisfy

n
Z7“+1Sj(2r+1) + Z Z%Qj,i(zi)
1=r+4+2
_ if1<j<r,
fi(z) = N
> 22Pi(z), ifr+1<j<n-2,
i=j+2
0, ifn—1<j<n,

and (if the eigenvalues of A' are distinct) the components

fj<1>(z) of f(2) satisfy

Do Vet ez, if1<j<r
a€R;
0, ifr+1<j<n.
15)
Above, P;;, Q;; and S; are formal power series of the
indicated variables, and ;. € R.

II. CANONICAL FORMS

The objective of this section is to produce a canonical
form for systems under consideration.

Consider the system X°° of the form (I.2) and assume
that its linear part (F,G) has been already brought to
the Brunovsky-Jordan canonical form (A, B). Let the first
weighted homogeneous term of 3°° which cannot be an-
nihilated by a feedback transformation be of degree (my),
mg > 2. This means we can assume (see Theorem 1.1) that,
after applying a suitable feedback, > takes the form

Az 4 Bu + f (x) 4 fimo) ()
+ X (@) gt (@)

m=mo+1

jj =

(IL1)
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where the components of the first non vanishing homoge-
neous vector field f(™0) are of the form (I.3) for m = my.
Let s be the smallest nonnegative integer such that

, afme
Lapfi™ = ;ﬂi £0 (11.2)
Tn—s
for some 1 < j < n — 2. This implies that
adgi-1g ™) =0 (11.3)

forany 1 <k <s.

We define j. to be the smallest integer 1 < j < n — 2
such that (II.2) is satisfied. Thus, for any 1 < 5 < j, — 1,
we have

af(mo>

LASB]?]‘(mO) _ i

=0.
0Ty

(IL.4)
Let (ip41,- " ,in—s), Where ¢, 41+ -+ +ip_s = (mo) and
in—s > 2, be the smallest, in the lexicographic ordering,
(n — s)-tuple of nonnegative integers such that

amm>f@m>
: = — 0, (Z,) £0. (IL5)
oo omy )7

By ip41 + - 4 in—s = (Mmp) we mean that i,3 +--- +
s =mog—1ifl1<j. <randipy) 4+ +ip_s =mp
ifr+1<j,<n-2

For simplicity we will assume that 8;_(0) # 0. We have
the following result.

Theorem II.1 The system >°°, given by (1.2), is equivalent
by a formal feedback 1'°°, given by (I.1), to a system of the
form

Y%t i =Az+ Bo+ f(2) + Z Fim(2),

m=my

where, for any m > mq, the components of flm (z) are
given by (1.3) and those of fV(z) by (L5); additionally,
we have

8<m0> _§77L0>
- fj* - ==+1 (I1.6)
8ZTT11 e aznn—_sS
and, moreover, for any m > mqg + 1,
8<m0>f§vn)
- L (%, 2p41,0,...,0) = 0. (I1.7)
azrrll e aznn—_:

The form & satisfying (1.3), (1.5), (I1.6) and (I1.7) will be
called the weighted canonical form of %°°. The following
definition is crucial for an interpretation of the weighted
canonical form.

Definition II.2 (i) Given a system X°° whose linear part
is in Jordan-Brunovsky canonical form, we will say that an
invertible change of coordinates z = ¢(x) is a diffeomor-
phism of the uncontrollable part if

d)j(x):(vbj(zla”'axr)v fOI‘lSjST’

¢j(x) =kxj, keR, forr+1<j<n.

(i) We will say that two systems
Yok = fx) + g(@)u,

514 =f(z)+d(2),

such that the linearizations of both are in the Jordan-

Brunovsky canonical forms, coincide on controllable parts,

if there exists a formal diffeomorphism of the uncontrollable
parts transforming ¥ into X.

re€R” veR and

zeR" veR

Of course, we should speak about linearly controllable and
linearly uncontrollable parts but we skip the word “linearly”
by abuse of language. The name of the weighted canonical
form is justified by the following result:

Theorem IL.3 Twwo systems ¥9° and ¥5° are formally
feedback equivalent if and only if their weighted canonical
Jorms X0 p and X5 coincide on controllable parts.

III. PROOFS

In this section we will prove our main results, which are
Theorems II.1 and II.3.

A Proof of Theorem I1.1

The proof of Theorem II.1 consists of three steps. In
the first step, we will normalize the vector field f 1 In
the second step we will show that the component fﬂ”‘”
of the first non vanishing weighted homogeneous term can
be normalized. Finally, we will prove, by an induction
argument, that the terms of degree (my 4+ — 1) can be put
into their canonical form.

