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Trace forms over finite fields of characteristic 2
with prescribed invariants

Robert W. Fitzgerald

Abstract

Set F'=F5 and K = Fax. Let

with each ¢; € {0,1}. Our trace forms are the quadratic forms QF : K — F
given by Qf () = trgx/p(zR(z)). These trace forms have appeared in a
variety of contexts. They have been used to compute weight enumerators
of certain binary codes [1, 2], to construct curves with many rational points
and the associated trace codes [5], as part of an authentication scheme [3],
and to construct certain binary sequences in [7, 8, 6.

In each of these applications one wants the number of solutions (in K) to
QE(z) = 0, denoted by N(QE). This is easily worked out (see [10], 6.26,6.32)
in terms of the standard classification of quadratic forms:

N(Qr) = 3(2° + A(Qg) V2H+(@R)), (1)
where r(Q%) = dimrad(Q%) and

0, if QF ~ 22+ >0 miyi
A(Qg) =41 if Qﬂf = Z;j:l TilYi
—1, i Qf =i +yi + 3, Ty

However, given R and K, there is no simple way to determine the invari-
ants r(Q%) and A(QX). The only known results cover the case of one-term
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R [8] and two-term R [4]. Here we solve the inverse problem: Given K, de-
termine all possible pairs of invariants (r, A) and construct the R with these
invariants. We use this to construct new maximal Artin-Schreier curves.

1 General Results

We fix the notation. When R is fixed, we write r(k) for dimrad(Q%) and
A(k) for A(QE). For a linearized polynomial L(z) = Y a;z* over K, we
set Lay(z) = Y a;z*. And for a polynomial {(z) = Y a;z" over K, we set
Cup(x) = azz®.

Given R(z) = Y1, a;z , we set

h

R*(z) = Z a;(z¥" + 277,

=1

Note that (R*)4,(1) = 0. Set f")(z) = 2¢f(1/z), where d = deg f. Then f
is self-reciprocal iff f(x) = f)(z).

Let d be odd. We need to distinguish two cases. We say d is in Case 1
when —1 is a power of 2 modulo d. We write 7(d) = 1 to indicate Case 1 and
let w(d) be the least positive integer with 2¥ = —1 (mod d). We say d is in
Case 2 when —1 is not a power of 2 modulo d. We write 1(d) = 0 to indicate
Case 2 and let w(d) be the least positive integer with 2 =1 (mod d). Note
that

2w = (—1)"D  (mod d)

in either case.
We summarize the known results on factors of 2% + 1.

Lemma 1.1. 1. Ifk = tn where t is a 2-power and n is odd then 2% +1 =
Hdm Qa(x)t, where Qg is the cyclotomic polynomial of order d.

2. Let d be odd. Set v(d) = ¢(d)/(2w(d)).

(a) In Case 1, Qq(x) factors as a product of v(d) many (distinct)
irreducible, self-reciprocal polynomials of degree 2w(d).



(b) In Case 2, Qq(x) factors as a product of v(d) many (distinct)
pairs f(z)f")(x), where f(x) is irreducible, degree w(d), and not
self-reciprocal.

Proof: (1) follows from 2% +1 = (2" +1)* and (2) follows from [13]. [

We will use the term self-reciprocal factor of Qq(z), d odd, to mean ir-
reducible, self-reciprocal factors in Case 1 and pairs f(z)f")(z) with f(z)
irreducible in Case 2. Thus, in either case, Q4(z) is a product of v(d) many
(distinct) self-reciprocal factors of degree 2w(d).

The key result is:

Proposition 1.2. dim rad(Q%) = deg(x* + 1, (R*)4.(x)).
Proof: Now a € rad(QE) iff « € K and R*(a) = 0 by [6] Lemma 8.

Since the roots of 22" + z are distinct, we have
rad(Qf)| = deg(a® + z, R*(v))

= deg(z" + 1, (R")an(7))up
2deg(xk+17(R*)dn(J»’)).

We have used that for linearized Ly and Lo that (Ly, La) = ((L1)dn, (L2)dn)ups
by [10], p. 111. Hence the result follows. O
The following is a substantial improvement over [4] Theorem 3.3.

