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Linearizable Feedforward Systems: A Special Class

Issa Amadou Tall, Member, IEEE

Abstract— We address the problem of linearizability of sys-
tems in feedforward form. In a recent paper [22] we completely
solved the linearizability for strict feedforward systems. We ex-
tend here those results to a special class of feedforward systems.
We provide an algorithm, along with explicit transformations,
that linearizes the system by change of coordinates when some
easily checkable conditions are met. We also re-analyze type
II class of linearizable strict feedforward systems provided by
Kirstic in [9] and we show that this class is the unique lineariz-
able among the class of quasi-linear strict feedforward systems
(see Definition III.1). Our results allow an easy computation
of the linearizing coordinates and thus provide a stabilizing
feedback controller for the original system. They can also be
implemented via software like mathematica/matlab/maple using
simple integrations, derivations of functions.

I. INTRODUCTION

INEAR systems constitute, without doubt, the most

well-known class of control systems. Their importance
resides in the fact that several physical systems can be
modeled using linear dynamics making thus their analysis
and design very simple. The controllability, observability,
reachability, and realization of linear systems have been
expressed in very simple algebraic terms. Another crucial
property of linear controllable systems is that they can
be stabilized by linear feedback controllers. Although not
all systems can be modeled using linear dynamics, the
approximation of nonlinear phenomena by linear models has
proved to be a satisfactory tool for their study. It is not then
surprising that the question of transforming nonlinear control
systems into linear ones has attracted much attention. To give
a brief account of that, consider a control system

Y= f(x)+g(@)u, (r,u)e X xUCR" xR,

defined in an open neighborhood X x U of (0,0) € " xR™.
The two problems below were investigated in the early 80’s:
Problem 1. Does there exist a diffeomorphism z = ®(x)
giving rise to new coordinates system z = (z1,...,2,) " in
which the system X takes the linear form

2=Fz+Gu, zeR" uweR™?

Problem 2. Did there exist a change of coordinates z = ®(x)
coupled with an invertible feedback u = a(x) + G(z)v that
transform X into a linear system z = Fz + Gv ?

Both problems were solved independently by Jakubczyk
and Respondek [6], and Hunt and Su [4], who gave necessary
and sufficient geometric conditions in terms of Lie brackets
of vector fields defining the system (see Theorem II.2).

Issa Amadou Tall is with Department of Mathematics, Southern Illinois
University Carbondale, Mail Code 4408, 1245 Lincoln Drive, Carbondale
IL, 62901, USA, itall@math.siu.edu

978-1-4244-2223-4/08/$25.00 ©2008 IEEE.

Although those conditions did provide a way of testing
the (feedback) linearizability of a system, they offer little
on how to find the linearizing change of coordinates (and
feedback) except solving a system of partial differential
equations (PDEs).

In [9] (see also [10]), Krstic considered two classes of
nonlinear systems in strict feedforward form, (type 1 and
type II), and showed that they are linearizable by providing
explicit coordinates changes. A single-input control system

S ¢ i = fla) +gla)u,

defined in an open neighborhood X x U of (0,0) € R x
is in strict feedforward form if

(r,u) e X xU CR" x R,

fi(x) = fi(@jpe, .. ,an), 1<j<n-—1,
fn X :Oa

(SFF) (@) ,
9j(x) = gj(@jq1,...,2n), 1<j<n-—1,

gn € R =R\ {0}
and the system is in feedforward form (FF) if

(FF){ fi(z) = fi(zj, ..

9i(@) = g;(@;, ..
In providing those classes, Krstic mentioned the difficulty
of finding the linearizing diffeomorphism saying there is
no systematic way of finding those changes of coordinates.
Inspired by his work, we extended the two classes to all
linearizable (resp. feedback linearizable) strict feedforward
systems and proved that there is indeed a systematic way
of finding the linearizing coordinates [22] (resp. feedback
linearzing coordinates [23]). Let us mention that (strict)
feedforward systems have been introduced as early as in the
papers of Teel [24], [25] which have been followed since
by a growing literature [13], [7], [18], [8], [19], [3], [12],
(16l 11, [2], [14], [21], [9], [10], [11], [17], [20], [22].
What made strict feedforward systems appealing is that a
stabilizing feedback controller can always be constructed
when their linear approximation around the equilibrium is
controllable [24], [25].

