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Outline

= Objective: To approximate of solutions of
stochastic delay differential equations (sdde’s)
arising in applications.
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= Objective: To approximate of solutions of
stochastic delay differential equations (sdde’s)
arising in applications.

» Formulation of the Euler scheme for sdde’s.
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Objective: To approximate of solutions of
stochastic delay differential equations (sdde’s)
arising in applications.

Formulation of the Euler scheme for sdde’s.

For a semimartingale x, must study increments of
Y(x(t — 7),x(t)) across partition points.
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Objective: To approximate of solutions of
stochastic delay differential equations (sdde’s)
arising in applications.

Formulation of the Euler scheme for sdde’s.

For a semimartingale x, must study increments of
Y(x(t — 7),x(t)) across partition points.

No semimartingale properties for processes of the
form (z(t — 7),2(¢)). But need an I1t0 formula!
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Objective: To approximate of solutions of
stochastic delay differential equations (sdde’s)
arising in applications.

Formulation of the Euler scheme for sdde’s.

For a semimartingale x, must study increments of
Y(x(t — 7),x(t)) across partition points.

No semimartingale properties for processes of the
form (z(t — 7),2(¢)). But need an I1t0 formula!

Get a for ¢ (x(t — 7),x(t)).
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Uses tame 1t0 formula,
tame character and Fréechet differentiability of the
Euler approximation in the initial path, estimates on
the Malliavin derivatives of the solution, Malliavin
and Fréchet derivatives of the Euler approximation.
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Uses tame 1t0 formula,
tame character and Fréechet differentiability of the
Euler approximation in the initial path, estimates on
the Malliavin derivatives of the solution, Malliavin
and Fréchet derivatives of the Euler approximation.

Set-up Is non-anticipating, but proof of convergence
requires anticipating stochastic calculus technigues.
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Uses tame 1t0 formula,
tame character and Fréechet differentiability of the
Euler approximation in the initial path, estimates on
the Malliavin derivatives of the solution, Malliavin
and Frechet derivatives of the Euler approximation.

Set-up Is non-anticipating, but proof of convergence
requires anticipating stochastic calculus technigues.
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Uses tame 1t0 formula,
tame character and Fréechet differentiability of the
Euler approximation in the initial path, estimates on
the Malliavin derivatives of the solution, Malliavin
and Frechet derivatives of the Euler approximation.

Set-up Is non-anticipating, but proof of convergence
requires anticipating stochastic calculus technigues.

Unlike (sode’s), sdde’s do not correspond to
diffusions on Euclidean space. Thus
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Motivation

Sdde’s model noisy physical processes with memory:

= Laser dynamics with delayed feedback
(Buldu, etal (2001), and Masoller (2002, 2003)).
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Sdde’s model noisy physical processes with memory:

= Laser dynamics with delayed feedback
(Buldu, etal (2001), and Masoller (2002, 2003)).

= Stochastic oscillator ensembles with delayed
coupling (Goldobin, Rosenblum, Pikovsky (2003)).

= Models of delayed visual feedback systems
(Beuter and Vasilakos (1993)), and
(Longtin, Milton, Bos and Mackey (1990)).
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Motivation

Sdde’s model noisy physical processes with memory:

= Laser dynamics with delayed feedback
(Buldu, etal (2001), and Masoller (2002, 2003)).

= Stochastic oscillator ensembles with delayed
coupling (Goldobin, Rosenblum, Pikovsky (2003)).

= Models of delayed visual feedback systems
(Beuter and Vasilakos (1993)), and
(Longtin, Milton, Bos and Mackey (1990)).

= Option-pricing models with memory
(Arriojas, Hu, Mohammed and Pap (2007)).
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equations are non-linear and do not allow for
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Motivation-Contd

Model equations are non-linear and do not allow for
explicit solutions.

Hence need numerical approximation methods of
solution:
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Sftde approximations

Strong (or almost sure) Euler scheme (order 1/2) and
strong Milstein scheme (order 1) for sdde’s were
developed by Ahmed, Elsanousi and Mohammed [A],
Mohammed [Mo.1], Hu, Mohammed and Yan
[H.M.Y] and Baker and Buckwar [B.B], Ktchler and
Platen [KU.P].
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Sftde approximations

Strong (or almost sure) Euler scheme (order 1/2) and
strong Milstein scheme (order 1) for sdde’s were
developed by Ahmed, Elsanousi and Mohammed [A],
Mohammed [Mo.1], Hu, Mohammed and Yan
[H.M.Y] and Baker and Buckwar [B.B], Ktchler and
Platen [KU.P].