Theorem 1.3. Write k = tn with t a 2-power and n odd. SetT' = Fq¢ and
D ={d:dn,d > 1}. Then:

1. 7(QF) = 514+ X 4ep 2saw(d) for some sq such that
(a) ift =1 then s; = 1;
(b) if t > 1 then s; is even and 0 < s1 < t;
(c) ford e D, 0 < sy <tv(d).
2. AN(QE) = (—1)xpsan(d) (%)tA(Qg). Here (2) is the Jacobi symbol,

detecting whether or not 2 is a square modulo n.
Proof: (1) If irreducible f divides (R*)4, then so does ) since (R*)g,
is self-reciprocal. Hence Lemma 1.1 yields:

v(d)

(2" + 1, (R)an) = (@ + 1) ] [ o)™,

deD i=1



where the g¢ are the self-reciprocal factors of Qg and 0 < w;(d) < t. Set
54 = Zzyg) u;(d). Note that 0 < sg < tv(d). Then 1.2 gives

r(QR) = s, + Z Sq + 2w(d).

deD

We check the bounds on s;. First, (R*)g, and 2 + 1 are both divisible
by x + 1 so that s; > 1. And s; < t as t is the highest power of x + 1
dividing ¥ + 1. If t = 1 then s; = 1. Suppose t > 1. Suppose, by way of
contradiction, that s; is odd. In particular, s; < ¢ so that (z +1)%"! divides
zF+1 = (z"+1)". Write (R*)4, = h(x)- (2" +1, (R*)an) for some h(z). Then
h(z) is self-reciprocal and deg h(x) is odd. Then h(1) = 0 and so (z + 1)%1*!
also divides (R*)g4y, contrary to the assumption that s; is the highest power
of z + 1 dividing both ¥ + 1 and (R*)4,. Hence s; is even.

(2) Let p be an odd prime dividing n. Write n = p‘m where (p,m) = 1.
Note that k = p‘tm. Set

Dy = {de D:p|d}
D, = {deD:ptd}={divisors d > 1 of m}.

For E = Fae recall that we write 7(e) for r(Q%) and A(e) for A(QL). By
[4] Theorem 3.1,

Lr(k)=r(tm 2 '
A(k)2zrk)=r(tm) = (I?) A(tm) (mod p).

As 2™ + 1 divides z* + 1, we have

v(d)
(@™ + 1, (R)an) = (z + 1)* [T [ o' ()@,

deDy =1
for the same s; and w;(d) as before. So

r(m) = s+ Z Sq - 2w(d)

deDq

r(k) —r(m) = > sq-2uw(d)
deDg
23(r(k)=r(m))  —  9¥pysaw(d) = (_1)Epy a1 (104 p),
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as p divides each d € Dy. Then

9 t
A(k) = <7> (_DZDO Sdn(d)A(tm).
p
A simple induction argument completes the proof. Il

The proof of 1.3 shows that every possible pair of invariants (r, A) does
in fact arise. We record this as:

Corollary 1.4. Write d = tn as before. Suppose s; and sq,d € D satisfy
the conditions of Theorem 1.3. Then r(Q%) = s1 + 3 p 2sqw(d) iff

v(d)
(R)an = h(z)(z + 1) TT T] 9#(x)@,

deD i=1

where the g are self-reciprocal factors of Qa(x), sq = Z’.’idl) w;(d) and h(z)

(2

is self-reciprocal and prime to (z* 4+ 1)/(I1p [1 g4 (z)“@).

We note that if the coefficients, a;, of R are allowed to take on any
value in K then every quadratic form over K arises as a Q¥ (for some R)
[5] Proposition 1.1, and so all invariant pairs are possible. Thus 1.3 gives
the restrictions on the quadratic forms Q% that follow from restricting the
coefficients to 0, 1.

2 When £k is prime

Example 2.1. Suppose k = 43. Here we are in Case 1, w(k) = 7 and 2 is
not a square modulo k. Say R(1) = 0 so that A(1) = 1 (see [4] Corollary
3.4). The possible values of (r(Q%), A(QX)) are:

(1,-1) (15,+1) (29,-1) (43,+1).
We construct all R(x) of degree 27 with r(Q%) = 15 and A(QE) = +1. First,
28 4+ 1= (x+1)f1fofs where
fi = M+ a2+t o1
fo = s+ 4+ 42"+t +27+1
fi = a2+ 42+ a2 2 2t + P+ L



Then (R*)g, = h(x)f; for some i and some self-reciprocal h of degree 4
with h(1) = 0. There are only two choices for h, namely, h; = z* + 1 and
hy = x* + 23 + 22 + x + 1. So there are six choices for (R*)4,. Note that
R and R + z yield the same R*, so we take whichever of R, R + x satisfies
R(1) = 0. We obtain:

(R*)dn R
ha fr 22 + 2% + ¥ 2
ha f1 ¥ 422 + 2% 42

hifs 22+ 2% +2¥ +2% + o
hofo a2 + 22 + 22 + 22 + 22 + 22
hy f3 e 42 422 4?4t

ha f3 2 2% 2 2

The goal of this section is to imitate the example and count the number
of R with a given pair of invariants (7, A).