It is a well known result of Poincaré (see, e.g., [1])
that if all eigenvalues are distinct, then by a formal dif-
feomorphism of the uncontrollable part we can get rid of
all nonresonant terms and bring &; = A\;jz; + f »<1>(x) into
2= Njzj + f]m(z), for 1 < j < r, where fj1>(z) is of
the form (I.5).

To perform the second step of the proof of the theorem,
we need to show that the coefficient 6, (Z,) of the homoge-
neous term z,’| -+ of f;:ﬂo) (x) can be normalized
to either 1 or —1.

To see this, consider the weighted homogeneous system

w{mo) s i = Az + Bu+ f () + fimo)(z)

in—s
n—s

and apply a weighted linear feedback defined by:

z; = 1<5<,
Zr41 = E(jr)xr+1;
Zj41 Li;lf—m(m)(e(ir)xrﬂ), r<j<n,
(IIL.1)

with (e(z,))™ ! = +60, (), completed by
v=a (@) + B0 (@) = L7 7 r () (€@ )T 1)-
Notice that for any » + 1 < j < n, we have

2; = N1 (Tp)Tpy1 + -+ 05,5 (T) 25,
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where 7, ;(Z,) = €(Z,) with €(0) # 0. It thus follows that
the inverse of the transformation (III.1) is such that

Tj = 0jr41(Zr)zre1 + -+ 05,5(%0) 2,
forany r+1<j <n, and 0;; = 1/7; ;.

Using the fact that the transformation (III.1) and its
inverse are triangular, we can show (see [14] for details)
that, by applying a weighted homogeneous feedback of
degree (mg), we take the system X(™0) into its normal
form where the condition (IL.6) is satisfied.

In order to normalize f;:m, for m > mg + 1, we will
need the following Lemma whose proof is straightforward
and follows from the condition (II.3). Define the flag of
involutive distributions D! C --- C D**! as following

0 0
Dk = =
spat {8zn—k+1 ’ ’ 8Zn }

forany 1 <k <s+1.

Lemma III.1 Let 1 < k < s. For any vector field H € Dk
we have

7m0 (2), H(2)] € D*.
Moreover,

ads—k—i—l

Az+ £ (2) |:f<m0>(2), H(Z):| S DS+1.

Let us suppose that the system (II.1)-(1.3) is of the form

mo l—17
At But JO@) + S f ()
- m=mo (IIL.2)
b () 4 g (@),

m=mg+I

j’j =

where the vector fields (™ (x), for mg < m < mg +1 —

1,satisfy the conditions (I.3), (II.6), and (IL.7).
Consider the feedback transformation

z=z+¢! ()

F(l+1> .
u=v+al(z) + (),

(IIL.3)

where the components (bJ(-lH)(x) of ¢{*+1) (x) are defined
as follows:

¢§z+1>(x) =0 1<j<r,
I+1 _
o0 (@) = m(z)alth,
¢g<'l++11>($) = LAa;+f_<1>(w)¢§-l+1>($), r<j<mn,
(IL.4)

completed by the feedback
v =il (z) + B (z)u = —LAx+f<1>(x)¢,<f+1>(x).

The importance of this transformation is that it leaves
invariant all terms of degree less than (mg+1{—1) a nd
takes the system (III.2) into the form

mo+Il—1

where

fomot () =
g<m0+l*1) (z) =

Fomott (z) + [F0mo) (2), o441 (2)]
glmoti= (z).

Denote by q(mothiit2 g(motl)ii+2 apd glmothiit2 the
weighted homogeneous invariants (see [12]) associated,
respectively, to the weighted homogeneous systems

»imoth . 2 = Az + Bu+ fM(2)
+ [t (z) 4 gttt (2)u,
Slmoth) . 2 = Az + Bu+ f(2)

£ ft(z) 4 glmatth G,
and

Simoth) s 3 = Az 4 Bu+ f(z2)

+ flmotd () 4 glmo+i=1) (2)y,
where
f(m,o-‘rl)(z) — f(mo)(z)’(b(l-i-l)(z) and g(7no+l—1>(z> =0.

