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Explicit Symmetries of Strict Feedforward Control Systems

Issa Amadou Tall and Witold Respondek

Abstract— We show that any symmetry of a smooth strict
feedforward system is conjugated to a scaling translation and
any l-parameter family of symmetries to a family of scaling
translations along the first variable. We compute explicitly
those symmetries by finding the conjugating diffeomorphism.
We deduce, in accordance with our previous work, that a
smooth system is feedback equivalent to a strict feedforward
form if and only if it gives rise to a sequence of systems,
such that each element of the sequence, firstly, possesses
an infinitesimal symmetry whose flow is conjugated to a 1-
parameter families of scaling translations and, secondly, it is
the factor system of the preceding one, that is, is reduced from
the preceding one by its symmetry. We illustrate our results
by computing the symmetries of the Cart-Pole system.

I. INTRODUCTION

We consider smooth single-input nonlinear control-affine
systems of the form

i = fz) +g(@)u,

where f and g are smooth vector fields on R™.

We will say that the system X is in affine strict feedfor-
ward form, (shortly X gpp), if it is in the form
(SFF)

= filze, ..., 2n) Foi(xe, .., 20)u
j:nfl = fn,1($n) + gnfl(‘rn)u
i‘n = fn+gnu7

where f,, g, € R, g, # 0.

A basic structural property of systems in strict feedfor-
ward form is that their solutions can be found by quadra-
tures. Indeed, knowing wu(t) we integrate f,, + gnu(t) to get
xn(t), then we integrate f,,_1(zn(t)) + gn-1(xn(t))u(t)
to get x,—1(t), we keep doing that, and finally we in-
tegrate f1(z2(t),...,2n(t)) + g1(x2(2),. .., 2,(t))u(t) to
get z1(t).

Another property, crucial in applications, of systems in
(strict) feedforward form is that we can construct for them
a stabilizing feedback. This important result goes back to
Teel [19] and has been followed by a growing literature on
stabilization and tracking for systems in (strict) feedforward
form (see e.g. [4], [6], [13], [20], [2], [7]).

Recently (see [11]), we have proved that feedback equiv-
alence (resp. state-space equivalence) to the strict feed-
forward form can be characterized by the existence of a
sequence of infinitesimal symmetries (resp. strong infinites-
imal symmetries) of the system.
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In this paper we give a complete classification of sym-
metries of strict feedforward systems, and we restate the
equivalence conditions obtained in [11] in terms of the
symmetries of strict feedforward systems.

Notice that the problem of transforming a system, affine
with respect to controls, into (strict) feedforward form via
a nonlinear change of coordinates was studied in [5], and
that a geometric description of systems in feedforward form
has been given in [1]. We have also used another approach
to propose a step-by-step constructive method to bring a
system into a feedforward form in [15], [17] and strict
feedforward form in [16].

The paper is organized as follows. Section II deals with
notations and definitions. Section III contains the main
results of the paper along with explicit examples. The proofs
form the Section IV.

II. NOTATIONS AND DEFINITIONS

In this section we will give definitions concerning feed-
back equivalence of control systems and symmetries. The
word smooth will mean throughout C°*°-smooth and all
control systems are assumed to be smooth. For simplicity
of notations we will consider here control-affine systems.

Two smooth control systems > and 3 are called feedback
equivalent, shortly F-equivalent, if there exist a smooth
diffeomorphism ¢ : X — X and smooth functions «, £,
satisfying 3(-) # 0, such that

¢.(f+ga)=f and ¢.(98) = §.

Recall that for any smooth vector field A~ on X and any
smooth diffeomorphism & = ¢(z) we denote

(6:h)() = dp(6™"(2)) - h(¢™ (1))
For the single-input control-affine system
X @ = f(z)+g(@)u,

where z € X, an open subset of R”, and u € U = R,
and f and g are smooth vector fields on X, the field of
admissible velocities is the following field of affine lines

A(z) = {f () + ug(x)

A diffeomorphism ¢ : X — X is a symmetry of ¥ if
it preserves the field of affine lines .4 (in other words, the
affine distribution A of rank 1), that is, if ¥, A = A.