The objective of this paper is to tackle the feedforward
case. If there is a component f; or g; that is nonlinear
with respect to the variable x;, then finding an explicit lin-
earizing coordinates becomes almost impossible and would
necessitate solving PDEs. For that reason we will restrict
our study to a special class of feedforward systems, called
feedforward-nice, for which the components f; and g; are
affine with respect to the variable z; for all 1 < j < n.
In Section II we will give our first result as an algorithm

STn), 1<j<mn,

S y), 1<j<n.
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allowing to construct explicntl(y the linearizing coordinates
in a finite number of steps (< (”+2)) In Section III we
will consider a subclass of type II and give necessary and
sufficient conditions for their linearizability.

II. MAIN RESULTS

For reasons mentioned previously, we consider here a sub-
class of feedforward systems (FF) for which the components
fi(zj,...,z,) and g;(z;,...,x,) are affine with respect to
the variable x; for all 1 < 5 < n. This subclass, call it
feedforward-nice (FFnice), is described by

&= f(z)+g(zx)u,
(FFnice) { f;(z) = xjfj(xm,...,mn)+fj(xj+1,...,xn),
( ) (zJ-Ha"'vxn)+gj(1'j+1v-'~axn)

with £;(0) = o,gj(O) =0, f, =0, and f;(0), g, € R*.

If, in addition, the control vector field g is rectified in the
coordinates x, that is, g(x) = (0,...,0,1)T € R", we say
that the (FFnice)-system is control-normalized.

The first result of this paper provides an algorithm for
linearizing (FFnice)-systems and is stated below.

Theorem II.1 (i) Consider a system % in (FFnice). There
exists an explicit change of coordinates z = ®(x) that
transforms Y into a control-normalized (FFnice)

Y i=f(2)+3(2)u, zeR"

that is, such that

F5(2) = 2 F5(zZ4 1, s 20) + Fi(Z540s - 20),
1<j<n-1

fn(z) = 0’

g(z) =(0,...,0,1)T.

(ii) Any (FFnice)-system that is linearizable can be trans-
formed into a linear controllable system via a diffeomor-
phism & = VU(x) whose components are obtained by com-
posing, differentiating, inverting, and integrating those of the

(FFnice)-system using a maximum of %2("4'2) steps.

Let us first point out that (FFnice)-systems form a well-
defined class of feedforward systems that remain invariant
under any change of coordinates £ = ¥(x) of the form

\I/j(fl,'):.’bj¢j($j+1, ey $n) + ’l/Jj(.’EjJrl, e ,.Tn),
Uy (z)=2n, (L1)
¥;(0)=0,  ;(0)#0

forall 1 <j<n-—1.
A consequence of Theorem II.1 is that, for linearizable
(FFnice)-systems, we can construct a stabilizing feedback

controller u = —Z k;V;(x), where ¥ = (Uy,...,¥,)"
is the hnearlzmg dlffeomorphlsm given by (ii) and the
polynomial p(\) = A" + Z kA7 ~1 is Hurwitz.

j=1

Proof of Theorem II.1

A. We will first prove (i) by constructing an explicit change
of coordinates that normalizes the control vector field g.
Step 1. Consider the system % & = f(z) + g(z)u in
(FFnice) form.

We can assume without loss of generality that g, = 1;
otherwise replace x,, by ,/g,. We look for a change of
coordinates z = ®(x) of the form (II.1) whose components
are given by
Pi(x) =25, j#n—1,

Zn—-1 = q)n—l(x) = xn—1¢n—1($n) + '(/)n—l(xn)
in order to annihilate the component g,,_; of the transformed
vector field. This is possible only if we have

{ d);L—l(xn) + §7L—1(xn)¢7L—1(x7l) =0,
w;zfl(xn) + gn—l (xn)(b(x

A solution is given by

bualen) = oo (= [T da(s)as)

Zj =

) =0.

oot (2n) = —A%gnm$@lmg¢

Hence we can transform the system so as to annihilate
the component g, of the system. Because the change of
coordinates is of the form (IL.1), the transformed system is
also in a (FFnice) form.

