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IRREDUCIBLE POLYNOMIALS OVER GF(2)
WITH THREE PRESCRIBED COEFFICIENTS

ROBERT W. FITZGERALD
JOSEPH L. YUCAS

Southern Illinois University

ABSTRACT. For an odd positive integer n, we determine formulas for the number of irreducible
polynomials of degree n over GF(2) in which the coefficients of ”~1, "2 and z"~3 are
specified in advance. Formulas for the number of elements in GF(2™) with the first three
traces specified are also given.

Let ¢ be a prime power and let GF'(q) be a finite field with ¢ elements. A classical result
(see [6, 3.25]) gives the number, P,(n), of monic, irreducible polynomials of degree n over

GF(q):

1
Py(n) = — > u(d)ge,
d|n
where p is the Mobius function. This has been refined several times by counting the
number Py(n, €1, €2,. .. ,€;) of monic irreducible polynomials over GF'(q) with the first &
coefficients being the prescribed values €1, ... ,ex. We are writing polynomials here as

p(x) =™ + az" Va4 a1z + an.

Carlitz [1] gave a formula for P,(n,e;). Kuz'min [5] extended this to a formula for
P,(n,€e1,€2). This was re-discovered, for the case ¢ = 2, in [2] which also introduced
the connection with higher traces. The same connection was used in [8] to get a formula
for Py(n, €1, €2,€3) when ¢ = 2 and n is even. We complete this case, getting a formula
for P,(n,€1,¢€2,€e3) when ¢ = 2 and n is odd. The proof is quite different and depends on
computations with quadratic forms.

The higher traces are defined as follows. Let F' be any field and let K/F be a separable

extension of degree n. Let og,...,0,_1 be the monomorphisms from K into the algebraic
closure of F'. Then define for a € K:
n—1
tr(a) = Z oi(a)
i=0
tra(a) = > oila)oy(a)
0<i<j<n—1

trs(a) = Z oi(a)oj(a)or(a)

0<i<j<k<n-—1

Typeset by ApS-TEX



2 FITZGERALD AND YUCAS
In our case (¢ = 2), o;(z) = z2".

We fix odd n = 2m + 1 and set K = GF(2"™). We will only work over GF(2) so we will
drop the subscript on the P from Py(n,e€q,€0,€3). Let F(n, €, €a,€3) denote the number
of elements z in K with tr;(x) = ¢; for 1 < i < 3 (note that each ¢; is 0 or 1). A M&bius
inversion-type argument in [8] gives formulas for P(n, €1, €2, €3) in terms of F(n, €, €2, ¢€3)
so we will concentrate on evaluating the F’s.

1. Identities.
Set Q = tro + tr3. We also define maps B; : K x K — F as follows:

By(a, B) = tra(a + B) + tra(a) + tra(f)
Bs(a, B) = trz(a + ) + tra(a) + trz(0)
Bo(a, B) = Qo+ ) + Q(a) + Q(B) = Ba(a, B) + Bs(a, §).

Special cases of the following are known, see [4, 0.2] and [8, Proposition 10].

Lemma 1.1. (1) Bo(a, 8) = tri(a)tri(8) + tri(af).
(2) Bs(a, B) = tra(a)tri(B) + tri(a)tra(B) + tr1(aB? + o28) + try (af)tri (o + B).

Proof. (1) To save on superscripts, we set z; = 22", Then

By(a, 3) = Z [(a+ B)i(a+ B); + asay + BifB;]

0<i<j<n—1

= Z Oézﬂj

i#]

n—1
Y a¥s
=0 VES

n—1

= Z a;(tr1(8) + Bs)

= t;(&)trﬂﬁ) + try (af).
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Bs(a, ) = Z [0 By + aiBjou + Biajou + 0Bk + Bic; B + Bi B

0<i<j<k<n-—1

:S(Z aiaj)ﬁk +Z(Z Oék)ﬁzﬂj

k=0 " i<j i<j “k#ij
1,j7#k

:i:trQ +ak2azﬁk+ztr1 +az+ag}ﬁzﬂg

=0 i#k i<y

rz(a) 1(8) + tri(a)try (af) + tri (o B)

ri(a)tra(B) + tri(«8?) + tri (aB)tr1 ()

rQ(a) 1(8) + try (@)tra(B) + tr1(a8® + o?B) + try (aB)tri (a + B).