Weak approximations for sode’s (without memory) are
well-developed (Bally and Talay [B.T], Kloeden and
Platen [K.P], Kohatsu-Higa [K]).
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Sftde approximations

Strong (or almost sure) Euler scheme (order 1/2) and
strong Milstein scheme (order 1) for sdde’s were
developed by Ahmed, Elsanousi and Mohammed [A],
Mohammed [Mo.1], Hu, Mohammed and Yan
[H.M.Y] and Baker and Buckwar [B.B], Ktchler and
Platen [KU.P].

Weak approximations for sode’s (without memory) are
well-developed (Bally and Talay [B.T], Kloeden and
Platen [K.P], Kohatsu-Higa [K]).

Weak Euler scheme of order 1 for semilinear sfde’s:
Buckwar and Shardlow (2005); linear smooth memory
drift term; memoryless diffusion term; 1-dim’l noise:
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Approximations — cont’d

v+// s)ds du

/f du+/ g(z(w)) dW (w). t > 0

), —T<t<O.

Initial condition (v,n) € M := R% x L?([—7,0],R).
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Approximations — cont’d

v+// (u~+s) p(s)ds du

/f du+/g< () dW (u), £ >0

), —T<t<O.

Initial condition (v,n) € M, := R* x L?([—7,0], R%).
Embed sfde as a semilinear see (without memory) In
Hilbert space M,. Weak approximation in M.
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Approximations — cont’d

v+// (u~+s) p(s)ds du

/f du+/g< () dW (u), £ >0

), —T<t<O.

Initial condition (v,n) € M, := R* x L?([—7,0], R%).
Embed sfde as a semilinear see (without memory) In
Hilbert space M,. Weak approximation in M.

Duality methods for weak Euler scheme-independently
oy Clément, Kohatsu-Higa and Lamberton [CK-HL].
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Approximations— cont’d

In this talk, we prove weak convergence of order 1 of the
Euler scheme for fully non-linear sdde’s.
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In this talk, we prove weak convergence of order 1 of the
Euler scheme for fully non-linear sdde’s.

Allow for:
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Approximations— cont’d

In this talk, we prove weak convergence of order 1 of the
Euler scheme for fully non-linear sdde’s.

Allow for:
multiple discrete delays
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Approximations— cont’d

In this talk, we prove weak convergence of order 1 of the
Euler scheme for fully non-linear sdde’s.

Allow for:
multiple discrete delays
Smooth memory
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Approximations— cont’d

In this talk, we prove weak convergence of order 1 of the
Euler scheme for fully non-linear sdde’s.

Allow for:

multiple discrete delays

Smooth memory
multidimensional Brownian noise
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eak Euler scheme

)DE:



eak Euler scheme

)DE:

+/f z(u— 1), du

Tt
—I—/g x(u— 1), x(uw)) dW(u), t > o,

—0), oc—T1T<t<o, T: =7V




The weak Euler scheme

The SDDE:
—|—/f U—Tl ))du
x(t) = +/tg (u— 1), 2(w)) dW (), t > o,
—0), c—1T<t<o, T:=7VT.
(1)

Coefficients f, g : R* — R are of class C.
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The weak Euler scheme

The SDDE:
—|—/f U—Tl ))du
x(t) = +/tg (u— 1), 2(w)) dW (), t > o,
—0), c—1T<t<o, T:=7VT.
(1)

Coefficients f, g : R* — R are of class C.
Initial (random) path n € C1([—7,0],R).
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The weak Euler scheme

The SDDE:
_|_/ f r(u — 1), (U)) du
z(t) = +/t9 (u—72),x(u)) dW(u), t > o,
—0), oc—-—T1<0, T:i=T1VT
(1)

Coefficients f, g : R* — R are of class C.
Initial (random) path n € C1([—7,0],R).
Initial instant ¢ > 0. «
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T he weak Euler scheme — cont’d

Noise: One-dimensional Brownian motion W on a
filtered probability space (2, F, (F;)i>0, P).
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T he weak Euler scheme — cont’d

Noise: One-dimensional Brownian motion W on a
filtered probability space (2, F, (F;)i>0, P).