For simplicity of the exposition, we will always reset the
variable of the transformed system to x after having applied
a change of coordinates z = ®(z). Before we proceed to the
general step, let us notice that the inverse z = ®~1(z) of
the diffeomorphism z = ®(x) is easily computable as:

rj=24, j#Fn—1,

Tpo1= [%-1 - ¢n—1(zn)} eXP/O

General Step. We assume that the system has been trans-
formed, via a sequence of coordinates changes of the form
(IL.1), into a (FFnice) form ¥ : & = f(z)+g(x)u for which
the components ¢,,—1, gn—2, - - ., gr+1 are all zero. Consider
the kth component of the system which decomposes as

Zn

gn—l (5) ds.

Tn) + Gk (Trat, - Tn)-

®(x) whose

gr(x) = Tegr(Try1, -y

We then look for a change of coordinates z =
components are given by

(I)]({,E) :xja 375 k7
Oy (2) = 2pdp(Ths1y- - Tn) + Uk (Thg1, -,

in order to annihilate the component g; of the transformed
vector field. Because

= ¢k(')(fk($k,~..,xn)+9k($k,...,xn)u)

zj =

P— ZTn)

n—1
o5 (e ) 0 (w0 4 2

1202

Authorized licensed use limited to: Southern lllinois University Carbondale. Downloaded on January 22, 2009 at 11:23 from IEEE Xplore. Restrictions apply.



we obtain the following PDEs:

0 .

8¢k + 0k (Tht1s - Tn) Pk (Thtts - Tn) =0,
T,

0 .

81% + 9k (Th1, - ) Ok (Thg1, .. Tn) =0

A simple solution can be chosen to be

¢k() = €xXp (7\/ gk(xk+17"'7z7z—175) dS),
0

Tn
Yi(-) = —/ Gk(Tht1s oy Tn1, 8) Pk (Tht 1, s Tn—1, 8) ds.
0
We can thus annihilate the k£th component of the control vec-
tor field by a change of coordinates (II.1) and still transform
the system into a (FFnice). The inverse z = ®~!(z) of the
diffeomorphism z = ®(x) is here given by:

rj=zj, Jj#k,

= |2k — Yk (Zht1, ~~~,Zn)} eXp/
0

Zn

This completes the proof of Theorem II.1 (i) and provides
an algorithm allowing to transform a (FFnice)-system into a
control-normalized (FFnice) form. ([l
B. Consider a (FFnice)-system. By Theorem II.1 (i), bring it
to a control-normalized (FFnice)-form (keep same notation)

i = f(2) +g(2)u,

Fi(2) = 2 fi(241 - 2) + 5 (2110 -2 20),

= (0,...,0,1)T € ™.

Before we proceed to the linearization algorithm, recall the
following from [6] and [4] (see also [5], [15]).

Theorem IL.2 A control-affine system % : 2 = f(z) +ug(2)
is locally equivalent, via a change of coordinates T = d(z2),
to a linear controllable system T = AZ + bu if and only if
(S1) dim span{ad}g(z), 0<g<n-—1}=mn;

(82) lad}g,adyg) =0, 0<g<r<n

Above, ad’} g stands for the kth iterative Lie bracket:

adg = g,adrg = [f.g],...,adfg = [f,ad} ™" g]

and (A, b) for the Brunovsky canonical pair.

Step 1. Condition (S2) of Theorem II.2 for ¢ = 0, r = 1
(denoted by (£,,)) implies
0% f;

0z2
The condition (£,) stands for a very strong necessary
condition that is equivalent of saying that all components of
the system should be affine in the variable z,,. Thus, if it fails
to be satisfied, the algorithm stops: a change of coordinates

linearizing the system can’t be found. So let us assume that
the condition is satisfied. Since the system is (FFnice) we

(£n) =

forall1<j<n-1.

gk(ZkJrlv ooy Bn—1, S) ds.

have fn—{(z) = Zn—l.fn—l(zn) j’ f_n—l(zn) and LlSiIlg (-’En)

we have f,_1(2,) = az, and f,(z,) = B2, which implies

frno1(2) = (azn_1 + ()2, with 8 € R*. Replacing z,_1 by
g afjﬁ we obtain f,,_1(2) = z,.

