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Directional Duality Theory

Rolf Fire Daniel Primont
Oregon State University Southern Illinois University
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Abstract

Shephard (1953, 1970,1974)introduced radial distance functions as represen-
tations of a firm’s technology and developed a number of dual representations
that have been widely applied in empirical work. A systematic exposition of
Shephard’s work can be found in Fére and Primont (1995). More recently, work
by Luenberger (1992, 1995) has provided some new technology representations,
the benefit and the shortage functions. Exploiting these results, Chambers,
Chung, and Fére (1996, 1998a) introduced directional distance functions; these
can be thought of as additive alternatives to the corresponding radial concepts.
In this paper, the radial approach is further extended by introducing and char-
acterizing indirect directional distance functions; these are directional versions
of their radial counterparts. This, in turn, leads to a new set of duality results
that will be of use in applied work.

1 Introduction

Shephard (1953, 1970,1974) introduced radial distance functions as representations
of a firm’s technology and developed a number of dual representations that have been
widely applied in empirical work. A systematic exposition of Shephard’s work can be
found in Fére and Primont (1995). More recently, work by Luenberger (1992,1995)
has provided some new technology representations, the benefit and the shortage func-
tions. Exploiting these results, Chambers, Chung, and Fére (1996, 1998a) introduced
directional distance functions; these can be thought of as additive alternatives to the
corresponding radial concepts. In this paper, the radial approach is further extended
by introducing and characterizing indirect directional distance functions; these are
directional versions of their radial counterparts. This, in turn, leads to a new set of
duality results that will be of use in applied work.

Before proceeding we need to ask the question: Does the world need more duality
theorems? We think that the answer is Yes. In Fire and Primont (1995) we made
the argument that a variety of models are useful in explaining the behavior of firms.



This arises from the consideration that it is useful to study different firms using
different behavioral assumptions!. These different behavioral assumptions lead us
to different dual representations of the production technology. These dual functions
have natural counterparts, called distance functions, that represent either direct or
indirect technologies. Here is a list of these dual function-distance functions pairs
along with their related behavioral assumption.

e Revenue function - OQutput distance function: the firm maximizes the revenue
from outputs given inputs and output prices.

e Cost function - Input distance function: the firm minimizes the cost of inputs
given outputs and input prices.

e Indirect revenue function - Indirect output distance function: the firm maxi-
mizes the revenue from outputs given input prices, total input cost, and output
prices.

e Indirect cost function - Indirect input distance function: the firm minimizes the
cost of inputs given output prices, total output revenue, and input prices.

e Profit function: the firm maximizes profit given output prices and input prices.

(The profit function is dual to the technology set; a distance function was not
used to represent this set.)

Now that Luenberger (1992,1995) and Chambers, Chung, and Fire (1996, 1998a)
have introduced the directional technology distance function we are motivated to
update our 1995 book to account for directional distance functions. The arguments
for why we should use directional distance functions has been advanced in the above
references and won'’t be repeated here. Additional references with applications include
Chambers and Fire (1998b), Fire and Grosskopf (2000), Fire and Primont (2003),
and Hudgins and Primont (2003).

2 Some Basic Concepts
Let 2 € RY be the input vector and let y € RY be the output vector. The technology

T is given by
T ={(z,y) : x can produce y} . (1)

1Since the different dual functions have different arguments they dictate the use of different data.
In practice this may be reversed; the availability of data may dictate the model choice.



Certain assumptions about the technology enable us to establish duality properties
for functional representations of 7. They are?

T is a nonempty, closed, convex set
and both inputs and outputs are strongly disposable. (T)

When working with duality® relationships in output price/quantities spaces it is some-
times convenient to represent the technology with direct output sets defined by

P(x)={y: (z,y) € T}. (2)
We assume that

For all z in Rf , P(x) is a nonempty, compact, convex set

and outputs are strongly disposable. (P)

At other times it is convenient to represent the technology by indirect output sets
defined by
IP(w/C)={y:y € Px),wz <C}, (3)

where w > Oy is a vector of input prices and C' > 0 is the total input cost. We
assume that

For all w/C in Rf , IP(w/C) is a nonempty, compact, convex set

and outputs are strongly disposable. (IP)