?T‘

rrﬁrb

O

Recall that K is a finite field of characteristic 2. In particular, K = K?. Set K; =
ker(try).

Definition. Let ¢y : K1 — K be 9s(a) = a + o?. Let ¢35 : K1 — K be ¢3(a) =
Va+a+a?.

Lemma 1.2. For «, (3 € K; we have:

(1) Ba(a, ) = tri(af).
(2) Bs(a,B) = tri(y2(a)pB)
(3) Bqla,B) = tri(ys(a)B).

Proof. (1) is clear form (1.1). For (2), (1.1) gives

Bs(a, B) = tr1(a?8 + af?)
= tri(@?8 + (VaB)?)
= tr1(a?8 + Vap)
= try (Y2(a)3).

And lastly, Bg(a, ) = tri(af) + tr1(¢2(a)p). O
We note that it is only for GF(2) that 9 and 13 are linear.

Lemma 1.3.

(1) 9o : K1 — Kj is an isomorphism.
(2) If 3 does not divide n then 13 : K1 — K is an isomorphism.
(3) If 3 does divide n then ker(13) has order 4.
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Proof. (1) Since try(a) = tr1(a?) we have that 1) maps into K. Say a € kertyy and let
% =a. Then B+ 3*=0. But z + 2* = z(z + 1)(2? + 2 + 1) and 22 + x + 1 has no roots
in K as [K : F] is odd. Hence only 0 and 1 are sent to 0 by ¥ and 1 ¢ K;. Thus 1)y is
injective and so an isomorphism.

(2) First tri(y/a + a + a?) = tri(a), so ¥3 maps K; into K;. Say a € keryz and let
B? =a. Then 3+ 3%+ 3* =0. But 2+ 2% + 2* = (1 + 2 + 23) and the cubic has no
roots in K if 3 does not divide n. So 3 is an isomorphism.

(3) As above, ker(13) consists of the roots of # + 2% + z* and so has order 4. [0

Lemma 1.4. For a € K7, tr3(a) = tri(a?).
Proof. Again let «; denote a?'. We first note that

Namely, each term a,apa. occurs three times, once each in the sums for tri(aap_qQc—q),
try (@e—pgin—p) and tri(@@gin—cQpin—c). Thus
n—2 n—1

tr3 —tr1 Z Z aZOzJ

1=1 j=1+1

:tl'l tI‘Q —OKZO%
1(e(tra( )—a(trl( ) —a)))

tr
= try (atra(a) + o) since a € K
tra(a)try(a) + tri(a?) = try(a®).

2. Quadratic forms.

Over any field of characteristic 2 a quadratic form on an F-vector space V is a map
q:V — F such that (1) ¢(\v) = Aq(v) and (2) by(v,w) = q(v +w) — q(v) — q(w) is a
symmetric bilinear form. We say ¢ is non-degenerate if b, is, namely, b,(v,w) = 0 for all
w € V implies v = 0. Note that b, is alternating, namely that b,(v,v) =0 for all v € V.

The non-degenerate , alternating, symmetric bilinear forms are necessarily even dimen-
sional and have a symplectic basis {e;, f;}, 1 < i < m, meaning

by(ei,e;) =0
by(ei, f5) = dij
by(fi, ;) = 0.
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See [7, Chapter 9, Section 4] for further details.
We continue to assume F' = GF'(2), since only in this case is condition (1) of a quadratic
form satisfied by trs.

Lemma 2.1.
(1) tre, trs and Q) are quadratic forms K1 — GF(2).
(2) tre and trs are non-degenerate.
(3) Q is non-degenerate if 3 does not divide n. If 3 does divide n then the radical of
Q is C = kervs and @ is non-degenerate on K, /C.

Proof. (1) follows from (1.2). The trace form, «, 5 — tri(af) is non-degenerate by [6,
2.24]. Hence (2) and (3) follow from (1.3). O

We use the notation sp(S) for the linear span of a set S.