Now, let us assume that we have found a change of coor-
dinates that brings the (FFnice)-system into a new control-
normalized (FFnice)-system ( f, g) for which f,, _1(z,) = 2,
and f;(2) = fi(zj,...,zn—1) forall j =n—2,... . k+1
for some 1 <k <n-—2.

Consider the kth component and decompose it in the form

fr(2)

= zk;fk;(zk;Jrl, .. .,Zn) + fk(zk+17 - ,Zn)

= Fk(zk, ey anl)
+ Zn(zkek(zk+17~-~7zn—l) +Mk(2k+17~-~,2n—1))7
where Fy(-) = Zkﬁk(zk+1, ey Zn—1) + FA‘k(Zk—J’_l, ey Zn—1)

is affine in z; and independent of the variable z,.
We apply a change of coordinates of the form
i,j:\:[jj(z) = Zj, J 7£ k,
Tr=Vp(2) = 260k (2ht1, -+, Zn-1) + Vr(Zht1s - Zn1)

that transforms the kth component. We have
Tk =x [Fk + 2z <Zk9k(zk+1a ooy Zn—1) F Pk (2415 o0 Zn—l)):|

8fo1 ) Fn

n—2

0pr | OYp\ 7 Lo
+ _Z (ZkT% + aizj>fj() + (Zk 92 +
j=k+1

Collecting the affine terms in zj, that are coefficients of z,,
we obtain the following PDEs:

0

0 K + 0k (2kt15 -+, 2n—1) Pk (Zh41, - 2n—1) = 0,
Zn—1
0

a wk + ,Uk(zk-i-h DI Zn—l)d)k(zk—i-lv sy Zn—l) =0.
Zn—1

A simple solution can be chosen to be

or(-) =exp (—/ Ok (Zk41y ey Zn—2,8) ds),
0

Zn—1
1/%() = _/ ,uk(zk-‘rh ey Rn—2, S)¢k(2k+1, ey Rn—2, S) ds.
0

Thus, the proposed change of coordinates allows to cancel
the terms containing the variable z, in the kth component
of the system. Moreover, it preserves the (FFnice)-form and
the fact that the system is control-normalized because

ov;

i -01<j<n-1

D:. and U, (2) = z,.

The inverse z = ¥~1(Z) is easily obtained as following:

zj=%;, j#k,
Tpn_1

k= [i‘k - wk(:ik-i-la oy 'in—l):| exp ok(ik—i-lv oy jn—Qa 8) ds.
0

1203

Authorized licensed use limited to: Southern lllinois University Carbondale. Downloaded on January 22, 2009 at 11:23 from IEEE Xplore. Restrictions apply.



It follows that a change of coordinates can be found
that transforms the system into a new control-normalized
(FFnice)-form (we keep same notation)

¢=f(2) +9(2)u,

JFJ(Z) = ij}(zj+17 ceey anl) + fj('szrh ceey anl)v
L0 1<j<n—2,

fn—l(z) = Zn, ﬁl(z) = 07

g(2) =(0,...,0,1)" € R,
General Step. Consider the projection 7 : % — R7~!

defined as (21, ..., 2n) = (21,--,2n_1) | . Let (%) be the
projection of ¥ via 7 : obviously 7(X) is a (FFnice)-system
in R~ control-normalized with control input v = z,. Thus
the necessary condition for linearizability becomes

0% f;
02y
We can repeat the same procedure as in Step 1 to construct
the change of coordinates that annihilate the terms containing
the variable z,_;. The same procedure will be repeated
(n — 2) times as long as the corresponding (£}) conditions
are satisfied for the corresponding reduced system. The
diffeomorphism & transforming a system into a control-
normalized (FFnice)-form as well as the diffeomorphism
taking the control-normalized (FFnice) into the Brunovsky
canonical form are obtained by integrations, derivations,
compositions of the components of the (FFnice)-system, and
control-normalized (FFnice), respectively. It can be easily
verified that there is a maximum of w steps. |

(£no1) = =0, foralll<j<n-2.