Unique solution x := z(-;0,1) : [0 — 7,a] X 2 — R of
(1), fixed a > o.
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T he weak Euler scheme — cont’d

Noise: One-dimensional Brownian motion W on a
filtered probability space (2, F, (F;)i>0, P).

Unique solution x := z(-;0,1) : [0 — 7,a] X 2 — R of
(1), fixed a > o.

Partition 7 .={—7=t_,, <t_p1 <---<t_1 <0
=l <t <tlo--  <tph_1 <1y :CL} of [—T,Cl],With
mesh:

7| := max{(t; —ti_1) : —m+1 < i < n}.
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T he weak Euler scheme — cont’d

Noise: One-dimensional Brownian motion W on a
filtered probability space (2, F, (F;)i>0, P).

Unique solution x := z(-;0,1) : [0 — 7,a] X 2 — R of
(1), fixed a > o.

Partition 7 .={—7=t_,, <t_p1 <---<t_1 <0
=l <t <tlo--  <tph_1 <1y :CL} of [—T,Cl],With
mesh:

7| := max{(t; —ti_1) : —m+1 < i < n}.
For any u € |0, al, define |u| :=t;,_; V o whenever

(I [ti—lati] a [O’, CL].
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T he weak Euler scheme — cont’d

Euler approximation:

y:=y(;0,m):loc—T1a xQ— Rofx(-;0,n)is the
solution of the sdde:

/f (L) = 1),y () du
y(t) = +/ y(lu] =), y(lu))) AW ().t > o

n(t — o), oc—T<t<o, T:=7VT.

(1)

t; — S

1) = (T ) + (5= )it

S 6 I:t/[’_]-7 t2)7 _m —l_ 1 S Z S O. NUMERICSOF STOCHASTIC SYSTEMSWITH MEMORY - p.12/9"




eak Euler scheme — cont’d

esult:

Weak convergence of order 1
for the Euler scheme of the sdde (I).



Theorem 1-Weak Convergence

Let 7 be a partition of |—, a] with mesh ||, and

¢ : R — R be of class C. In the sdde (1), assume
that the coefficients f,g are G’. Let x(-;0,n) be the
unique solution of (I) starting at o € (0, a] with initial
pathn € C'([-7,0], R).
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Theorem 1-Weak Convergence

Let 7 be a partition of |—, a] with mesh ||, and

¢ : R — R be of class C. In the sdde (1), assume
that the coefficients f,g are G’. Let x(-;0,n) be the
unique solution of (I) starting at o € (0, a] with initial
pathn € C'([—7,0],R). Denote by y(-;o,n) the Euler
approximation to x(-; o, n) defined by (11).
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Theorem 1-Weak Convergence

Let 7 be a partition of |—, a] with mesh ||, and

¢ : R — R be of class C. In the sdde (1), assume
that the coefficients f,g are G’. Let x(-;0,n) be the
unique solution of (I) starting at o € (0, a] with initial
pathn € C'([—7,0],R). Denote by y(-;o,n) the Euler
approximation to x(-; o, n) defined by (11).

Then there Is a positive constant C' and a positive integer
g such that
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em 1 - cont’d

x(t;0,n)) — Ed(y(t;o,n™))| < C(1+ ||Inl|é.)|m

ne C[-7,0,R)andallt € [0 — T,a.



Theorem 1 — cont’d

(Eo(x(t;0,n)) — Eo(y(t;o,n7))| < C(L+ [|Inllc.)| 7|

foralln € C'([-7,0,R) and all t € [ — 7,a]. The
constant C' may depend on a, g and the test function ¢, but
IS independent of w,n, o € |0,a| andt € |0 — 7, al.
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Markov Property

For the solution
r:|—7,a] x Q2 —R

of sdde (I), denote its segment x; € C(|—7,0], R),
t € |0,al, by

xi(s) :=x(t+s), se|-7,0, tel0,al
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Markov Property

For the solution
r:|—7,a] x Q2 —R

of sdde (I), denote its segment x; € C(|—7,0], R),
t € |0,al, by

xi(s) :=x(t+s), se|-7,0, tel0,al

r; € C(|—1,0],R), t > 0, is Markov.
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The segment process

i =

“l VN
S~
N——
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Outline of Proof

Step 1:

Lett € |0,a] and 7 := {tg, 1,19, -+ , 1, } De a partition
of |0, a]. W.l.o.g, assume that o =ty = 0,t = t,,.