Lemma 2.2. Let g be a non-degenerate 2m-dimensional quadratic form over GF(2). Set
B = b,. Suppose U is an m-dimensional subspace with B(u,u') = 0 for all u,u’ € U.
Then any basis of U can be extended to a symplectic basis {u;,v;}, 1 <i < m. Moreover,
vy can be taken to be any vector in sp(ug, ... ,Un)> \ U.
Proof. Let uy,... ,u, beabasisof U. Now U C sp(us, ... ,Uy,)" and dimsp(ug, ... , ty,)*
is m + 1. So write
sp(ug, ... s um)- =U @ v,

for some v. Set v; = v. Then B(u;,v1) = 0 for all i > 2. Also B(uj,v1) = 1, else
vy € U+ = U, a contradiction.

Suppose we have constructed vy, . .. vy with B(v;,v;) = 0 and B(u;,v;) = d;;. As before,

SP(UL, - oo s Uy Uy 2, - ooy U) - =U @7,
for some r. Set S={i:1<i<k B(v;,r)=1} and let
Vg1 =T+ z:uZ
€S
We check that this works. B(u;,vg+1) = 0 for all i # k + 1. Then B(ugy1,vi+1) = 1, else
vir1 € UL =U whiler ¢ U. If j ¢ S then

B(vj,vg41) = B(v;, 1) + ZB(vi,uj) =0.

ieS
If 7 € S then
B(vj,vk1) = B(vj,7) + Y B(vi,uy)
icS
= B(vj,r) 4+ B(vj,u;) =1+1=0.
[

Let N(f = a) denote the number of solutions to f = a. Let mH = z1y1 + - - - + Ty Ym.-
We will use:

22m—1 + 27n—17 if =0
(2.3) N(mH = a) = { s

92m=1 _gm-1  if o =1,

This is [6, 6.32]. It can be proven directly by a simple induction argument.
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Lemma 2.4. Let q be a 2m-dimensional, non-degenerate quadratic form. Let U be an
m-dimensional space with by(u,u’) =0 for all u,u’ € U. Suppose {u1,... ,un} is a basis
of U with q(uy) = 1 and q(u;) = 0 for 2 <i < m. Let vy € sp(ug, ... ,um)" \U. Then:

22m71 + 2m71’ 1fq<'01)

Na=0-{ X
T= 7 2m1 —om1 irg(o) = 1

Proof. This can be deduced from [6, 6.32] but a direct proof is no more difficult. Extend
{u1, ... ,Um,v1} to a symplectic basis {u;, v;}, which is possible by (2.2). For z = > z;u; +

> yiv; we have:
m m
z) = a3 + Z TiYi + Z q(vi)y
i=1 i=1

Note that z2 and z are equal as functions over GF(2) so that

q(2) = 1 +zy1 + gy + (@ + q(v:)ys.
=2

If g(v1) =0 then ¢(2) = z1(1 +y1) + >_(x; + q(v;))y;. Hence N(¢ =0) = N(mH = 0).
Apply (2.3). If g(v1) =1 th

m

g(z) =1+ (L+a1)(1+y1) + Z(w +q(vi))yi-

So N(¢g=0)=N(mH =1). Apply (2.3). O

We note that g(vy) is the Arf invariant of ¢, see [7, Chapter 9, section 4].
For i = 2,3, Q write perp;(S) for {v € K; : B;(v,s) =0 for all s € S}.
We will construct, in the next section, elements uy,... ,um,x1,y2, 21 € K71 such that

1) Ba(ui,u;) = 0= Bs(u;,u;) foralli,j=1,... ,m.