Example I1.3 Consider the (FFnice)-system

&1 = wzo+azize+ (14 axy) (%ZQ - %SE3$4) u,
To = w3+ %l‘gu,

T3 = T4+ T4U,

i’4 = u

with @ € R a real parameter. We can apply the change of
coordinates

X1 1
- = 1,2
T, = ds T3 = T3— X
/0 1+as 274

Tro =

T2,

to transform the system into

T =
Ty =

Then, the change of coordinates

_ 1 _ _ _ =
o+ 53 (12x2 — 2X3%4 — mi) u, T3

= 12 | 1 (~ 12 A —
x3+§w4+§(a:3+§x4)u, Ty = U.

i'47

$o = To— 5 (T3Za+ 573,)

transforms the system into

= I, Ty = U.

Finally, we apply the change of coordinates

s s 1a s LA 22 A~ A
T1 = X1 — 5T2T4 — 53Ty, T3 = T3,
Ty = Iy, Ty = Iy
to transform the system into a linear one
T1 =22, T2=2T3, T3=2=T4, T4=u

The linearizing diffeomorphism is then computed as

z1
= ds 1x2x4 + 1.%31'421 - ixﬁ, F3 =13 — a2
o l+as 2 6 24 2

~ 1 1 ~
To = Ty — 57374 + 5362, Ta=x4. A
III. LINEARIZABLE SYSTEMS OF TYPE II

Consider a subclass of (SFF)-forms (type II) given in [9]:

T = @+ gi(w2,..., Ty,
I"Q - I3+92(x37"'7xn)u3
(IIL.1)
.’i,'n,1 Tn + gnfl(xn)’uw
Tn = .
Kirstic [9] defined recursively g, (zy), ..., u1(z,) as:
1 Tn
n — n— d )
Iz o Jo gn—1(s) ds
[ =
Mg = — <9n71(3)—zw(3)gz‘+nfj(0» ~~~»078)) ds
xn 0 I
Jj=i+1
(I11.2)
for i =n—1,...,1. Next, he defined the functions ~y ()
for k=1,...,n in terms of uq,..., u, recursively as:
"= :u{n(xn)v
kol (111.3)
Wi =D (@) tini1—k (Tn) + 1 g (@)
=1
He then showed that (IIL.1) is linearizable if
n—1
9i(Tix1, ., Tp) = Z YVi—i(@n)z;+gi(0,..,0,z,). (1IL4)
j=i+1

Notice that (II.4) is in the form
Gi(@ig1,- .y wn) = > Bijlan)a;, 1<i<n—1 (IL5)
j=i+1

with §; j(zn) = vj—i(xn) and §; j(xn) = 6:(0,..,0,2,).

Definition III.1 We say that (IIl.1) is a quasi-linear (SFF)-
system if (ITI.5) holds for some functions G; ; ().

It is clear that (III.1) given by (IIl.4) is a quasi-linear (SFF)-
system that is linearizable provided the coefficients ~y; satisfy
(II1.3) with py given by (IIL.2). Now, does any quasi-linear
(SFF)-form that is linearizable satisfy (III.2)-(I11.3)-(I11.4)?
Let us first notice that quasi-linear (SFF)-systems can be

Ty + 38384 + 5523 + (382 + §8384) u, &3 = &4, represented in the more compact form

&= Az + g(x)u = Az + bu + B(x,)zu, (1I1.6)
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where (A, b) is the Brunovsky canonical pair, and

0 61,2<xn) ﬁl,?)(mn) ﬁl,n(xn)

0 0 B2,3(7) B2,n(zn)
Bl =| i R

0 0 0 ﬂn—l,n(‘rn)

0 0 0 e 0

is an upper triangular matrix (u.t.m) whose entries are smooth
(resp. analytic) functions of xz,,. We have the following
characterization about the linearizability of (III.6).

