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Explicit Factorizations of Cyclotomic and
Dickson Polynomials over Finite Fields

Robert W. Fitzgerald and Joseph L. Yucas

Southern Illinois University Carbondale

Abstract. We give, over a finite field F,, explicit factorizations into
a product of irreducible polynomials, of the cyclotomic polynomials of
order 3- 2" the Dickson polynomials of the first kind of order 3 - 2™ and
the Dickson polynomials of the second kind of order 3 - 2™ — 1.
KEYWORDS: finite field, cyclotomic polynomial, Dickson polynomial

1 Introduction

Explicit factorizations, into a product of irreducible polynomials, over F of the
cyclotomic polynomials Q2 (x) are given in [4] when ¢ = 1 (mod 4). The case
¢ = 3 (mod 4) is done in [5]. Here we give factorizations of Qan,(r) where r
is prime and ¢ = %1 (mod r). In particular, this covers Qan3(x) for all Fy, of
characteristic not 2, 3. We apply this to get explicit factorizations of the first
and second kind Dickson polynomials of order 23 and 23 — 1 respectively.

Explicit factorizations of certain Dickson polynomials have been used to com-
pute Brewer sums [1]. But our basic motivation is curiosity, to see what factors
arise. Of interest then is how the generalized Dickson polynomials D,,(xz,b) arise
in the factors of the cyclotomic polynomials and how the Dickson polynomials
of the first kind appear in the factors of both kinds of Dickson polynomials.

Let g be a power of an odd prime and let v2(k) denote the highest power of 2
dividing k. We will only consider the case where r is prime and ¢ = £1 (mod r).
We recall the general form of the factors of cyclotomic polynomials in this case
(see [4] 3.35 and 2.47).

2

Proposition 1. Let L = vs(¢* — 1), and work over F.

1. Suppose ¢ =1 (mod r). Then:
(a) For 0 <n <ws(q—1), Qany-(x) is a product of linear factors.
(b) For va(q — 1) < n < L, Qanr(x) is a product of irreducible quadratic
polynomials.
(¢) Forn> L, Qanp(x) =[] fi(z®" "), where Qor,.(z) =[] fi(x).
2. Suppose ¢ = —1 (mod r). Then:
(a) For 0 <n < L, Qan.(x) is a product of irreducible quadratic factors.

(b) Forn > L, Qon.(x) = Hfi(xzniL); where Qar,(x) = [] fi(w).



2 Factors of cyclotomic polynomials

As before, L = vy(q?> — 1) and » = 2s + 1 be a prime. Let §2(k) denote the
primitive kth roots of unity in Fpe.
We will often use the following, which is equation 7.10 in [4]. For m > 0

Doy (2,¢) = Dy (2 — 2¢, ).
Lemma 1. Suppose ¢ = —1 (mod 7). Let N denote the norm Fp — Fy.
1. If g =3 (mod 4) and p € £2(2"), for n < L, then

P L EEL R
=21, ifn=1L.

2. Ifwe 2(r) then N(w) = 1.
3. If a € Fpz and N(a) = a then a+a/a € Fy.

Proof. (1) Since ¢g—1 =2 (mod 4), L—1 is the highest power of 2 dividing ¢+ 1.
Let p € 2(2%). Now N(p) = p?*t! so that N(p)? = p>@t) =1 and N(p) = £1.
If N(p) =1 then p?*! = 1 and 2* = o(p) divides ¢ + 1, a contradiction. Hence
N(p) = —1. If w € 2(2") for n < L, then w is an even power of p and so
N(w) =1.

(2) N(w)" = N(w") =1 and, as r is prime, the only rth root of unity in F,
is 1. So N(w) = 1.

(3) We have aa? = a so that a + a/a = tr(a) € F,.

Theorem 1. 1. Suppose g = —1 (mod r) and ¢ =3 (mod 4).
(a) Qr(x) = HaeS’l (22 —az + 1) and Qa,(z) = ]_[aesl(ﬂz:2 + ax + 1), where
Sy is the set of roots of 1+ .7_, D;(x,1)
(b) For2 <n < L, Qanr(2) = [[,cs, (22 + az + 1), where S,, is the set of
roots of 1+ % ;_ (—1)*Dgn-1;(x, 1).
(¢c) Forn> L, Qany(z) = [l1er, (22" 402" " = 1), where Ty, is the set
of roots of 1+ >0, (=1)*Dor—1;(z, —1).
2. Suppose ¢ = —1 (mod r) and ¢ =1 (mod 4).