For duality relationships in input spaces it is sometimes convenient to represent
technology with direct input sets defined by

Ly) ={z:(z,y) €T}. (4)
Duality theory requires that

For all y in R_]‘f , L(y) is a nonempty, closed, convex set

and inputs are freely disposable. (L)
At other times it is convenient to work with indirect inputs sets defined by
IL(p/R) ={x:x € L(y),py = R}, (5)
where p is a vector of output prices and R is total revenue. We also assume that

For all p/R in Rﬂ\f , IL(p/R) is a nonempty, closed, convex set
and inputs are freely disposable. (IL)

In closing, we note that the above definitions of (2) and (4) imply that
re Ly & (x,y) €T < ye Px). (6)

2Inputs are strongly disposable if (z’,y) € T whenever 2/ > z and (z,y) € T. Outputs are
strongly disposable if (z,y') € T whenever ¢y <y and (z,y) € T.
3Duality will not be defined in this paper.



3 Function Characterization of Technology

The five different technology sets, T, P(x), [ P(w/C), L(y), and IL(p/R) can all be
represented by the directional distance functions that are defined in this section. Their
derivation involves some form of technical efficiency, i.e., movements to frontiers of
technically efficient input and/or output vectors. As we will soon see, two of these five
representations also have some economic efficiency embedded in them. In addition to
these five directional distance functions, one can define five dual functions that are
explicitly derived by some form of economic optimization, e.g., revenue maximization,
cost minimization, and profit maximization.

3.1 Directional Distance Functions

We start with 7. We must first choose a directional vector, ¢ = (—g¢,,g,) where
g- € RY, g, € RY, and g # Opr4n. The directional technology distance function on T
is defined by*

—

Dr(2,Y; —Ga» 9y) = St;p {B:(x—BGgey+ Bgy) €T}. (7)

We illustrate this distance function for the one-input, one-output case.

Output | (x= /g,y + /%))

(=8x-8y) (x,7)

Input

Figure 1

The directional technology distance function has a number of useful properties.
Two of them are:

T —Indication: B
Dy (2, y; =92, 9y) > 0 (2,y) € T. (8)

4This function was introduced by Luenberger (1992) who named it the shortage function. We
follow Chambers, Chung, and Fire (1998).



Translation:

— —

Dr(z — age,y + agy; —9a, 9y) = Dr(2,y; — g2, 9y) — v for all o € R. (9)

The indication property follows directly from the strong disposability assumptions.
The translation property follows directly from the definition. To see this note that

Dr(x = aga,y + gy; —9z: 9y)
= Sl;p{ﬁr(x—agx—ﬁgm,y+agy+5gy)€T}
= Stgp{ﬁi(:v—(a+ff)gx,y+(a+ﬁ)gy)€T}
= sig{a—l—ﬁ:(ac—(oz—kﬁ)gx,y—l—(a—irﬁ)gy)ET}—a

- DT(xa Y; _gmvgy) — Q.

In addition, it has been shown that Dy () is homogeneous of degree minus one in
(—9x, gy), nondecreasing in x, nonincreasing in y, and concave in (z,y). See Cham-
bers, Chung, and Fire (1998).

We now move on to P(z). The directional output distance function, defined on
the output sets, in the direction g,, is given by

—

Do (x,y; gy) = Sup {B:(y+Bgy) € P(z)} (10)

The following property is easily established using strong disposability of outputs.

ﬁo—Indication .
D, (z,y;9,) > 0=y € P(z). (11)
Thus,
(y+ Bgy) € P(x) < D, (z,y + Bgys 9y) = 0. (12)
Now note that
(y + Byy) € P(x) < (z,y+ Bgy) €T Dy (6)
Hence, we have

—

D, (x,y;9y) = Sup {8:(y+ By, € P(x)}
= s {B:(x,y+Bgy) €T}

= Sl;p{ﬁ:(x—ﬁozv,wﬁgy) €T}

—

= DT<I7 Y; ON; gy)



This gives us the relationship between ﬁT(x, Y; — 9z, gy) and D, (z,y; Gy), Viz.,

[jo (xa%gy) = l_jT<x>y§ONagy) (13)

Moreover, using (11) we may recover the directional technology distance function Dr
from the output directional distance function D, by

—

Dr(z,y; — s, gy) = Sl;p {5 : Dy (x — 892,y + B9y; 9,) > 0} (14)

It is important to stress that the pair of equations (13) and (14) do not consti-
tute a duality relationship. Instead, we refer to this pair of equations as an inverse
relationship.