Theorem IIL2 The following conditions are equivalent.

(i) System (II1.6) is linearizable by change of coordinates.
(ii) There exists an invertible u.t.m M = M (x,,) such that

AM = MA,
Mb+ (MB+ M)z =10 for all x € R™.

(iii) System (II1.6) is in the form (Il1.4) with i given by
(I11.3) and py, given by (I11.2).

(IIL.7)

A consequence of Theorem IIL.2 is the following algorithm:
Linearization Procedure. Consider the (SFF)-system (II1.6).
Step 1: Take the matrix B obtained from B by deleting the
last row and last column. If B is not an u.tm in Toeplitz
form, then STOP the system is not linearizable.

Step 2: If B is an uw.tm in Toeplitz form, then solve the
first-order ordinary differential equation MB + M = 0.
Then solve the 1 equation of (IIL.9) for i = 2 to find a .
Because M has to be Toeplitz the obtention of M and iy
yields that of M by extending the last column and last row.
Step 3: If B,, and M, denote the last columns of B and M,
respectively, verify if M, + x, (M B, + M]) = b. If yes the
system is linearizable by z = M (z,,)x; otherwise it is not.

Proof of Theorem IIL.2 (ii) = (i) Let M = M(x,) be an
invertible u.t.m satisfying (IIL.7). Then z = M (x,,)x implies

M(zy)& + M (z,)xd,

2 =

M(z) Az + (Mb+ (MB + M)z )u

= AM(z,)z + bu = Az + bu.
e (i) = (ii) We already proved (see [22]) that a system (IIL.1)
in N3, with g1 (0) = g2(0) = 0, is linearizable if and only if
Y1(w2, w3) = w271(23) + O1(23)

where

Y1(z3) = d%a (;3/013 gg(s)ds> .

If the linearizability condition holds, then the coordinates

z1 1 a1($3) 042(333) T
z=M(3)z 2| 2| =] 0 1 a1(x3) T
z3 0 0 1 T3
1 [*
with aq (z3) = —— g2(s)ds and
x3.Jo
3 x3
aslas) == ([ s [ ar(s)gas)as)
x3 \Jo 0

linearize the system. Thus, the matrix M satisfies (II1.7).
Assume the implication true for (n — 1)-dimensional sys-
tems. Let (III.1) be an n-dimensional system linearizable by

2= (@) = (@1 (@1, T0), D@, T0), s B(w) .
Define the projection
p i R — R by play,...xn) = (T2,...,20) "

The projection p(X) is a (n—1)-dimensional system lineariz-
able by p(®(z)) = (Pa(zz.....2)..... Du(r,) . By the
induction argument we have ®;(z) =z, + Y. «;j(zn)z;
j=it1
for 2 < i < n with a; ; = a;_1,j—1. Because z = &(z)
linearizes the system, we obtain
0P 0P 0P
Z= %Ax + %bu + %B(xn)xu = A®(z) + bu

which implies, in particular, that A®(x) = L4, ®(z). In one
hand side ®5(z) = L4, P1(x), and in the other hand side

n n—1
®y(z) = 2o+ ) _asj(zn); = Las (xl +Za1,j($n)ﬂf]‘)-
j=3 j=2

n—1
We then deduce that @1 (z) = z1 + > a1 j(zn)x; + 0(zy).
=2

Thus the change of coordinates z = ®(x) is in the form
z = M(xz,)x, where M (x,,) satisfies (IIL.7) necessarily.

e (iii) = (ii) Consider (IIL.1) and define py as in (II1.2)
and -y, as in (IIL.3). Let 8; () = ¢:(0,...,0,2,)/x, and
Bij(xn) = vj—i(zyn) for 1 <i < j < n—1. We denote by
;i j(2n) = —piv14n—j(zp) for 1 < i < j < n and take
a;; = 1 for 1 <4 < n. Notice that

8

@i j(Tn) = Qit1,j+1(Tn)==Citn—jn(Tn),

(II1.8)
5@‘4 (In) = ﬁz‘+1,j+1 (zn):":ﬂi—&-n—j—l,n_l(In).