(a) Qr(x) = [,es, (2® — ax 4+ 1) and Qop(x) = [[,eq, (¢° + az +1).
(b) For2<n <L,

Q@)= I II @ +bz+p),
pEN(2=1) bET(p)
where T(p) is the set of roots in Fy of 1+ > (—=1) Dan-1;(z, p).

(¢) Forn> L, Qanr(2) = [ ,cp@r-1) [ver( @2 e ).
3. Suppose ¢ =1 (mod r) and ¢ =3 (mod 4).
(a) Qr(z) =Tl(z —w), Qar(z) = [I(z + w) and Qur(z) = [[(z* + w), with
each product over £2(r).



(b) For3<n <L,

Qanr( H H 2 4 cwz + w?)

weR(r) cels,

where U, is the set of roots in Fy of Don—2(x,1).
(¢) Forn> L,

Q2nr( H H 2 4 dwr — w 2)

weNR(r) deVy

where Vi, is the set of roots in Fy of Dar—z2(x,—1).
4. Suppose g =1 (mod r) and ¢ =1 (mod 4).

(a) Qr(z) = HwGQ(r) (z—w).
(b) For1<n <L,

Q= [ I Gren

weN(r) pen2(2m)

(¢) Forn> L,

Qanr( H H " 4 wp).

weN(r) pen2(2L-1)

Proof. (1) If w € £2(r) then N(w) =1 and w + 1/w € F, by Lemma 1. So

Qr(z) = H (x —w) = 1_[(952 —azr +1),

weR(r)

is a factorization over F,, where a runs over all distinct w +w™!. The quadratic
factors are irreducible by Corollary 1. Also,

14Y Di(a,1) =14 (W +w™)
=1 12128
=w™* (ij> =0.

=0

As deg(1+ >  D;(z,1)) = s, the a are all of the roots. Further,

Qor(@) = Qr(—2) = [[(@® + az + 1),

which completes the proof of (1)(a).
For (1)(b), the case n = 2 can be checked directly. So suppose 3 < n < L.
Note that az = pw + (pw)~t as p~! = —p. Let p, € 2(2") and set a, =

ppnw + (ppnw)~t. We claim that a, € F, and that a? = 2 — a,—1 (with a,—;



defined via a different choice of w). Namely, N(pp,w) = 1 as n < L and so
an € Fy. And

= p*ppw? + (PP ppw®) Tt 2

= _pnflw - (Pn—lWZ)_l +2=2—an 1.

Then inductively,

Qaonr(x) = H(x4 +ap_ 12t +1) = H( + apx +1)(2? — apz + 1),

where again the quadratic factors are irreducible over Fj. Lastly, again by in-
duction, the a,, are roots of

1+Z ) Dgn—2;(— (22 — 2), —1+Z Y Dgn-1;(x,1).

This has degree 2" 's and there are 2"~ 1s = %deg Q2nr(z) many a,’s. So the
an’s are all of the roots of the above polynomial.

We finish the proof of (1) by checking the case n = L (the cases n > L
then follow from Corollary 1). Now N(pprw) = —1 by Lemma 1, so that b =
pprw — (pprw)~! € F,. And b*> = —ay_1 — 2. Hence

ot fap g2t +1= (2% +bx —1)(2® — bz — 1)

is an irreducible factorization over Fj. Lastly, b is a root of

1+Z ) Dor—2;(— (2% +2), —1+Z Y Dor—1;(z,—1).

As before, the b’s are all of the roots.