Lemma 2.2. Let d be even. Let f(x) € F|x] be self-reciprocal of degree d
and satisfy f(1) = 1. Let N > d be even. The number of self-reciprocal

g(x) € Flz| which are multiples of f, degree N and satisfy g(1) = 0 is
2%(N—d)—1'

Proof: Write g(x) = h(x)f(x). We require that h(x) be self-reciprocal,
degree N —d and have h(1) = 0. The last condition implies that h(z) has no
middle term (that is, z(N=%/2). Thus h(z) is determined by the coefficients
of 2, 1 <i < (N — d), giving the result. O

Lemma 2.3. Let fi, fo, ..., fi be pairwise prime, self-reciprocal polynomials
in Fx] of even degree d that satisfy fi(1) = 1. Let N be even and set

e[ 1)

The number of self-reciprocal h(x) € Flx| of degree N, prime to fy- fo----- fi
and satisfying h(1) = 0 is:

i:<_1>m (;) 93(N=dm)=1,

m=0



Proof: Let M(f) denote the set of self-reciprocal polynomials h(z) €
F[z] of degree N with h(1) =0 and f|h. Let

m

M(fi17fi27"'7fim) = ﬂM(fZ])v

J=1

where m < t. If N < dm then M(f;,,...,f;,,) = 0 (if N = dm then we
must have h(1) = 1), Otherwise, dm < N so that m < ¢. Apply 2.2 to

f=rfi-fio-- fi, toget
93(N=dm)=1  if py < ¢

0, iftm > /(.

| M (fic1, figre o fin)| = {

The total number of self-reciprocal h(z) of degree N with h(1) = 0 is 22V,
So the number of h(z) of the statement is:

2N UM = 2D S M (fas o fi)

m=111<-im

¢
— 9aN-1_ Z(_l)m+1 < t )2;(N—dm)—1
m

m=1

= Zi:(_nm <;> 93 (N—dm)—1

m=0

We continue to write v(k) for ¢(k)/(2w(k)).
Theorem 2.4. Let k be a prime. For any R:

1. dim rad(Q¥) = 1+ 2sw(k) for some 0 < s < v(k).

2. If R(1) =1 then A(QE) = 0.

3. If R(1) = 0 then A(Q%) = (—1)*""™)(2).

4. The number of R of degree 2V with R(1) = 0 and dim rad(Q¥) =
1+ 2sw(k) is:

() B



where

(= min{ | 5] =5 - L s

Proof: (1), (2) and (3) follow from Theorem 1.3. To prove (4), fix
s. By Corollary 1.4, (z* + 1,(R*)4,) is © + 1 times a product of s self-
reciprocal factors of Qg (z), each of degree 2w(k). Qx(x) has v(k) many self-
reciprocal factors. Choose s of them, call their product g and let fi, fo, ..., fi,
t = v(k) — s, be the other self-reciprocal factors. Then R* = h(z)g(x) where
h(x) is self-reciprocal, h(1) = 0 (so that x + 1 is a factor of R*), of degree
2N —2sw(k) (as deg R = 2% iff deg R* = 2N) and h(x) is prime to g. Given
this choice of the s factors then Lemma 2.3 gives the number of such h’s as:

14
Z(_l)m (V(k) - 8> Q3 (N =2su(k)—m-2u(k)~1
m

m=0

where

[
I

= win{| 75 | 5= 10w s}

Hence the number of R* of degree 22V with (2% +1, (R*)4,) = (z + 1)g(x) is:

<Vik)> i(—l)m (V(kzl_ S) o N—w(k)(sm)—1_

m=0

Both R and R + z yield the same R* and exactly one of R, R + x maps 1
to 1. So the number of R with R(1) = 1 and dimrad(Q%¥) = 1 + 2sw(k) is
given by the same formula. O]

One may easily check the formula on Example 2.1. There k = 43, w(k) =
7 and so v(k) = 3. The example considered R of degree 2° and r = 15 (which
is s =1). Then ¢=min{[2 —1—1,6—1} =0 and the number of such R

is: (3)(=1)°(°,")2°°""1 = 6, which agrees with the example.