A local symmetry at p € X is a local diffeomorphism
1 of Xy onto X;, where Xy and X; are, respectively,
neighborhoods of p and ¥(p), such that

(¥+A)(q) = A(q) for any q € X;.

ueR}YCT,X.
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A local symmetry v at p is called a stationary symmetry

if ¥(p) = p and a nonstationary symmetry if ¥ (p) # p.
We say that a vector field v on an open subset X C R"

is an infinitesimal symmetry of the system X if the (local)
flow ¢ of v is a local symmetry of ¥, for any ¢ for which
it exists.
An infinitesimal symmetry v is called stationary at p € X
if v(p) = 0 and nonstationary if v(p) # 0.
ITII. MAIN RESULTS

Consider the class of smooth single-input control systems
in strict feedforward form (SFF)

i = f(z)+g(@)u,

fi(@) = fi(@jqa, ...
9;(z) = gj(zj41,. .., Tn),
fo(x) = frn € R and g,(x) =g, € R*.

,l’n), lgjgn_17

YsFF )
1<j<n-1

Notice that for any 1 < i < n, the subsystem X%,
defined as the projection of Ygpp onto Rl via
mi(®1, .., Tn) = (Tiy...,Tp), is a well defined system
whose dynamics are given, for any ¢ < 7 < n, by

L.Cj = fj($j+1a ce ,.’L’n) +gj(xj+17 ce ,xn)u.

Define the linearizability index of X grp to be the largest
integer p such that the subsystem Eg}lF where p+r = n,
is feedback linearizable. Clearly, the linearizability index is
feedback invariant and hence the linearizability indices of
two feedback equivalent (SFF)-systems coincide. We will
assume that the linear approximation around the origin is
controllable which implies that p > 2.

For any nonzero real numbers A{,..., A, A € R* and
any c¢1,...,¢41 € R, put A = (A, A0 A, ..., A)
and C = (¢1,...,¢41,0,...,0) and define a scaling

translation by

Tac(z) = (Mz1+ ety ATy + Cn),

withcr+2:...:6n:03nd)\r+1:...:)\n:A.

Theorem IIL.1 Consider a smooth system Y.gpp in strict
feedforward form with linearizability index p = n — r. Any
symmetry ¢ of Ygpr is of the form

lﬂ:O'_loTA,co a,

for a fixed (A, C), where z = o(x) is the diffeomorphism of
the transformation taking Y.spp into its strict feedforward
normal form XspnF given by Definition II1.2 below. Any
local 1-parameter family of symmetries 1., of XsrF is of
the same form with ¢1 € (—e€q,€1).

Theorem III.1 says basically that strict feedforward sys-
tems have 1-parameter families of symmetries conjugated to
scaling translations. Recall that in [9] we showed that any
symmetry is conjugated to at most two 1-parameter families
of translations along the first variable; those translations
being the only symmetries of the canonical form.

ThiP2.18

The constant parameters Ai,..., A, A are likely to be
either +1 or —1 and will be uniquely determined by
c2,...,¢r (given by other equilibrium point) because, to-
gether, they should satisfy some strong conditions (SC), see
below. The only free parameter is c;. In Example III.8 we
provide a case where some of the parameters A1,..., Aq, A
are not equal to +1 or —1 as well as some constants
ca,...,Cry1 that are non zero. We then compare the results
obtained here with those of [9], and show no ambiguity
between them.

The importance of this result is that we can always put a
(SFF)-system into a strict feedforward normal form (SFNF)
via smooth feedback transformation while the canonical
form is only guaranteed in the formal category. Moreover,
the feedback transformation taking the system into its
strict feedforward normal form (SFNF) can be constructed
explicitly, for smooth systems, see Section IV.

The notion of strict feedforward normal form plays a
crucial role in proving Theorem III.1 and is as follows.

Definition II1.2 A smooth strict feedforward normal form,
denoted X gpnF, is a strict feedforward form

l"l = F1(5627...,1’n)
i,. = Fr(xr+1,...,xn)
Tr41 = Tr42
Tp—1 = In
Ty, = U

for which p = n — r is the linearizability index and

(SENF) Fj(x) = hj(wjp)+ Y a7 Ppi(ajp, .. w:)
i=j+2

for any 1 < j <, where h; and Pj,i are smooth functions

of the indicated variables.

The above strict feedforward normal form Xgpnyp Wwas
introduced in [12], where we proved the following:

Theorem IIL3 Any smooth strict feedforward form can
be transformed into a strict feedforward normal form via
smooth feedback transformation.