Define the invertible u.t.m M (z,) = (ai7j(xn))

and the nilpotent u.tm B by B(z,) = (Bm- (acn))

We want to show that (M, B) satisfies (IIL.7).
Because M is Toeplitz, AM = MA is trivial. Remark
that Mb+ (M B+ M')x = b for all z € R" is equivalent to:

n n n
!
Qi1+ E E 01,10k, 25 + E Qg 25 =0

k=i—1 j=k+1 j=i—1

1<i<j<n

1<i<j<n

for any 2 < ¢ < n and for all x € R". This latter condition
is equivalent to the following two conditions:

n—1
Qi—1n + Z O‘i—l,sﬁs,nxn + agfl,nl'n =0,
s=i1—1
(I11.9)
j—1
Bi-15 + glai—l,sﬁs,j +aj_;=0
forall 2 < i < j < n—1. The 1% equation of (IIL.9) rewrites

n—1

j2% (xn)fﬂi—l,n (xn)xn“i’D—/‘i—i-n—s(xn)gs (xn)“i’ﬂli (xn)xn:()

S=1
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which is equivalent to (we recognize (II1.2) after integration)

(i) = gi—1(0,...,0,2,)— Z i Gitn—;(0,...,0,2y).
j=i+1

The 29 equation of (II1.9) is equivalent to

j—1
Vi—i+1(Tn) — Z/‘i+n—8(93n)7j—s(xn) - /U‘;I—i-n—j (zn) =0.
Taking k = j —i+ 1 and [ = j — s, the above is equivalent
to (compare with (II1.3))

k—1

Vi(Tn) = Zﬂz+n+1—k($n)’ﬂ(xn) + #%+1—k(xn)-

=1
e (ili) = (ii) Consider the system (II1.6) and assume that
M(z,) = (am-(xn)) exists and satisfies (II1.7).

1<i<j<n

Define pj, and g suchftHeJttffor 1<i<j<n-—1we
have f3; j(z,) = 7vj—i(zn) and for 1 < @ < j < n we
have o; j(z,) = —pit+14n—; (). This is possible provided
that (IIL.8) is satisfied. That’s the only point we need to
clarify because Mb+ (MB + M')z = b for all z € R is
already equivalent to (II1.2)-(I11.3)-(IIL.4). The 15 condition
of (II1.8) is satisfied since AM = MA. Let M and B
denote respectively the matrices M and B with the last row
and last column deleted. Mb + (MB + M')x = b for all
x € R" implies that M B+ M’ = 0. The matrix M being in
Toeplitz form (hence is M "y and invertible, it thus follows
that B = M~'M’ is also in Toeplitz form. O
Example II1.3 Reconsider Example 11.3 and assume a = 0:
l—lzxgm) u, T3 = T4+ T4U,

3'34:u.

. 1
iy = x4 (322 —
. 1

To = X3+ 523U,

This is a quasi-linear (SFF)-system in " (n = 4) with

0 % —%m 0 1 1
o0 LI o (%2 o™
B= 2 and B= 0 0 3
0 0 0 1
0 0 0
0 0 0 0
We search for an invertible u.t.m
1 ono(zg) a13(xa)
MZ 0 1 a1’2(1'4)
0 0 1
such that M B + M’ = 0. This yields the system of ODEs:
1 1 1
o 3(wa) — prat 5041,2(504) =0, ofy(zs)+ 5= 0.
A solution is oy 2(z4) = —224 and oy 3(z4) = %zi. The 15

equation of (II1.9) for i = 2,01 4 = B24 =0, B34 = 1 gives
oq.4(xq) + o1 3(xa) T + 0/174(x4)x4 =0.
Its solution is oy 4(x4) = —5;#3. Thus z = M (z4)x is as
21 =T — %.1321‘4 + %xgxi - imﬁ, 23 = T3 — %xi,
29 = Lo — %x3x4 + %xi, 24 = T4.

We rediscover the coordinates in Example I1.3 for a = 0. A
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