3 When £k is a product of two primes

The values of w(d), over divisors of k, are not independent. Thus the formulas
for dimrad(Q%) and A(Q%) of Theorem 1.3 simplify. But the underlying
number theory is complicated. We illustrate these points by considering the
easy case of k£ being a product of two primes.

Lemma 3.1. Let p be an odd prime and let e = +1.
1. If 2 =€ (mod p) then 2*? = ¢ (mod p?).
2. p? is in Case 1 iff p is.

3. w(p?) = w(p) or pw(p).
Proof: (1) We have:

2P — e = (2% — €) (207D ouP=D) .y pm2ow | (Pl

Modulo p, the second factor is pe?~!. Thus p? divides 2%? — €.

(2) If p is in Case 1 then 2 = —1 (mod p) for some w. Then (1) shows
p? is also in Case 1. And if p? is in Case 1 then 2¥ = —1 (mod p?) for some
v. So 2 = —1 (mod p) and p is in Case 1.

(3) We have w(p)|w(p®) and by (1), w(p®)|pw(p). O

Remark 3.2. Tt is possible for w(p?) to equal w(p), but exceedingly rare. If
w(p?) = w(p) then p is a Wieferich prime, meaning that 2°~! =1 (mod p?)
(see [11]). A computer search [9] has shown that the only Wieferich primes
less than 1.25 x 10' are 1093 and 3511. Both 1093 and 3511 satisfy w(p) =
w(p?) (this can easily be checked with a computer). Further, 1093 is in Case
1 (with w(1093) = 182) and 3511 is in Case 2 (with w(3511) = 1755).

A typical simplification of Theorem 1.3 is:
Corollary 3.3. Let k = p?, with p and odd prime that is not a Wieferich

prime. Then
dim rad(QR) = 1+ (2s1 + 2psa2)w(p)
A(Qﬁ) — (_1)(51+82)77(p)A<1).
O

The simplification for Wieferich primes can also be easily worked out. In
the next result, vy(n) denotes the highest power of 2 dividing n.
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Proposition 3.4. Let p and q be distinct odd primes.

1. pq isin Case 1 iff p and q are in Case 1 and also vo(w(p)) = va(w(q)).
In this case, w(pq) = lem(w(p), w(q)).

2. If p and q are in Case 1 and ve(w(p)) # va(w(q)) then w(pq) =
2lem(w(p), w(q)).

3. If p is in Case 1 and q is in Case 2 then w(pq) = lem(2w(p), w(q)).
4. If p and q are in Case 2 then w(pq) = lem(w(p), w(q)).

Proof: (1) Suppose pg is in Case 1. Then 2¥®9 is -1 modulo pgq,
hence modulo p and ¢q. So both p and ¢ are in Case 1. We want to show
that vy(w(p)) = ve(w(q)). Suppose instead that vo(w(p)) < ve(w(q)). Let
L = lem(w(p),w(q)); note that L/w(p) is even. Now w(p) and w(q) di-
vide w(pq) so L divides w(pq). Hence w(pq)/w(p) is even. But 2v(P? =
(2u)ywra)/w) = 1 (mod p) while 2¥?) = —1 (mod pq), a contradiction.
So va(w(p)) = va(w(q))-

Conversely, suppose p and ¢ are in Case 1 and vo(w(p)) = v2(w(q)). Then
L/w(p) and L/w(q) are odd. So 2% is -1 modulo p and ¢, hence modulo
pq. Thus pg is in Case 1. Note that w(pq)|L and clearly L|w(pg). So
w(pq) = lem(w(p), w(q)).

(2) Here pq is in Case 2 so that w(pq) is the order of 2 modulo pg. As
p and ¢ are in Case 1, the order of 2 modulo p is 2w(p) and modulo ¢ it is
2w(q). Hence w(pq) = 2lem(w(p),w(q)). Parts (3) and (4) are similar.  [J

Examples (1) We consider & = 11 - 43. We have p = 11 is in Case 1
(with w(p) = 5) and ¢ = 43 is also in Case 1 (with w(q) = 7). Thus by (1)
of Proposition 3.4 we have that k is in Case 1 and w(k) = 35. Theorem 1.3
becomes:

dimrad(Q%) = 14 10s; + 14sy 4 70s3
AQR) = (1)),

where 0 < 51 < 1,0 < sy <3 and 0 < s3 < 6. Each choice of s; occurs for
some R.

(2) The case k = 21 was considered in [4] where a computer search showed
that dimrad(Q%) = 5 was not possible. We may now easily check this. Here
w(3) =1, w(7) = 3 and w(21) = 6. Hence dimrad(Q%) = 1+2s;+6s+12s3
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with each s; € {0,1}. Thus 5,11 and 17 are precisely the odd values missed
by dimrad(Q%).