) =1.
) tI‘g Ul) = tI‘Q(UQ) =0.
) tra(u;) = 0 = trg(u;) for all 3 <i < m.
) x1 € perpa(us, ... ,uy,) \ U, where U is the span of uy, ..., Up,.
) y2 € perpsg(ug,uz, ... ,upy) \ U.
) 21 € perpg(ug, ... ,um) \ U.
Now @ is degenerate if 3 divides n (2.1). Let © denote v+ C and let Q denote the map
induced by Q on K; = K;/C. When 3 divides n we require two additional properties of
our construction:

(8) |CNU| = 2 with the non-zero element v of CNU satisfying v +wu1 € sp(uz, . .. un).
(9) Zg € perp@(ﬂ?n e 7am) \ U.
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Proposition 2.5. Let n > 7 and assume we have constructed elements in K; satisfying
(1)-(9). If 3 does not divide n then:

F(n,0,0,0) = 2272 4 3.2m72 _ (try(x1) + tr3(y2) + Q(21))2™ !
F(n,0,0,1) = 2272 —2™~2 4 (—try(z1) + tr3(y2) + Q(21))2m*
F(n,0,1,0) = 2272 —2™72 4 (try(x1) — tr3(y2) + Q(21))2"m 1
F(n,0,1,1) = 2272 —2™m~2 4 (try(21) + tr3(y2) — Q(21))2™ 1.

If 3 divides n then:

F(n,0,0,0) = 22™72 1 2™ — (try(x1) + tr3(y2) + 2Q(22))2m*
F(n,0,0,1) = 2272 2™~ 4 (—tro(z1) + tr3(yo) + 2Q(22))2" 1
F(n,0,1,0) = 2272 — 2™~ 4 (try(z1) — tr3(y2) + 2Q(%2))2™*
F(n,0,1,1) = 2272 4 (tro(x1) + tr3(y2) — 2Q(Z))2™ .

Proof. (1) We first note that

{uy,... ,um,x1} meets the hypotheses of (2.4) for ¢ = try
{ug,ur,us,... ,um,y2} meets the hypotheses of (2.4) for ¢ = trs
{ui,u1 +ug,u3... ,um,21} meets the hypotheses of (2.4) for ¢ = Q.

Applying (2.4) yields

F(n,0,0,0) 4+ F(n,0,0,1) = N(trg = 0) = 2271 4 2m71 _ 9try(z1)2m*
F(n,0,0,0) 4+ F(n,0,1,0) = N(trg = 0) = 2271 4 2m~1 _ 2trg(yy)2m !
F(n,0,0,0) + F(n,0,1,1) = N(Q = 0) = 2?™~1 4. 2m~1 _9Q(z)2m !
F(n,0,0,0) + F(n,0,0,1) + F(n,0,1,0) + F(n,0,1,1) = 2%™,

The sum of the first three minus the fourth gives a formula for 2F(n,0,0,0). The others
are easily found.

(2) Here @ is degenerate. Note that {@y,ds,... ,Un, 22} meets the hypothesis of (2.4)
for ¢ = Q. The two variables associated to C can take any value without affecting the
value of (). Hence

N(Q =0) =4N(Q =0)
— 4(22(?71—1)—1 + 2(m—1)—1 . 2@(52)2(?71—1)—1)
=2¥m=l pom _2Q)(z)2™.

Replace the right-hand side of the third equation above with this expression and solve. [J

To complete the count we have:
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Lemma 2.6.

F(n,1,€3,€5 + €3), if m is even

F(n,0,es, =
( €2, €3) {F(n,1,1+62,1+€2+‘53)» if m is odd.

Proof. From (1.1) we have for a € K;

Bz(l, a) = tI‘l(l : Oé) + trl(l)trl(a) =0.
Bs(1,a) = tra(1)tri (o) + tra(a)tr (1) + tr (a® + a)

= tra(a).
Hence
tra(1 4+ ) = tra(1) + tra (o)
tr3(1 + ) = tr3(1) + tra(a) + tr3(a)
Since

trg(l)z(g> (mod 2) and tr3(1)z(z> (mod 2),

we have try(1) = 1 iff trg(1) = 1 iff m is odd. The result follows. O

3. The construction.

We will now give an explicit construction of uq,... ,um,T1,y2,21 and zp. Let B =
{a,a?,. .., oz2n71} be a self-dual normal basis for K, see [3, 5.2.1] for the existence of such
a basis. Here self-dual means that

try (Oézi Oz2j ) = 5ij .