(2) First note that L = va(q — 1) + 1 so that 2(2") C F; for n < L. The
factorization of @Q,(z) and Q2,(z) is the same as in (1). For (2)(b), again the
case n = 2 can be checked directly. For 2 < n < L we work by induction. Set
by = pn(w +w™t), for p, € 2(2"). Then b, € F, and b2 = b,_1 + 2p,—1. Note
that the set of b,_1’s is closed under multiplication by —1. Hence we need only
check that

a2t —ap_12% 4 pp_1 = (@2 + bpx + pn) (% = bpz + pn).
Further, b,, is a root of
1—1—2 D2n2 —2pp—1, Pn—2) —1+Z Din(fL'pn 1)
=1

Set 8,, () =147 1 (=1)'Don-1;(x, pr_1). Fix a p,,_1 and pick a p,, with
02 = pn_1. To complete the proof of (2)(b) we need to check that the b,’s are

all of the roots of d,, _, (z) in Fj.



For n = 2, degd,, = 2s which is the number of b,’s so J,,, has no other roots.
Inductively assume that

59 () = [ (@ — bu) - h(a),

where h(z) is a product of non-linear factors. Then

bp,, () = 6rh07171(372 —2pn) = H(xQ —2pn — bn) - h(z® — 2pn).

Now 2 — 2p,, — b,, splits in F, iff 2p,, + b, is a square in Fy. The b,,’s in T'(p,,)
are p,(w+w™1). And 2p,, + pn(w+w™) = pp (W +w™")? is a square (in fact,
the square of a b, 1) while 2p,, — pp(w+w™!) = —p,(W" —w™")? is not a square
(as w” —w™" ¢ F). Hence the roots of d,, in F, are precisely the by41’s.

(2)(c) The case n = L must be done separately as py, ¢ Fy. Set by, = ppr(w—
w™h). As in the proof of (a), (w —w™")* € F; \ F7. And p_; € F, \ F?. Hence
pr_1(w—w1)? e F,f and its square root, by, is in Fy. Also b2 = —br_1+2p1_1.
Then

gt +bpa2® +pro = (22 + b+ pr_1)(@® —brx + pr_1),

giving the desired factorization. Further, by, 1 = —b% + 2pr—1 so that by is a
root of

14 (=)' Dar2y(—(2* = 2p11), pr—2) = 1+ Y _(=1)'Dyr—1;(x, pr—1).
=1

i=1

As before, these are all of the roots in Fy. Finally, the cases n > L follow from
Corollary 1.

(3) Asg =1 (mod ), we have £2(r) C Fj. The factorizations for @, and Qq,
are clear and that of @4, follows from Corollary 1. We do the case n = 3 < L
(the case n = 3 = L will follow from the case n = L to be done later). Let
p3 € 2(2%). Then p3 € F2 \ Fy, N(p3) =1 asn < L, and c3 = p3 + p; ' € F,.
Also ¢2 = p+p~1 +2 = 2. A typical factor of Q4, can be written as 22 + w?* and

we have

2

zt + wt = (22 + cowz + W?) (2 — cowz + W?),

giving the desired factorization of Qqs,(z). Note that c3 = ++/2, the roots of
Do(z,1) = 2% — 2.

Now suppose 3 < n < L and work inductively. We have N(p,,) = 1 so that
Cn = pn+pyt € Fy. And ¢ = ¢,_1 + 2. A typical factor of Qgn-1,(x) can be
written as z2 — ¢,—1w?z + w? and we have

zt — cp1w?2? 4+ Wt = (2% 4 cpwz + W) (2% — chwz + W),

giving the desired factorization. Further, ¢, is a root of Dgn-s(z? —2,1) =
Dyn—2(x,1). A counting argument shows the ¢,’s are all of the roots.



Next suppose n = L. We have N (pr) = —1 so that ¢, = p;, —p;' € F,. And
02L =cr_1 — 2. Then

ot —cp 1wl ot = (22 + cpwr — W) (2? — crwz — W?),
giving the desired factorization. Further, The c;’s are all of the roots of Dy —s (224
2,1) = Dyr—2(x,—1). The cases n > L follow from Corollary 1.

(4) Note that L = va(¢—1)+1. Hence here 2(r), 2(2") C F,, for n < L. The
factorizations of Qan () for n < L are clear and the rest follows from Corollary
1.