(3) The value of dimrad(Q%) does not always determine A(Q%), even
when R(1) = 0 (so that A(1) = 1). Consider k = 19-73. Here p = 19 is in
Case 1 with w(p) = 9 and 2 not a square modulo p. And ¢ = 73 is in Case 2
with w(g) = 9 and 2 a square modulo ¢. So

dimrad(Q%) = 1+ 18s; + 18sy + 3653
AMQR) = (=1)HA(1),

where 0 < 51 < 1,0 < sy <4 and 0 < s3 < 36. Then dimrad(Q%) = 19 has
two solutions, namely (s, $2,3) = (1,0,0) and (0, 1,0), that yield different
values of A(QE). We can construct specific examples using Corollary 1.4.
We can take Qg or (27 +x + 1)(2? + 2% + 1) (a self-reciprocal factor of Q73)
for (z* + 1, (R*)4n). Assuming R(1) = 0 so that A(1) = 1, these yield

10 9
Rl = LU2 +:U2
10 9 8 7 2
Ry, = 2% +2% +2% +2% + 2% + 2%

Both give radicals of dimension 19 but A(QF, ) = +1 while A(QF,) = —1.

4 Maximal Artin-Schreier Curves

The Artin-Schreier curves considered here are:
Cr(K):y* +y=azR(z),

where x,y € K. This has genus g = %deg R(z) by [12] VIL.4.1. The number
of points in K-projective space on Cp is:

#CR(K) =2N(QR) +1=2"+1+ A(QR) V2,

where r = dimrad(Q%) and we have used Equation 1. The curve is mazimal
if equality holds in the Hasse-Weil bound

#CR(K) <28 41+ 29V2F = 25 + 1 + deg R(z)V2*.

Clearly equality holds only if k£ is even. Maximal curves yield the best alge-
braic geometry codes.
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Lemma 4.1. Let k be even and r = dim rad(Q%). Then Cr(K) is maximal

uf
1. deg R(x) = 27/? and
2. MQF) = +1.
Proof: We require A(QX)v/2k+" = deg R(x)Vv/k, which yields the result.

O

In [5] we found all R and K with Cr(K) maximal and k —r = 2 (note:
the codimension k — r is necessarily even). We also gave one example, found
by computer search, of a maximal Cg(K) with k —r = 4. As Lemma 4.1
prescribes the invariants of Q¥ , we may now find all codimension 4 maximal
curves, at least for a wide range of k.

As k must be even, Theorem 1.3 reduces the computation of A(Q%) to
that of A(Q%) where T = Fa for ¢, the highest 2-power dividing k. We have
been unable to do this in general, hence our restrictions on k.

Define

for0<i<1 S; = number of ¢; =1 with j =¢ (mod 2)
for0<i<3 T; = number of ¢; =1 with j =¢ (mod 4).

Lemma 4.2. 1. Suppose K =F4. Then:

0, if So is odd
+1, if Sy is even.

AQE) = {

2. Suppose K = Fq1¢. Then:

0, if Ty is odd and T + T3 is even
AMQR) =< +1, fTy=T1+T5 (mod 2)
—1, Tj is even and Ty 4+ T3 is odd.
Proof: We check (2). If z € K then 22 = 2% when i = j (mod 4).
Hence, as a function on K, R = Tox + Ty2? + Toax* 4+ Ts28. Further, 23 € Fy
so that tr(z3) = 0 and

tr(z?) = tr(2'®) = tr(a®).
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Thus Qr(x) = tr(Tyz? + (Ty + T3)z?) for all x € K. A simple computation
shows that
4, if Ty even, T7 + T35 odd

8, if Ty odd, T1 + T3 even
12, if Ty odd, T7 + T3 odd
16, if Ty even, T + T3 even.

N(Qg) =

Comparing with Equation 1 gives the result. The proof of (1) is similar and
easier. O

Lemma 4.3. Let r = dim rad(Q%). If Cr(K) is mazimal with k —r = 4
then k 1s divisible by 3 or 8. Further, if k is divisible by 5 but not 8 then s
15 its maximal value.

Proof: Assume k is not divisible by 8. Write k = tn with n odd and

t=2or4. Byl3
kE—4=s+ Z 2sqw(d), (2)
din

with s; € {2,t} and 0 < s4 < tr(d). Note that the maximum values, s; =t
sq = tr(d), make the right side of Equation 2 equal to k. We are looking for
a solution just below the maximum.