NUMERICSOF STOCHASTIC SYSTEMSWITH MEMORY - p.18/9"



Outline of Proof

Step 1:

Lett € |0,a] and 7 := {tg, 1,19, -+ , 1, } De a partition
of |0, a]. W.l.o.g, assume that o =ty = 0,t = t,,.

Using , the Markov property for x; and v,
and Frechet differentiability of y(t,;t;,n) in n:
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Step 1:

Lett € |0,a| and & := {tg, 1,12, - - , 1, } be a partition
of |0, a]. W.l.o.g, assume that o =ty = 0,t = t,,.

Using , the Markov property for x; and v;,
and Frechet differentiability of y(¢,,;¢;,n) in n:

E¢(x(ty;0,n)) — Ed(y(ta;0,m))
= E¢(y(tn; tn, z,(+50,m))) — Ed(y(ts;0,n))

£ Z{Egb(y(tn; ti, ,(+;0,7)))

— E¢(y(tn;tio, @y, (-50,7)) )
M SOFSTOCHAS IC SYSTEMSWITH MEMORY - p.18/9:



Outline of Proof — cont’d

— Z {E¢(y(tn7 ti xti( -3 b1, ajti—l( -5 0, 77))))
=
_E¢(y(tna t;, ytz( 5 ti-1, xtz’—l( " 07 77)))) }
n 1
— ZE/ D(¢poy) (tn;ti, Aty (5 tim, 2 (+50,7m))
i=1 0

+ (1 i )\)ytz( 5 ti-1, xti—l( " 07 77))) dA
; [ajtz( ; ;ti—la xti_l( " 07 77))
— Y, ( ; ;ti—la mti_l( " 07 77))] .

(M . V T h eo re m) NUMERICSOF STOCHASTIC SYSTEMSWITH MEMORY - p.19/9!



Outline of Proof- cont’d

Step 2:

Main task is to show that each of the terms in the above
sum is O((t; — t;_1)%): Use the tame It6 formula. Get
multiple Skorohod integrals of the form
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Outline of Proof- cont’d

Step 2:

Main task is to show that each of the terms in the above
sum is O((t; — t;_1)*): Use the tame It6 formula. Get
multiple Skorohod integrals of the form

tits
J! :—/ ds/ / 31 (v) dv dW (u),
t —1— t t — 1l t !
: tit+s
Js ::/ ds/ / Yo(v) dW (v — 1) dW (u),
t B t t —1 t —1

t;+s
Ji o /t Y(ds /t /t Sy (0) dW (0 — 1) du.
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Outline of Proof- cont’d

The discrete random measure Y and the processes
2,9 = 1,2,3, are Malliavin smooth and possibly

anticipate the lagged Brownian motions W (- — 7;),
=1, 2.
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The random measure Y and the processes
2,9 = 1,2,3, are Malliavin smooth and possibly

anticipate the lagged Brownian motions W (- — 7;),
=1, 2.

Step 3:
To estimate the expectations £.J} in Step 2, use the
definition of the as

, coupled with estimates on
higher-order moments of Malliavin derivatives of X;’s,

j=1,2,3.
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The random measure Y and the processes
2,9 = 1,2,3, are Malliavin smooth and possibly

anticipate the lagged Brownian motions W (- — 7;),
=1, 2.

Step 3:
To estimate the expectations £.J} in Step 2, use the
definition of the as

, coupled with estimates on
higher-order moments of Malliavin derivatives of X;’s,
7 =1,2,3. These estimates follow from higher
moments of the solution z, its Euler approximations
and Malliavin derivatives of linearizations of y.
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Outline of Proof- cont’d
This gives
EJ| =O0((t —ti-1)), j=1,2,3.