Remark II1.4 (i) In the proof of Theorem III.1, we will

give an algorithm showing how to construct explicitly the

feedback transformation (in particular, the diffeomorphism

z = o(x)) that takes a (SFF)-system into its (SFNF).
Then using the commutative diagram

ZSFF ZSFF
g g
YSFNF YSFNF

3814
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where ¢ is a symmetry of the strict feedforward normal
form X spnp, all we will have to prove is that all 1E’s are
exhausted by scaling translations T ¢ defined above.

(i) We will use this item to deduce, as a corollary,
necessary and sufficient condition for a system to be brought
to a strict feedforward form (see Theorem I1.4 of [11]).

Corollary IIL.5 Consider a smooth affine system % with
linearizability index p = n — r. The following conditions
are equivalent.
(1) X is, locally at q € X, feedback equivalent to the
affine strict feedforward form (SFF);
(i) Each system ¥, ¥2,...,X" possesses an infinitesi-
mal symmetry v;, whose local flow . is conjugated
to a scaling translation

Vi

—1 I
’ch-, =0; OTA,C o0, €€ (76%61)3

where X is the restriction of ¥ to a neighborhood

X4 and

=%, 1<i<r—1L

Above, the equivalence relation ~,, is induced by the local
action of the 1-parameter local group 7’ defined by wv;,
that is, such that ¢; ~,,, g2 if and only if they belong to the
same integral curve of v;, and for any 1 < ¢ < r — 1 the
scaling translation ']I‘j\’c is the composition of Ty ¢ with
the projection ;:

ﬁ\c(x) =Nz + ¢y
EXAMPLES

Example II1.6 Cart-Pole System. In this example we con-
sider a cart-pole system that is represented by a cart with an
inverted pendulum on it [8], [18]. The Lagrangian equations
of motion for the cart-pole system are

s ARTy F Cry AZpi 1, - ooy ATy

mol sin(qg)qg + F
gsin(gz),

(my +m2)G1 +malcos(qz)Ga =
cos(g2)d1 + G2 =
where m; and ¢; are the mass and position of the cart, ma,
l, ¢ € (—7/2,m/2) are the mass, length of the link, and
angle of the pole, respectively.
Taking ¢> = u and applying the feedback law (see [8])
F = —ul(my + mysin®(ga))/ cos(go)
+ (my +mg)g tan(gz) — mal sin(qz)d5
the dynamics of the cart-pole system are transformed into

Zo = gtan(xs) — lu/cos(xs3)
l"4 = u,

€Tl = T2,

PRy (1L 1)

where we take x1 = q1, T2 = ¢1, T3 = @2, and x4 = ¢o.

This system is in strict feedforward form (SFF) with the
linearizability index p = 2. We showed in [9] that the
diffeomorphism

ThiP2.18

defined by

3 ds

z1 = o1(x) = pxy + ul/ ,
0 COSS
T4

= = l
=2 02(w) = ps + p CoS T3
z3 = o03(r) = pgtanws,
() -
za = oyu(x) = )
4 4 ug 082 T3

takes the system into its canonical form Xgpcr:
Z3

. 2
2B AT gApr

Z = 22,
Z3 = 24, 24 =0.
It is straightforward to verify that

TS (2) = (21 + c1, 22, 23, 24) and
T, (2) = (=21 + c1, —22, —23, —24)

constitute two 1-parameter families of symmetries for the
canonical form. By Theorem 4 (see [9]), they exhaust all
possible symmetries of the canonical form.

The symmetries of (III.1) are obtained by computing

Y(z) =0t oTE oo(a)

where the inverse z = 1(z) = 0~ !(z) is given by

1 = m(z) = gz +6(z3),
. - 24
Ty = m(z) = figze — ll——
1+ (fiz3)?
x3 = mn3(z) = arctan(jizs),
Aza
€T = )= —
4 774( ) 1_1_(/123)2

for a suitable function 0(z3). It follows easily that
o 'oTf oo =T, and 0 'oT, oo(z) =T,
are both 1-parameter families of translations along the first
component x1 of (x1,xs, T3, T4).
Example II1.7 Consider the system in R* described by

T1 = sinxg + :E?L sinxs, &9 =sinxs+ xf’l
£-E3 = T4, .’t4 = Uu.

This system is clearly in (SFNF) with linearizability index
p = 2. It is easy to check that the forward and backward
translations

Tcth%(x) = (‘Tl +Cl,$2+02,:173+637174) and
T, cpes () = (=1 + €1, =72 + Co, =13 + c3, —74)
are symmetries, where ¢y and cs are any multiples of 27.