We now turn our attention to L(y). The directional input distance function for
the direction —g, is defined by

—

Di(z,y,—gs) = Sup {B:(x—Pg.) € Ly)}. (15)

Strong disposability of inputs implies D;- Indication:

—

Di(z,y,—g.) > 0z € L(y). (16)

Note that
(x — Bgz) € L(y) & (x — Bgx,y) €T by (6)
and thus

—

Di(w,y; —ga) = Sup {8 (z—Bg.) € L(y)}
= s {8:(x— Bgary) €T}
= s {8 (x = Bga,y + BOn) €T}
= Dr (2,y;—9.,0n).
i.e., we can compute D; from Dy by

l_ji(x?y; _g:c) = l_jT (l',y; _g:moM)‘ (17)

Moreover, using (16), we may compute ﬁT from D: by

—

-DT (ZE, Y, _g:mgy) - Slﬁlp {6 : ﬁz(x - ﬁgma Yy + ﬁgya _gl‘) Z 0} (18)

It is important to stress that the pair of equations (17) and (18) do not constitute
a duality relationship. It is, rather, an inverse relationship.

6



We may also consider the relationship between 50 and D;. We compute ﬁo in

several steps,

—

D, (z,y;9,) = S%p{ﬁr(wﬁgy)ep(fr)}

= s {B:xeLy+pg,)} by (6)

—

= Sup{B:Di(x,yﬂLﬁgy;—gx)ZO} by (16).
8

and we compute D; in several steps,

—

Di(x,y;—g.) = Sup {B:(x—PBg.) € L(y)}

= sup {B:y € P(xr—pPg.)} by (6)
= sup {6 : Do(x — Bga,y; 9y) > 0} by (11)
3

We get the pair of relationships:

—

D, (z,y;9y) = Sgp {6 : Dy, y + Bay; —ga) > O}

and

—

Di(x,y, —g.) = s%p {5 : Do( — BGe, Y3 9y) > 0} :

Equations (25) and (26) form an inverse relationship.’

We now take up the functional representation of the indirect output sets:

IP(w/C)={y:y € P(x),wz <C},
and the indirect input sets:

IL(p/R) =A{z:x € L(y),py = R} .
They are given by indirect directional output distance function:

ID,(w/C,y; g,) = sup {61+ (y + fg,) € IP(w/C)}
and the indirect directional input distance function:

IDi(z,p/R; —g.) = sup {6: (x— Bg.) € IL(p/R)}.

(19)

(20)

(21)

(27)

(28)

’The reader may be bothered by the fact that the righthand side of (25) seemingly depends on
—g, while the lefthand side does not. However, the effect of —g, is eliminated by the optimization
over 8. Put another way, since (19) and (20) do not depend on —g, then neither does (21). An

analogous argument can be made for equation (26).

7



Note that
ID,(w/Cy + agy; g,) = sup {6 (y + ag, + Bgy) € IP(w/C))
= St;p{oHrﬁ t(y+(a+P)gy) € IP(w/C)} —«
= s+ 0+ 0+ A)g,) € IP(/C)} —o
= ID,(w/C,y;g,) — o
Hence, we have the translation property:
1D,(w/Cy + agy; g,) = 1Do(w/C.y; g,) — o (29)
Similarly, one can show that
[Di(w — age,p/ R; —g.) = IDi(x, p/R; —g.) — (30)

This completes our catalogue of directional distance functions.

3.2 Dual Functions

Two rather standard dual functions are the revenue function, defined by

R(x,p) =sup{py:y € P(x)}, (31)

Y

and the cost function, defined by:
Cly,w) =inf{wz : x € L(y)}. (32)

In addition, there are indirect versions; the first is the indirect revenue function
defined by

IR(w/C, p) =Sl;p{py:y € IP(w/C)}, (33)
and the second is the indirect cost function defined by
IC(p/R,w) = iIzlf {wz:x€IL(p/R)}. (34)
Finally, we define the profit function:

I(p, w) = Sup {py —waz: (z,y) €T}. (35)



4 The Duality Diamond

The ten functional representations of technology can be displayed in a three dimen-
sional figure that has the shape of a diamond. It is given below.