Summing over: =1, --- , n, we get the required order of
convergence 1 for the weak Euler scheme.
Step 4:

Replace 7 in y(¢; o, n) by its P-L approx n™ via the
estimates

E¢(z(t;o,n)) — E¢(x(t;o,n"))]
< COlln ="l < C|n'||clm]:

D NUMERICSOF STOCHASTIC SYSTEMSWITH MEMORY - p.22/9"



THE PROOF






Example

One-dimensional sdde:
dX(t) = g(X(t—1),X(t))dW(t), ¢>0,
X(t) = W(t), —1<t<0.
g : R — R smooth function. For Euler scheme of order

1, seek a stochastic differential of g(X (¢ — 1), X (%)) on
RHS of sdde.
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Example — Cont’d

For ¢ € (0, 1], formally expect something like:

dg(X(t — 1), X(t))
_ 99
~ Oxy
99
| 8:1:1
-+ second-order terms - - -

(Wt —1),X()) g(W(t —1), X(t)) dW(t)

(W(t—-1),X(t)dW(t—1) (anticipating!)
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ple — Cont’d

S Is adapted but anticipating integral(s) on RHS.



Example — Cont’d

= LHS Is adapted but anticipating integral(s) on RHS.

® (F,)o<i<1-adapted process (X (t — 1), X (t)) € R*is
not a semimartingale with respect to any natural
filtration.
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Example — Cont’d

= LHS Is adapted but anticipating integral(s) on RHS.

® (F,)o<i<1-adapted process (X (t — 1), X (t)) € R*is
not a semimartingale with respect to any natural
filtration.

m Still need an 1td formula for tame functions:
Q(X(t — 1)7X(t)) — g(Xt(_l)aXt(O))°
where X,(s) := X(t+s), s € |—1,0],t > 0.
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The tame 1t0 formula

Objective is to obtain an Itd formula for tame functionals

on the Banach C([—7, 0], R%), acting on segments of
sample-continuous random processes

[—7, 00] x Q — R% tame It6 formula ([H.M.Y])

NUMERICSOF STOCHASTIC SYSTEMSWITH MEMORY - p.27/9"



The tame 1t0 formula

Objective is to obtain an Itd formula for tame functionals

on the Banach C([—7, 0], R%), acting on segments of
sample-continuous random processes

[—7, 00] x Q — R% tame It6 formula ([H.M.Y])
First, some notation:
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Objective is to obtain an 1td6 formula for

on the Banach C([—7, 0], R%), acting on segments of
sample-continuous random processes

[—7, 00| x 2 — R%: (GRYAY)
First, some notation:

W(t), t > 0, one-dimensional standard Brownian
motion on a filtered probability space (2, F, (F;)i>0, P).
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Objective is to obtain an 1td6 formula for

on the Banach C([—7, 0], R%), acting on segments of
sample-continuous random processes

[—7, 00| x 2 — R%: (GRYAY)
First, some notation:

W(t), t > 0, one-dimensional standard Brownian
motion on a filtered probability space (2, F, (F;)i>0, P).

For simplicity, set W (t) :=0ift < 0.
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Objective is to obtain an 1td6 formula for

on the Banach C([—7, 0], R%), acting on segments of
sample-continuous random processes

[—7, 00| x 2 — R%: (GRYAY)
First, some notation:

W(t), t > 0, one-dimensional standard Brownian
motion on a filtered probability space (2, F, (F;)i>0, P).

For simplicity, set W (t) :=0ift < 0.
D = the
associated with {WW (¢) : t > 0}.
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The tame I1to formula — Cont’d

Let p > 1, k a positive integer; L5? := LP([0, a], D*?),
where D*? is the closure of all rangom variables Y with
k-th weak derivatives in L?(€2, H®") under the norm

1/p
Y ey = (EIY )17 4 (ZEHDJYH%) .
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Let p > 1, k a positive integer; L5 := LP(]0, a], D*?),
where D*? is the closure of all rangom variables Y with
k-th weak derivatives in L?(€2, H®") under the norm

1Y |l = (E[Y )7 + (ZE\D]Y\M)

In above formula, H := L*([0, a], R). The spaces

L;? p > 4, are defined to be the set of all processes X
such that there IS an Increasing sequence of

JF-measurable sets A,,,n > 1, and processes X,, € L"?,
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The tame I1to formula — Cont’d

n > 1, such that X = X, a.s. on A,, foreachn > 1, and

| ) 4, = €. Weak differentiation operator D is local and

n=1

hence extends unambiguously to the spaces ;7. p > 4.

loc?
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The tame I1to formula — Cont’d

n > 1, such that X = X, a.s. on A,, foreachn > 1, and

| ) 4, = €. Weak differentiation operator D is local and

n=1

hence extends unambiguously to the spaces ;7. p > 4.

loc?