Example II1.8 Consider the system
2

E @ = To + 2w0e®3 sinxz + 2w0e%3 23, i3 = 14,
z=o0(x) = (01(x),02(x),03(x),04(x)) SEE To = e™3 sinxsg + e”ﬁi, T4 = u,
3815
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in strict feedforward form with linearizability index p = 2.
Due to the terms 2x2e3 sin x3, this system is not in strict
feedforward normal form. However, it is straightforward to
check that the diffeomorphism z = o(x) defined by

2
21 = X1 — Tg, 22 = T2, 23 = T3, 24 — T4
takes Y g into the strict feedforward normal form

21 = 22, Z3 = 24,

by Do . \ .
SENF = 5 — €% gin 23 + ez“zi7 24 = u.

We can notice that the scaling translations
Z2=Tac(2) = (Az1 +c1, A22, 23 + c3, 24)

with ¢35 = 2km, k € Z, and A = € form a family of
symmetries of ¥ gpnp parameterized by c;.

Indeed, it is easy to see that they map Xgpnyp into
YsrnF given, around the equilibrium ¢ = (0,0, c5,0), by

23 = 2,

21 = é:27
2 24 = Uu.

Xt B .~ S~
SENF " 2, — % gin 53 + ez,

The composition & = o~ ! o T ¢ o o(x) expresses the
coordinates = in terms of the coordinates x as follows
T1 = A1 +()\2 —A)x%—i—cl T3 = T3+ c3
To = Iy T4 = T4,
where c3 = 27 and \ = e°3.
A straightforward calculation shows that

1 = AMwo+ 2w2e™ sinzg + 2@6“95421)
+ 2(A% = N)zp(e™ sinag + e xd)
= Azy + 2\225(e™ sinzz + e 2?)
= &+ 2796 sin &3 + 25267352
because Axs = To and
Ae™ sin g = e”*1 gin(x3 + c3) = € sin &3.

Similarly, we can show that

Ty = Me™ sinzg + e 2?) = e sin 5 4 ™32

ThiP2.18

Hence & = ¢)(x) = 0! o Ty ¢ o o(z) is a 1-parameter
family of symmetries of Xgpp.

For convenience of notation, we will denote gspp,
defined around (0,0, 0,0), by X%z and the system gpp,
defined around ¢ = (0,0,27,0), by X%, . The same
notations apply to the systems X2y and X8,y o

Now, in view of the results obtained in [12], we will com-
pute the canonical form of X, and the transformations
taking X% and X% .. to this canonical form.

It is easy to verify that y = ®(x), given by

ys = €3 sinxg
yq = €3 (sinxs + cos x3)xy,

Y1 =21 — 23
Y2 = X2
followed by an appropriate feedback, takes the system
Y& pp into its canonical form
Y3 = Ya,

Ys =,

U1 = Y2,

g2 = y3 + O(y3)yi,
1

es (sinxz + cos 23)2 lzs=0-1(ys)’

YsFCF :

where O(y3) =

with 0(x3) = e sin z3.
On the other hand, applying the translation

& =T(x) = (T1,T2,T3 — c3,T4)

to the system X% . -, we can shift back the equilibrium point
to (0,0,0,0). In the new coordinates, X% becomes

1= g + 2X\Zo (6503 sin 3 + 6i3£i'421) , I3 = g4,
To =\ (ea63 sin T3 + ex?’ii), T4 =u,

Yspp
where A = e“. The diffeomorphism § = ¥ (&) given by
3 = €3 sin @3

U4 = e*3(sin &3 + cos T3) 14,

=1 - 23)
g2 = A"l
followed by an appropriate feedback, takes the system
Y% pp into its canonical form
Sepep i =G, ) U3 = §a,
Y2 =3+ O(U3)7i, Y =v.
It follows that the composition §j = ¥ o T ot o ®~1(y) is
a l-parameter family of symmetries of the canonical form
according to the diagram.