We will use:

Proposition 3.1. Let v = coa + c1a? + - - + Cn_1a2"_1 e K.
(1) tri(y) =co+c1+ -+ cp_1 (mod 2) is zero.
(2) tra(y) = 5(co+c1+ -+ ¢p_1) (mod 2).

c

(3) trs(v) n—1Co + coc1 + c1co + -+ + cp_2cp—1 (mod 2).

Proof. (1) is [2, Lemma 9]. (2) is implicit in [2]. Namely, [2, Theorem 5] gives

tra(y) = Z cic;  (mod 2).

0<i<j<n
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Now follow the proof of [2, Lemma 7]|. Let k be the number of ¢; equal to 1. The sum
> ¢icj counts the number of pairs of 1’s in the string cocy ... ¢,,—1. Thus

S ey = (’;)

0<i<i<n

Since k is even by (1), we have tra(y) = 0 iff £ =0 (mod 4), which yields (2).
For (3) we have by (1.4)

trs(y) = tr1 (73) = tr1(772)
= tri((coa +era® +--- 4 Cn—10‘2n_1)(0n—104 +coa® 4+ + Cn—2a2n_1)).

Since tri (a2 a?’) = d;; we have the result. [

Proposition 3.2. Let 8 = bya+bia?+ - +b,_102"  andy = coatcial+-- +cp_1a?"

be in Kl.
(1) Bg(ﬂ,’y) =bgocog +bicy + -+ bp_1¢n_1 (mod 2).
(2) B3(B,7) =bo(cn-1+c1) +bi(co+c2)+ - +br_i(cn—2+cp) (mod 2).
(3) Bo(B,7) = bo(cn-1+co+c1) +bi(co+ci+c2)+ -+ bp_i(cn—2+ cn_1 + o)
(mod 2).

Proof. From (1.1), B2(83,7) = tr1(87), B3(8,7) = trl(ﬁ’Y +3%y) and Bq(3,7) = tr1(8y+
B2 + 3%v). Now compute using the fact that tri(a? a?’) = 6. O

For v = cooe + c1a® + -+ - + cp_10?" """ We abuse notation and write v =(cocy...Cpn—1).
We use * for concatenation and n(s) for the concatenation of n copies of (s). We assume
n>".

Let

u1 = (00001) * (n —6)(0) * (1)
= (1111) % (n — 4)(0)
(4

wj = (1001) % (j — 3)(0) * (1) % (n — 2§)(0) * (1) % (j — 3)(0), j=3,...,m
n—3
x1 = (1100) * k(1) * (n — k — 4)(0), kz?{ 1 J
(11101) * (2¢ — 1)(1001), if n =8t + 1
(110) * 2¢(1100), ifn=8t+3
273 (11101) * 26(1001), if n =8t +5
(101) * (2¢ +1)(1100),  if n =8t + 7.

If 3 does not divide n then set

(1001) % (2¢ — 1)(101) % 2t(100), ifn=12t+1
(00) * (2t 4 1)(101) = 2(001), if n=12t+5
(0000) = (2¢ 4 1)(110) * 2¢(010), ifn=12t+7
(11010) * (2¢ + 1)(110) % (2¢ + 1)(100), if n =12t + 11.

zZ1 =
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If 3 does divide n then set

- { (000) % 2¢(011) % 2¢(010), ifn=12t+3
70 (000010) % 2(110) % (2¢ + 1)(100), if n = 12¢ + 9.

Proposition 3.3. Letn > 7.

(1) u1,...,Um,x1,y2 and z; satisfy conditions (1)-(7) of the last section.
(2)
0, ifm=0,3 (mod 4)
t =t =
ra(@) = tra(ye) { 1, ifm=1,2 (mod 4).

(3) If 3 does not divide n then Q(z1) = tra(z1).
(4) If 3 does divide n then conditions (8) and (9) of the previous section hold. And

Q(Eg) = tl“g(l‘l) —+ 1.