Duality Diamond

II(p,w)

IR(w/C, p)

IC(p/R,w)
2

C(y,w) R(x{p)

ID, /R; =
it p D,(p/C.y;g,)

D;(y.x:-g,) Dy(x,y:8,)

DT(x’y;_gxagy)

4.1 Inverse Relationships

Moving from one node to another in the above figure involves either an “inverse”
operation or a “dual” operation. The inverse operations are those between two-
member subsets (pairs) of

{ﬁT(:r, Y =G> 9)> Do (2,95 9,) , Di(, y; —gx)} :

These representations are functions of quantities (and directional vectors) only.
We have already introduced the inverse relationships for the three possible pairs



in the previous section. From equations (13) and (14) above we have

50 (.T, Y; gy) = DT(*T’ Y; On, gy)

—

Dr(z,y; —gu, gy) = Slgp {6 : Dy (x — BYasy + B9y; 9y) > 0}

from equations (17) and (18) we have

—

Di(x,y; —g:) = Dr (,y; — s, Onr)

_ , (IT)
Dy (2, y; = s, 9y) = sup {ﬁ $ Di(x = Bar y + B9y —92) = 0}
and from equations (25) and (26) we have
Dy (x93 9y) = sup {5 : Di(w,y + Bgy; —92) > 0}
(IT1)

Dy, y; —ga) = Sgp {5 - Dol — B, Y3 9y) > 0}

4.2 Duality Relationships

The duality relationship between the technology directional distance function and the
profit function involves the bottom and the top of the duality diamond. It is given
by the pair of optimization problems:

(p, w) = sup {py — wz + Dp(2,y; — s, 9y) (Pgy + wga;)}
€,y

(IV)

p7w

= {H(p,w)—(py—wx)}'

Dr(x,y; =Gz, 9y) = inf
( > 91) Pgy + WGy

Sketch of Proof:6 From the definition of Dy,

(z,9) = (:6 — Dr(2,Y; — 2, 9y) 9a: Y + Dr (2, y; — s, gy)gy> eT

6See Luenberger (1992) for a complete proof.
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and .

DT(£> g? —YGz, gy) = 0 (36)
The condition (36) is clearly necessary for any profit maximizing choice of an input-
output vector. Thus

I(p,w) = sup{py —wz: (z,y) €T}
z7y

sup {p [y + Dy(z,y; — 0, gy)gy] —w [96 — Dy (2, y; — G, gy)gx] }
€,y
= sup {py — wz + Dp(2,Y; — s, ) (Dgy + wgz)} -

€,y

This yields the following inequality:
H(pv w) 2 by —wx + BT(xv Y; =Gz, gy)<pgy + wg:r)a
for all (z,y) € RY x RY and for all (p,w) € RY x RY. Rearranging,

= I(p, w) — (py — wz)
DT(':CJ Y5 —YGu, gy) S
PGy + WGy

for all (z,y) € RY x RY and for all (p,w) € R} x RY. Thus,

= . [T(p,w) — (py — wx) }
Dr(z,y; — gz, < inf . 37
7(%: Y = Ge: 9y) pow { PGy + WYy (37)

The rest of the proof simply showing that (37) holds with equality. This is done by
using strong disposability of inputs and outputs, convexity of T', and a separating
hyperplane theorem.

We now consider the duality relationship between the directional input distance
function and the cost function. It is given by the following pair of optimization
problems.

Cly,w) = inf {wx — D (2,y; —02) ng}

wz — C(y,w) V)
D; (z,y; —g,) = inf {—y}
w WYz
From the first optimization problem we see that
Cly,w) < wa — D; (x,y; —gs) W (38)

11



for all x € Rf ,W E Rf since
C(y,w) < wx for all x € L(y)

and

—

x — D; (z,9;—9z) 9z € L(y).
Rearranging (38) yields

B (2,5 —gy) < L= W)
WYz
for all z € Rf ,W € R_]X , an inequality that leads us to the second optimization
problem.”
An analogous result holds for the directional output distance function and the
revenue function.