Since %3 = Z4 and :%4 = u, it follows that the composition o P 4
T =0"10Tycoo(z) maps Lspr, defined around the SFF YSpF
equilibrium (0,0,0,0), into Ygpp described, around the \T
equilibrium ¢ = (0,0, 27, 0), by the same dynamics B
N . . P 32
Iy = Zg + 2E9€™3 sin g + 200e™372, iy = Iy, SEE
ESFF: N T ) L /
To =€778Inr3 + €Ty, T4 = U. ]
o ¢ Zq
SFF SFF by - 3
SFCF VoTopod ! SFCF
o o We explicitly find this family of symmetries by express-
ing the coordinates y as functions of the coordinates y:
50 s 1= A& —83) =M1 (F - d3)
SENE ac TN = A (A 4+ (W = N2 + o — Na3)
= :Zilfl‘%ﬁ*&l:ylﬁ*él.
3816
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Similarly, we get
G2 =Ny = ATy = A (Awg) = @ =

U3 = €™ sin i3 = ™2 sin(Z3 + 27) = e sinag = y3

and

Ya

™5 (sin g3 + cos #3)d4
ei3+2ﬂ'(sin(i3 + 277) + COS(i’g + 27T)>j4
= " sinag + %l =y,

We conclude that the symmetries of the canonical form are
exhausted here by a 1-parameter family of translations along
the first variable. This is in concordance with the results
in [9]. Notice that the composition ® o 1) o ®~! does not
yield a symmetry for the canonical form. The reason is that,
the system X% ., being defined around the equilibrium g,
is not transformed into the canonical form X grcp by the
same diffeomorphism ® as ¢ is.

IV. PROOFS

In this section we will prove Theorem III.1. Let us con-
sider a system X gpp in strict feedforward form. Applying
Theorem III.3, we can assume that the system Xgpp is
in the strict feedforward normal form XgsrnF, given by
definition III.2, (explicit transformations are given in the
second part of this Section).

Notice that if Z = ¢(z) is a symmetry of Xgrr (in
particular, of X grxNF), then it preserves the structure of
the strict feedforward form. Hence (see [17]), we have
Z; = ¢Yj(x) = ¢Yj(xj,...,xn-1) for 1 < j < n — 1. This
implies that 7. (¢)) = (¢ (2), ..., ¥, (x)) is a symmetry of
the projection X', of Ygpp whose dynamics are given
by

n
-i‘r - hr(xr+1) + Z m%PT,i(mT+1;"'7xi)
1=r+2
-i‘r+1 - LTr42
Tpn1 = Tn
Tn = .

We claim that 1;(z) = ¢;(z;) for any » < j <n —1.
Indeed, we have ¢,_1(x) = ¥n_1(xn_1). Let k be the
largest integer, r < k < n— 2, such that R 2 ( for some

T
s > k+1 (we can take s to be the largest integer that yields
this property). Thus

ThiP2.18
In fact, it is easy to see that A,y 1 = --- = A, = X and
Cr42 = -+ = ¢, = 0 but for homogeneity of notation, we

will carry those constants as such.
Notice that A, and the pairs (Ag,cx), 7+ 1 < k <n
should satisfy the strong condition:

(SC),. Ep(-) = MEp(@pgns .o ),

where (-) = (Ars1@rg1 + Crgly -+, AnZn + ) and

n

axn) = hr(mr+1)+ Z m?fjr,i(errla cee ,Zl'i).
1=r+2

Fo(zry1, ...

We can remark that (SC),. is equivalent to the conditions

(80), hy(Arp1Tpg1 + Crp1) = Aphe(@041)

> )\r A .
(SC)b P”’,i('): ?P’l‘,i(x’r‘+17"'uxi)7 T+2§Z§n7
where () = (/\r—&-lxr-&-l + Cr41y.--, Al.Z‘, + Ci)~
A similar argument will imply that v, (x) = ¥(x;) for
all 1 <j <r —1. Taking j = r — 1, we should have

i‘rfl = 1/1;71($T,1)Fr,1($7,,.,

= F’r‘fl(‘%rvn

. an)u

-y )

which implies that ¢ _;(z,—1) = A._1, and consequently,
we have qzbr—l(xr—l) = Ar—lxr—l + Cr—1.

A straightforward recurrence shows that
1 < j < r,wehave ¥;(z;) = \jz; +¢j.

At each step, the constant ); is related to the pairs
(Ak,ck), for j+1 < k < mn, by the strong conditions

(Sc)j F]() = Ajﬁj(xj+1v~--;zn)a

for any

where () = ()\j+1$j+1 + Citly-vns, )\7In + C"), and

n

7$n) = hj($j+1)+ Z x?Pj,i(errh -
i=j+2

Fj((EjJrh... 7-Ti)~
Notice that the constant c¢; can be chosen arbitrarily. To
complete the proof of Theorem III.1, we will construct the
diffeomorphism z = o(x) of the feedback transformation
bringing g into its strict feedforward normal form.