Proof. (1), (2) and (3) consist of several easy computations using (3.1) and (3.2). We do
the computations involving x1, namely condition (5) of the previous section and statement
(2). Notice that u; = a6 + 02" ug = a4+ +a*+ a8 u; =a+af+a?" +a2" 77,

for j=3,...,m, and
m—+1
27n+2

x1:a+a2+2a2i+ea ,
i=4
where
0, if m is even
€ =
1, if m is odd.

Now, x; and u; match only at a® so by (3.2), Ba(uy,x1) = 1. In particular, x; ¢ U. Next,
x1 and us match only at « and o so that By (ug,x1) = 0. Also, z1 and u;, 3 < j < m,
match only at o and o2’ so that By (uj,x1) = 0. This proves condition (5). Finally, by
(3.1),

s14+14+(m=2)+€) =1(m+e) (mod?2)
0, ifm=0,3 (mod 4)
1, ifm=1,2 (mod 4).

tI‘g (l‘l)

Suppose 3 divides n. One checks that the non-zero elements of C are

= B(01) = 2(101) s = 2(110).
Now 2 and 73 are not in U since By (72, u2) = Ba(vs,u2) = 1. But 7 is in U, in fact,
Y1 = u2 + Z U
1=0,1 (mod 3)

This also checks condition (8) of §2. For condition (9), take zo = 20 + (CNU). O

Now simply plug the values from (3.3)(2) and (3.3)(3) into the formulas of (2.5) and
(2.6) to get:
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Theorem 3.4. (1) For n =2m + 1 odd, n > 1 and 3 not dividing n, we have

F(n7 €1, €2, 63) - 2n—3+

m 000 001 010 011 100 101 110 111
0 3. 2m—2 _2m—2 _2m—2 _2'm—2 3. 2m—2 _2m—2 _2m—2 _2m—2
1 —-3. 2m—2 2m—2 2m—2 2m—2 2m—2 2m—2 2m—2 -3. 2m—2
2 _3. 2m—2 2m—2 2m—2 2m—2 -3. 2m—2 2m—2 2m—2 2m—2
3 3. 2m72 _2m72 _2m72 _2m72 _2m72 _2m72 _2m72 3. 2m72

where the m is listed modulo 4.
(2) Forn =2m+ 1 odd, n > 1 and 3 dividing n, we have

F(n,e1,€e,63) = 2"+

00 001 010 011 100 101 110 111

m YUY Vol
0 0 2m—1 2m—1 _9m 0 2m—1 _9m 2m—1
1 0 _2m—1 _2m—1 om _2m—1 om _2m—1 0
2 0 _2m—1 _2m—1 om 0 _2m—1 om _2m—1
3 0 mel 2m71 _9m 2m71 _9m 2m71 0

where again the m is listed modulo 4.

Note that our proof is only valid for n > 7. The above table however is also valid for
n = 3,5, which must be checked directly.

4. Irreducible polynomials.

We get formulas for the number of irreducible polynomials over GF'(2) with the first
three coefficients prescribed, P(n, €1, €2, €3), from the inversion formulas of [8, Theorem 2].
For n odd these simplify slightly to:

1
P(n,0,e2,€3) = — > ud)F(n/d,0, e, ¢€3)
dl

1 1
P(TL, 1762763) = E E M(d)F(n/da L, 62763) + ﬁ E :u(d)F<n/d? L1+e,1+ 63)‘
dln d|n
d=1 d=3

The congruences here are modulo 4. The tables in (3.4) for F do not include the case
n = 1 but these may arise in these inversion formulas. The values are F(1,0,0,0) =
F(1,1,0,0) = 1 and the six others are 0.
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As an example, suppose n = 9. The formulas become:

P(9707€2763) -
P(9717€27€3) -

(F(g, O, €9, 63) — F(3, 0, €2, 63))

1
9
5(F(9,1,€2,€63) — F(3,1,1 + €2, 1 + €3)).

From the tables in (3.4) we get:

P(9,0,0,0)=7  P(9,1,0,0) =7
P(9,0,0,1) =8  P(9,1,0,1) =8
P(9,0,1,0)0=8  P(9,1,1,0) =5
P(9,0,1,1) =5  P(9,1,1,1) = 8.

These may be verified from Table C in [6, p. 553].

6.

7.

8
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