R(x,p) = sup {py + D, (2,9; gy) pgy}
Yy
(VI)

Dy (o.aigy) = nf { T2
p Pyy

The first optimization problem is justified by starting with the following two condi-
tions:
R(z,p) > py for all y € P(x),
and .
y+ Do (2,95 9y) 9y € P(),

which lead us to the inequality

R(x,p) > py + D, (x,y; gy) PGy,

for all y € Rf D E Rf . Then, rearranging this inequality we get

= R(z,p) — py
D, (z,y;g,) < ———,
PGy

which leads us to the second optimization problem.

We now consider dualities between direct and indirect directional distance func-
tions. On the output side we start with some particular input vector, 2° € Rf , and
write the definition of the directional output distance function:

—

D, (2°,y;9,) = sp {B:y+Bgy, € P")}. (39)

"For a complete proof see Luenberger (1992) and Chambers, Chung, and Fire (1996).

12



Now, choose any normalized input price vector, w/C, such that (w/C)z° < 1. If we
enlarge the feasible set in (39), the supremal value cannot decrease. Hence,

sup {3y + g, € P)} <sup {82y + By € P(2), (w/C)x 1) (40)

0

since 2" is in the enlarged feasible set but it is not necessarily optimal. Moreover,
Sﬁup{ﬁ Y+ Bgy € Px), (w/C)z <1} = Sup {6:y+Pgy € IP(w/C)} (41)
= 1D, (w/C,y;g,) (42)

Then (39) - (42) imply the inequality:

D, (x,y;9,) < ID, (w/C,y:g,),

for all z € RY, (w/C) € RY such that (w/C)xz < 1. This leads us to the duality
relationship:

15, (w/C.y:9,) = sup { Dy (.:9,) : (w/C)x < 1}
(VII)

—

Do (@,:.9,) = inf {1D, (w/C,y:g,) : (w/C)w <1}

inf
w/C

Proof: The proof is similar to the proof of (IV) in Fére and Primont (1995, page
88). In Fére and Primont (1995, page 97) it is first proved that

IP(w/C) = {y € RY : Cy,w) <C}.
Hence
1D, (w/C,y;g,) = sup {6+ + Bgy € IP(w/C)}
= St;p{ﬁic(wﬁgy,w) <C}
= s%p{ﬁ:C(erﬁgy,w/C)Sl},

where the last equality follows from the homogeneity of C' in w. Thus, if
1D, (w/C,y; ,) = 5> 0

then C (y + %gy, w/C) < 1 and hence C (y,w/C) < 1 since C is nondecreasing
in y. (Lowering outputs cannot increase cost since outputs are strongly dispos-

able.) Conversely, if C'(y + Bg,, w/C) < 1 then ID, (w/C,y;9,) > (. But then

13



ID, (w/C,y;9y) — 5 > 0= ID, (w/C,y + Bgy; g,) > 0 using the translation prop-
erty (29). Setting S equal to zero we get the result that if C'(y,w/C) < 1 then
ID,(w/C,y;g,) > 0. Hence we have shown that

ID, (w/C,y;g,) > 0 if and only if C (y,w/C) < 1. (43)

Now, since . .
Do (2,;9y) < 1Dy (w/C,y39,) ,
for all z € RY, (w/C) € RY such that (w/C) 2z <1 it must be the case that

—

D, (z,y;g,) < ir/lg{lﬁo (w/C,y;9y) : (w/C)x < 1}. (44)

We want to show that (44) holds with equality. Suppose it does not, i.e., suppose
that

—

D, (z,y;9,) < " = 11{}1/12{]50 (w/C,y;gy) : (w/C)x < 1}.

Then D, (x,y; 9y) — B < 0 which implies that, using the translation properties of D,
and [ 50,

—

Dy (2.5:9,) < 0= inf { 1D, (w/C.i7:9,) : (w/C)x < 1}
where y = y + %g,. Thus,
(w/C)x < 1= ID, (w/C,5;g,) >0,
which is equivalent to
(w/C)z<1=C(y,w/C) <1 (45)

because of (43).