O

3 Cyclotomic polynomials in the case r = 3

We work out the case r = 3 (so that all F, not of characteristic 2, 3 are covered).
By way of comparison,we first recall the result for » = 1. L continues to denote

V2 (q2 — 1)
Proposition 2. The following are factorizations.

1. Ifg=1 (mod 4) then
(a) For1<n < L, Qan(z) = [[(x + a), where a runs over all primitive 2"
roots of unity.
(b) Forn > L, Qan(x) = H(anfL+1 + a), where a runs over all primitive
2L=1 roots of unity.
2. If ¢ =3 (mod 4) then
(a) For2<n < L, Qan(z) = [](2* + uz + 1) where u runs over all roots of
D2n—2 (.T, 1).
(b) Forn > L, Qan(z) = [[(z¥" " + vx
roots of Dor—2(xz,—1).

n—L
2 — 1), where v runs over all

Proof. Statement (1) is from [4]. Statement (2) is by Meyn [5].

Proposition 3. The following are factorizations.

1. If =1 (mod 12) then let u,v € F, be the primitive cube roots of unity.

(a) Qs(z) = (z —u)(z —v).

(b) For1<n <L, Qanz(x) =[[(z + up)(z +vp), where p € 2(2").

(c) Forrz > L, Q)QWB(.’L') =TI +up) (@2 +up), where p € 2(2F).

2. If g =5 (mod 12) then

(a) Qz(x) =22+ 2+ 1 and Qe(x) = 2% — z + 1 are irreducible.

(b) For2 <n <L, Qans(x) =[[(2%+cx+pn_1), where p,—1 € 2(2"71) and
for each pp_1, the <¢’s run over all the solutions to
Don—1(x, pp—1) = 1.

(¢) Forn> L, Qaus(x) = [[(«2" """ +ca®" "+ pr_1), with pr_, and ¢ as
before.



3. If ¢ = 7 (mod 12) then again let u,v € F, be the primitive cube roots of

unity.
(a) @s(x) = (x —uw)(w —v), Qs(x) = (z + w)(x +v) and Qua(z) + (¢* +
u)(2? +v).

(b) For 3 <n < L, Qanz(z) = [[(22 + cuz + v)(2? + cvx + u), where ¢ runs
th t Don- 1).

over the roots of Don-2(z, 2)%“rl -

(¢) Forn> L, Qans(z) =]](z +dux —v)(
where d runs over the roots of Dor—2(x,—1).

4. If =11 (mod 12) then

(a) Qz(x) =22+ 2+ 1 and Qe(x) = 2% — x + 1 are irreducible.

(b) For2 <n < L, Qang(x) = [[(2® + az + 1), where the a’s run over all
solutions to Don-1(z,1) = 1.

(¢c) Forn> L, Qans(x) = [[(z2" "
all solutions to Dor—1(x,—1) = 1.

n—L+1 n—L
x? +dvz? " —u),

+ba? " — 1), where the b’s run over

4 Factors of Dickson polynomials

The results here for the Dickson polynomials of the first kind are a re-formulation
of results in [2]. The results for the Dickson polynomials of the second kind are
new. We have included the first kind results to illustrate how the approach taken
here covers the two kinds simultaneously.

Recall that the factorization of x* + 1 is

i+ 1= H Q24(x).
d|t

t/d odd
The following generalization is standard.

Proposition 4.

ixit: H Qas(x).
i=0

d|t,1%s|w
(s,t/d)=1

We review the transformations of [2]. Let P, be the collection of all polyno-
mials over a field F' of degree n and let S,, denote the family of all self-reciprocal
polynomials over F' of degree n. Define

b: P, — Sop by
flx) = 2" f(x+azh),

where n = deg f.
A self-reciprocal polynomial b(z) of degree 2n can be written as

b(z) = Z bi(x® 7+ 2%) + b2



Define
v S2n — Pn by
n—1
b(x) — Y biDp_i(x) + by
i=0
@ and ¥ are multiplicative inverses (this was proved only for finite fields in [2],

Theorem 3, and for arbritrary fields in [3], Theorem 6.1). We write D,,(x) for
D, (z,1) and E,(z) for the nth order Dickson polynomial of the second kind.