It follows that

d<m0+l>j,l+2 — a<m0+l>]2+2 + d<m0+l>],’b+2

(I1L6)

for all (j,4) € A,, where we define the subset A, = Al U
A? C N x N by

A}":{(]J’)1S]§Tand0§z§n_7~_1}7
A2={(ji):r<j<n—-2and0<i<n—j—2}.
By a tedious calculation (see [14] for details) we can

prove that by an appropriate choice of feedback transfor-
mation (IIL.3)-(IIL.4), i.e., that of u(Z,), we can have

~ +)js,s+2 _ +1)Jw,5+2 A +1)js,s+2 _
glmotixs+2 — ((mo+l)jx,s +a(m0 Yixss =0,

where (j.,s) € A, is given by (IL5).

Applying a normalizing weighted homogeneous transfor-
mation of degree (mg + 1), we thus take the system (IIL.5)
into the form

mo+l1

Az +Bv+ fU () + Y fm(z)

m=mo
+x (e gl e),
m=mo+I+1

,é’ =

(I1L.7)

where for any my < m < mg + [, the components of
the vector field f{"™(z) are given by (I.3), (L5), (IL.6) and
(IL.7).

This completes the proof of Theorem II.1. (]

B. Proof of Theorem I1.3
Let us consider two systems 3¢° and X5° and let

Z‘ff’CF:j::Ax+Bu+f<1>(x)+ Z f<m>(x) and

m=mo,1

¢ = Az+Bu+fU()+ Y fM(z)
oo ~ m=mqg (III'S) ~ ) ~<1> oo ~<7n>
+ 2 (FE) g i), Sopii=Ast B+ [V + ) JG)
m=mg+l m=mo,2
1620
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denote respectively their weighted canonical forms, where
mp,1 and mgo denote the degrees of the first non lin-
earizable homogeneous parts. It is obvious that 3¢° and
23° are feedback equivalent if their canonical forms X7
and 3% coincide on controllable parts. To prove the
converse, we assume that the systems X§° and 35° are
formal feedback equivalent while their weighted canonical
forms fail to coincide on controllable parts. Since X7°
and X5° are feedback equivalent, so are their weighted
canonical forms %%y and X3°% . It means that there
exists a transformation I'>® which brings X% into X3 .
First remark that, from the definition of the integer my,
we necessarily have mg 1 = mg2. Then, Theorem 2 of
[12], and the fact that the components f_j:n0> and f;:ﬂo) are
normalized (see (IL.6)), ensure that f{"0) = f (mo)

Let | be the largest integer such that for any ¢ < [,
we have f(moti=1) — f(mo+i=1) This means that the
transformation I'*® leaves invariant all terms of degree
smaller than mg + [ of the system X% ,. The form of
the transformation follows then from the following lemma.

Lemma IIL.2 A transformation I'*° leaves invariant all
terms of degree smaller than (mgo + 1) of the system X%
if and only if T is of the form

z=Tx + § i (2)
ree - m=Il+1
u=kvt 3 (ol (@)+ A @),

m=Il+1
(111.8)
where k € R, T is an invertible matrix preserving the
Jordan Brunovsky form, and for any m such that | + 1 <
m < mg +1— 1, the triplet (¢, (™ 3{m=10) is given
by

6" (@) =0 1<j<r,
(@) = pon (T2, (IIL.9)
651 (@) = Ly por 0™ (@), 7<j<n,

and

"™ (2) + 5V (@)u = —L gy oy (95" (@).

The transformation above is defined modulo a composition
with a diffeomorphism of the uncontrollable part given by
Definition I1.2.

The proof of this lemma is identical to that given in [12]
and will be omitted for space reasons.

Since the transformation I'>® brings %5 into X5%p,
we deduce that

fW”W@=fWﬁW@+VWW@¢W”@l
(I11.10)

Following arguments in the proof of Theorem II.1, we
obtain

H{mo+1—2) g(mo+1)j«,s+2 H{mo+1—2) g(mo+1)j«,s+2

b1+l fn_s—2 G111 in_s—2
Oz, 1" - 02,7, Oz, - 02,7,
8<mo>f§m0>
+Kﬂl+1(2r) Tt - s’
0z, -+ 02,

where @(mo+1i=5+2 and @{mo+0i-5+2 are invariants asso-
ciated, respectively, to the weighted homogeneous parts of
degree (mg + 1) of the systems X7%p and X535 5.