NORMALIZING COORDINATES

Consider a system X gpp in strict feedforward form with
linearizability index p = n — r. To simplify the proof, we
will suppose here that p = 2, and without loss of generality
we can assume the system in the form

2 oy, . 0Py ~ T = hl(l‘g) + Fl(.rg R i )
Tp = —ap+ "+ —Ts11 =2 = T . v
k oxy, k Oz, + b1 = Vi (2) To = ho(xs) + Fa(zs,...,zp)
gives a contradiction because ¥y+1(z) = Yp41(Tr41). We . (IV.1)
conclude that ¢;(z) = v;(z;) for r < j < n — 1. Since In—2 = hn—2(Tn-1) + Fo2(n—1,22)
. Tn—1 = In
Ty = i(x)) it = Tjp1 = Yip1(Ti41), iy o=,
we deduce that 1 (z;) = A\jzj+c; forall74+1 < j <n—1.  where h;, and F; are smooth functions such that
Similarly we get ¢,.(z,) = \.x, + ¢, and hence
(er) hi(eien) = Tt aiabiia) gy,
Wr(ip(l’)) = (/\rxr+cr7>\r+1z7’+l +Cr+1,...7>\nﬂfn +Cn) Fj(xj+170,...70) = 0 )
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forany 1 <j3<n—2.

Denote the system (IV.1)-(IV.2) by 3,, and let us suppose
that for some 3 < k < n, the system X, has been
transformed via a series of transformations into >, defined
by (IV.1)-(IV.2), where, in addition, the components F’; are

Fj($j+1,...,$n) Fj(l’j+1,...,ﬂ§k)
+ X wFPi(wiy, )
i=kt1
) IV.3)
for any 1 < j < n — 2 with Fj(2;41,0,...,0) = 0. (This

is always true for k = n with the identity transformation).
Notice that, when & < j, the components P;; are

identically zero for all £k +1 < ¢ < 5 + 1. Moreover,

Fj(xjin,--ar) =0if k<j+1.
Now, let us decompose F(z;11, .. .,x)) uniquely as

Fi(ji1s--ar) = Fj(zjpn, .. Th1)
+ 210, k(i1 Tho1)
+ 2R Pig(Tji1,. . Tk)
with F;(z;11,0,...,0) = 0.

The diffeomorphism z = o*(x) whose components are

Tp—1
zj = of(x) :fﬂj*/ Ojk(Tjt1,...,Th2,5) ds,
0
fl1<j<k—1 (IV.4)
zj = o Mz)=u;, fk<j<n

takes the system X into a system >;_; of the form

Z21 = hi(z) + Fi(z, ..., %)

22 = h2(Z3)—|—F2(Zg,...,Zn)
zn72 = hn72(2n71) + Fn72(2n717 Zn)
Zn_1 = Zn

Zn = u,

where forany 1 < j<n—2

Fj(l‘j+1,...,f£n) = Fj(ll?j+1,...,93k_1)
+ fopj,i(xjﬂ,...,xi)
i=k
with Fj(x;11,0,...,0) = 0.

Starting from the original system X,,, we then define a
successive sequence of diffeomorphisms o* given by (IV.4)
for k =n,n—1,...,3 yielding a successive sequence of
strict feedforward systems >,,, >, 1, . .., 29, where for any
3 < k < n, the system X;_1 is the transform of ¥, via ok,
Moreover, each system X is in the form (IV.1)-(IV.3).

The composition o(z) = 0% o --- 0 0" (z) of these
diffeomorphisms transforms (IV.1)-(IV.2) into its strict feed-
forward normal form, which indeed coincides with 5.

Remark that there is a finite number of coordinates
changes (actually n — 2) and all changes are smooth.

If the diffeomorphism o is not unique, say there is a

diffeomorphism 7 that also takes X grr into Xgpnr, then

ThiP2.18

no o1 would be a symmetry of Xgpxnr. Hence

noo '(z) =Txea(@) = (M1 + 1, .., A + Cn)

with \py1=---=X,=Xand Gyo=--- =6, =0
It follows that
=01 oTprcoo
=0t oTx o,
where T; & = Ty 0 Tac o Tz 6. O
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