Proposition 5. Write n = 2¥m with m odd. Then:

O(Du(@)) = [] Quesec (@)
" k+1
O(Ep1(2) = [T [T Quel@),

em i=0
where we exclude e = 1,1 = 0,1 from the second equation.
Proof. Note that by Waring’s identity

&(D,(2)) = 2" Dy (x +271) = 22" + 1.

Take t = 2n and w = 2 (and so s = 2) in Lemma 4 to get the result. Similarly,

D(Ep_1(x))=2" B, _(xz+271) = (@ - 1)/(2® - 1).

Take t = 2 and w = n in Lemma 4 to get the result.

Corollary 1. Write n = 28m, with m odd. The factorizations over Q are:

Dy (z) = [ [ #(Qars2c())
elm

k+1

Enfl = H H W(ine(;v)L

elm i=0
where we again exclude e = 1,1 = 0,1 from the second equation.

Proof. This follows from Proposition 5 and the properties of @, ¥ since each
Q. (x), r > 1 is irreducible over @ and self-reciprocal.
O



5 Dickson polynomials in the case »r = 3

We return to the case of finite fields F,,. We use the explicit factorizations of
cyclotomic polynomials to get explicit factorizations of the Dickson polynomials
of order 2"r, via Proposition 1. We begin with the case r = 1, where the fac-
torizations of Qan () were known but the results for Dickson polynomials are
new.

Proposition 6. Set L = vy(q? —1).

1. For 1 < n < L — 3, Dan(x) splits in F,. For n > L — 2, we have the
factorization

Dy (x) = [ [(Dan-r42(2) + a),

where a runs over all roots of Dor—s(x).
2. For 1 < n < L —2, Eyn_s(x) splits in Fy,. Forn > L — 1, we have the

factorization
L-3 n—L+2
By a(@) = [[@+a) [[ (Dal@)+ar-s),
=0 1=1

where a; runs over all the roots of Dqi(x).

We note that, when L = 3, the statement (1) means that Dan () is irreducible
over Fy for n > 1.

Theorem 2. Set L = vy(g* — 1).

1. Suppose ¢ = £1 (mod 12). For 0 < n < L — 3, Dang(x) splits in F,. For
n > L — 2, we have the factorization

Dang(z) = [ [(Dan-r+a(x) + a),
where a runs over all the roots of Dayr-33(x).
2. Suppose ¢ = £5 (mod 12). The following are factorizations.
(a) For0<n<L-3,
Daes(@) = [[(D1(2) + )(Da() + aDy () + (@ — 1)),

where a runs over all the roots of Dan ().
(b) Form > L —2,

Dang(w) = [[(Dan-s15 (@) + b)(Dyu-143(x) + uDyu-1s2(x) + (b+3),

where b runs over roots of Dyr—s(x) and u? = 3b + 6.



Proof. The proof is a tedious computation. Take each factor of the appropriate
cyclotomic polynomial, pair it with its reciprocal and then apply ¥. We note
that in Case 2, 3 ¢ F;2. And b+ 2 ¢ F;? since otherwise v/b + 2 is a root in
F, of Dyr—s(2* — 2) = Dyr—2(x), contradicting Proposition 6. Thus 3b + 6 has
square roots u in Fy.
(|
The factorizations of Eong_j(x) follow from the previous result and the fol-
lowing identity:

Corollary 2. Forn >1

n—1
Epng_1(z) = (2° = 1) [ | Das(a).
1=0

Proof. We use induction. For n = 1, Proposition 5 gives,
Eanz—1(7) = E5(x) = ¥(Qa)¥(Q3)¥(Q6)¥(Q12).

Then Q3 = 2?4+ 2+1s0 ¥ (Q3) = v+1, Qs = 22 —2+1 50 ¥(Qg) = v—1 and,using
Proposition 5 again, ¥(Q4)¥(Q12) = D3. So Eanz_1(z) = (2% — 1) Dyn-13(z).
Proposition 5 gives:

Eoni13_1(x) = Ean3_1¥(Qan+2)¥(Qant23)

= Eang_1Dan3,
which gives the result by induction.
O
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