Now, D, (z,7;g,) < 0 implies that = ¢ L(§) by (6) and (11). Since L() is
closed and convex and satisfies strong disposability, the strongly separating hyper-
plane theorem (see ()) implies that there is an input price vector, @w > 0, such that

wr < C(j, ). Let C' = x. Then 1 = (w/é) z < C(g,w/C), ie., (@/C’) =1
and C(j7,1/C) > 1. This contradicts (45). QED

On the input side we proceed in a similar fashion. For any y° € R} such that
(p/R)y° > 1 we have

D; (z,y% —g.) = sup {B:2—Bg, € L(y°)}
sup {B:2—Bg, € L(y),(p/R)y > 1} (since (p/R)y" >1)
= sup {B:2—pPg. € IL(p/R)}

- ]51 (‘Tap/R; _gz) .

IN

14



Hence we get the inequality,
D; (2,y; —g2) < ID; (z,p/R; —gs)

for all y € RY,p/R € R such that (p/R)y > 1. We conclude that

1D, (w,p/ B =g.) = sup { Dy (v, =g.) : (0/R)y > 1}
’ (VIII)

—

D; (z,y;—9.) = ;r/llg {Ui (#,p/R;—g.) : (p/R)y > 1}

The dualities between the indirect input and output directional distance functions
and the indirect cost and revenue functions are now considered. From (34) we have

IC(p/R,w) = ir%f {wzx :z € IL(p/R)}.

This implies that
IC(p/R,w) < wx for all z € IL(p/R).

Since .
& —ID; (z,p/R;—g.) 9. € IL(p/R),
we have .
IC(p/R,w) <w (a: — ID; (z,p/R; —gz) gx)
or

IC(p/R,w) < wx — ID; (x,p/R; —gs) WYy,
for all z € RY,w € RY. This inequality leads us to the duality result:

10(p/Ryw) = inf {ws — ID; (z.p/Rs —g.) wg |
(IX)

1D, (2. p/R; ~g;) = in {W - fC(p/R,w)}

WYy

On the output side, the analogous inequality is:

IR(w/C,p) > py + ID, (w/C,y; g,) DYy,

15



for all y € R_]\f,p € Rf. We are thus lead to

IR(w/C,p) = sup {py + 1D, (w/C,y;g,) pgy}
Yy

ID, (w/C.y:g,) = in {IR(w/C’p) _py}

Pgy

One can also find duality relationships between the profit function and the indirect
directional output and input distance functions. For example, we may compute the
profit function by

II(p,w) = sup {py —C': [50 (w/C,y;g,) > 0}

y,C

= sup {p (y +1D, (w/C,y;gy)gy) - C}

y’
= Sup {py —C+ 1D, (w/C,y; gy)pgy}
y’

This leads to the inequality
M(p,w) > py — C + 1D, (w/C,y; g,) pgy
for all y € Rf,p € Rf,C’ > (. Hence,
(p, w) — (py — C)
pPgy
for all y € RY,p € RY,C > 0. This suggests that

ID, (w/C,y;g,) = 1nf {H(p, w) ;g(py —0) }

ID, (w/C,y; g,) <

We conclude that

(p,w) = sup {py — C+1D,(w/C,y; gy)pgy}
Y,

Dy (w/C.yig,) = in { H(p,w) - (py = C) }

Dgy

(XI)

In an analogous fashion,

(p,w) = sup {R — wx + IDy(x, p/R; —gx)ng}

z,R
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leads to the inequality

We conclude that

z,R
(XII)

) oy [T w) — (R - wa)
IDi(z,p/R; =g:) = }J}Ifg{ WYa

The remaining duality relationships in the duality diamond do not involve 50, ﬁi, 1 50
or ID;. Therefore, they are the same as those presented in Fire and Primont (1995)
and will not be repeated here.

5 Concluding Remarks

The ten representations of the technology illustrated in the duality diamond can be
separated into two types, those that possess a homogeneity property and those that
possess the translation property. This observation has implications for the appropri-
ate parametric forms of these representations. The property of homogeneity is easily
accomodated by translog functions while the translation property is easily modelled
with quadratic functional forms.
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