If w(d) < 2 then d divides 22 1,2+ 1 and so d = 3 or 5. Thus if no d is
3 or 5 then every w(d) > 2 and there is no solution to Equation 2.

Suppose, if possible, that 3 does not divide k. Then & = 5m for some
even m. Write m = 2mg. The only solution to Equation 2 is:

si=t ss=t—1 sg=tv(d) ford=#5.

This is also the only solution if s5 is not maximal (whether or not 3 divides
k). Our construction, Corollary 1.4, shows that

(@ +1,(R)an) = (z + D'Q [[ @1 = (=" +1)/Qs.
d#5

By Lemma 4.1, deg R = 2*-%/2 and so deg(R*)4, = k — 4. Hence

Tl (@) D) S
p— pu— x
Qs x5+ 1 —

13



And so

mo—1
R—er n ({E25(m07i)72 i 3725(771071')73) ’
for e € {0,1}.

Lemma 4.1 gives A(Q%) = +1 while Theorem 1.3 gives A(QF) = —A(2).
Hence t = 4 since, by Lemma 4.2, A(2) # —1. So Lemma 4.2 gives T is
even and 77 4+ T3 is odd. We have R explicitly so we compute the T}, writing
mo = 40 + u:

T Ty T T
20+ ¢ 20 20 20
20+ ¢ 20 |20+1|20+1 (3)

204+14€| 20 |204+1|20+42
204+24+€|204+1 20412042

If ¢ =1 then only u = 2 gives Tj even, but the 77 + T3 is even. Hence € = 0
and we must have u odd. But then k =5-2mg = 5-2(4¢ + u) is not divisible
by t = 4, a contradiction. Hence k is divisible by 3. Il

w N = ol

Example 4.4. Lemma 4.3 can fail when £ —r = 6. We use Corollary 1.4 to
construct an example with k& = 20. We need r = 14 = s; + 4s5 so we take
s1 =2 and s; = 3. Then

(2" +1,(R)an) = (z+1)°Q3 = (¢ + )(a" +2° +2* + z +1)
R = 2% —1—3526 +x25 +x24 + 7% + ex.

As before, A(QF) = —A(4) so that we require Tj to be even and Ty + T3 to be
odd. Thus taking e = 1 gives an example of a maximal curve with k —r =6
and k not divisible by either 3 or 8.

Theorem 4.5. Suppose k is even but not a multiple of 8. Letr = dim rad(Q%).
Then the mazimal curves Cr(K) with k —r = 4 are precisely:

1. k= 6m with m odd and
3(m-1)/2 . ,
R _ x2 + Z <x26z+1 _I_ $26171> .
=1

2. k= 12m with m odd and



3. k= 12m with m odd and

—1
6it4 6i43 6i+2
R=uz+ <x2 + 22 4+ 22 > .

i

3

Il
o

Proof: From Lemma 4.3 we have k = 6m or 12m with m odd. We first
do the case k = 6m. Equation 2 becomes:

k—4=2+2s3+ Z 2sqw(d),
d|3m,d+#3

for 0 < s3 < 2 and 0 < s4 < 2v(d). The only solution is s3 = 0 and
sq = 2v(d) for d # 3, since all w(d) > 2 except for d = 5 when s; is its
maximal value 2 by Lemma 4.3. Thus

k 1 m—1 '
(@ 41, (R )an) = % — (@2 +1) Y 2%
3 i=0

Lemma 4.1 gives deg R = 2%*~%/2 and deg(R*)4, = k — 4. Hence R* is this
gcd and

R—er I Z (x26i+1 _ x26i71> .

Lastly, A(Q%) = +1 by Lemma 4.1 while A(Q%) = A(2) by Theorem 1.3.
Hence € = 0 by Lemma 4.2.
Now suppose k = 12m with m odd. Equation 1 becomes:

k—4=s;+2s3+ Z 2sqw(d),
d|3m,d+#3

where s; € {2,4}, 0 < s3 < 4 and 0 < s; < 4v(d). As before, each s,
d # 1,3, is its maximal value. So there are two solutions, (s1,s3) = (4,2)
and (2,3). In the first case, (R*)g, = (2" + 1)/Q2% and R has the form (2).
Here Lemma 4.2 is used to determine the coefficient of x. In the second case,
(R*)gn = (2% + 1) /(2% + 1) and R has the form (3). O

We note that the example of [5] is statement (2) of Theorem 4.5 with
m = 1.
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