Using Theorem 2 of [12], we can prove that the last
identity implies ;41(2,) = 0, that is, ¢+ = 0 and
consequently we have o!t1) = g = 0. Thus, the
identity (III.10) reduces to

f(m0+l) f(mo+l>7

which contradicts the definition of /. We conclude that the
canonical forms 7% and X35 coincide on controllable
parts. ]

Example II1.3 (Kapitsa Pendulum) We consider in this
example the Kapitsa pendulum whose equations (see [2]
and [3]) are given by

. w
a = p+ 7 512na

I l— % cosa)sina — ¥pcos«
/ 1 [

Z = w,

where « denotes the angle of the pendulum with the vertical
z-axis, w is the velocity of the suspension point z, p is
proportional to the generalized impulsion, g is the gravity
constant, | the length of the pendulum, and the control is
the acceleration w.

In [12] we showed that this system is feedback equivalent
to the normal form

i1 = vy + Ri(x1,22) + 23Py(23) + 23Q1 (Z3)
{tg = —)\SL'Q + Rg(thl'z) + xgpg(ff'g) + xiQQ(fg)
r3 = X4

i4 = u,

where T3 = (21,22, 23) and

Ri(x1,22) = Zamxl(%xz)mfl
m=2

Ro(w1,m2) = > bpaa(vrz)™ "
m=2

are resonant terms with a,,, b,, € R.
Let us assume that Q1(0) # 0, that is

Q1 (z1,22,23) = Qu0(21,22) + 23Q1 1 (21, T2, 23),

with Q1,0(0) # 0. Consider the weighted linear change of

coordinates
Z1 T1, 23 = u($1,$2)$3

22 = T2 zZ4 = ZzZ3
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followed by the feedback v = Z,. We have
o

B o . .
24 = p(xy, w2)xg + T3 —— %1 + 563%562.
2

8:51

Throughout the example, O* (z) will denote terms of degree
k and higher in the variables z3 and z4 whose coefficients
are functions of the variables z; and z5.

This implies that

xi = ;f2(zl, zz)zi + 23240(Z2) + 2302(22) + Od(z)

Taking pu = /Q1,0, we transform the system into

731 == )\Zl + R1 (2’17 ZQ) + Z3P1(23) + 2324;91(23)
+ 23(1+ 23Q1(%3)) + 2§Q1(24)

732 == 7A22 + RQ(Zl, ZQ) + ngg(gg) + 232452(23)
+  2§Q2(%a)

23 = 2

2':4 = .

By a change of coordinates Z; = ¢1(z1, 22, 23) and 2o =
¢2(z1, 22, z3) we can always annihilate the terms 2451 (Z3)
and 24.55(Z3) and thus without loss of generality we assume
that the system is already in the form

1 = A1y —|—R1($1,$2) +3?3P1(§33)
+ 23(1+ 25 Qu(T3)) + 2301 (24)
Zy = —AT2+ Ry(w1,x2) + 23Pa(Z3) + 25Q2(T4)
r3 = X4
fE4 = u,

for some [ > 2. We decompose 1 4 x5 Q1 (Z3) as

Tay ' Qu(Z3) = 14+af ' Quo(ar, 22)+a5Q1 1 (21, 72, 73)
and we apply a transformation of the form

21 = my, 23 = x3+ahe(z1, 1)

Zo = T2, Z4 = Z3
followed by the feedback v = Z4. We can check that
1 O
3(9.1‘2
= x4+ lmé_lame(:rl, x9) + xé@(xl, x9) + Ol+1(z)

_ Oe . .
24 = (1+lxg 1e(x1,x2))x4+xl3%x1+x To,
1

whose inverse is of the form

23 — Zhe(21, 22)
2y — 1257 24e(Z0) — 240(22).

ry = 2, I3 =
T2 = 22, T4 =
modulo +O'*1(z). This implies that
23 =22 — 2257 22e(21, 20) — 225 240(21, 20) + O'F2(2).
QI,O

Taking ¢ = 5>, we annihilate the terms .’L‘éﬁlxiQLo({fg)
of the first component. Repeating the process we will arrive

at the weighted canonical form

21 = )\Zl + R1 (Zl, 2,'2) + 23P1(23) + Zz(]. + Z4Q1(24))
29 = —Az2+ Ra(21,22) + 23P2(23) + 25Q2(Z1)

zZ3 = Z4

24 = .

We can remark that any diffeomorphism of the form

Z = 2z, z3 = 23
22 - ¢(Z1,2’2), 54 = Z4

that preserves the form of the resonant terms
R1(z1,29), Ra(21,22) (but not necessarily the coefficients
a., and b,,; take, for example, Zo = kzy) transforms the
above weighted canonical form into an analogous weighted
canonical form with R;, P;, and @); being replaced by
suitable Ri, ]52», and Qi, for ¢+ = 1,2. This illustrates
Definition II.2 and justifies the name weighted canonical
forms.
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