See ([Nu.1], pp. 61, 151, 161) for further properties of
weak derivatives and the spaces ",
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n > 1, such that X = X, a.s. on A,, foreachn > 1, and

U A, = (). Weak differentiation operator D is local and

n=1

hence extends unambiguously to the spaces I,””, p > 4.

See ([Nu.1], pp. 61, 151, 161) for further properties of
weak derivatives and the spaces ",

C%(]0,a] x R", R) := space of all functions
¢ : [0,a] x R® — R which are C' in the time variable
0, @] and C? in the space variables R".
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The tame I1to formula — Cont’d

Let X : [—7,00) x 2 — R be a pathwise-continuous
(not necessarily adapted) R-valued process given by

{n<0> + fy u(s)dW (s) + [y v(s) ds,
X(t) = t >0, (1)

n(t), —7<t<0,

where n € C' := C(|—7,0],R) and is of bounded

variation, v € L. p > 4,and v € L}

loc? loc”
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The tame I1to formula — Cont’d

Let X : [—7,00) x 2 — R be a pathwise-continuous
(not necessarily adapted) R-valued process given by

{n<0> + fy u(s)dW (s) + [y v(s) ds,
X(t) = t >0, (1)

n(t), —7<t<0,

where n € C' := C(|—7,0],R) and is of bounded

variation, v € L>?. p > 4, and v € IL;**. The stochastic

loc? loc”

Integral Is a Skorohod integral.

NUMERICSOF STOCHASTIC SYSTEMSWITH MEMORY - p.30/9"



The tame I1to formula — Cont’d

Set u(t) := 0 fort < 0, and
u(t) =n'(t), —T<t<0,

where 7’ is the (usual!) derivative of .
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The tame I1to formula — Cont’d

Set u(t) := 0 fort < 0, and
u(t) =n'(t), —T<t<0,

where 7’ is the (usual!) derivative of .

LetII : C([—7,0],R) — R” be the tame projection
associated with sy, - - -, si € [—7,0]; that is

[(n) := (n(s1), -, n(s1))
foralln € C .= C(]—7,0],R).
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The tame I1to formula — Cont’d

For any sample-continuous process
X :|[-7,al xQ2—R
recall its segment X; € C([—7,0],R), t € |0, al:
Xi(s)=X(t+s), sel|-1,0], te€]|0,a]

Get the tame 1t0 formula;
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Theorem 2 (Tame 1t0 Formula)

Assume that X Is a continuous process defined by (1)
Where 1) - [ 7,0] — R is of bounded variation, v € I;"",

and v € 1L,>*. Suppose ¢ € C2([0,a] x R*, R). Then for
allt € 0, a] we have a.s.
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Theorem 2 (Tame 1t0 Formula)

Assume that X Is a continuous process defined by (l)
Where 1) - [ 7,0] — R is of bounded variation, v € I;"",

and v € 1L,>*. Suppose ¢ € C2([0,a] x R*, R). Then for
allt € 0, a] we have a.s.

3¢
0s

+Z/ (3‘:13@ ) dX (s + s;)

82
T3 Z / &z;zgiw Ho YA 50) Ve, X(s) do

Z ] 1 NUMERICSOF STOCHASTIC SYSTEMSWITH MEMORY - p.33/9"

o(t, 11(X;)) — ¢(0,1I(Xo)) = | —=(s,11(Xy)) ds




em 2 — Cont’d

iaSjX(S) = D:—FsiX(S + S]) T DS_—FSiX(S + S])



em 2 — Cont’d

X(S) = D:—FsiX(S + SJ) T DS_—FSiX(S + SJ)

395

;——I—SiX(S T Sj) - = el—lg}l— DS-FSiX(S T Sj T+ 6)7

Dots, X (8 + 85) := el_if(ﬁ Dyrs, X(s+ 55 —€).



Theorem 2 — Cont’d

where

vsi:SjX(S) = D:JrSiX(S T 8]) T DS_JrS@'X(S T 8])

and
Dy X (s +s5) i= lim Dy X(s + 55+ €),
DS_—'—Sz’X(S + 85) = el—i>%1+ Dsys, X(s+ 85— €).

Proof. Hu, Mohammed and Yan [H.M.Y], Theorem 2.3.
[]
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Corollary 3

Leti : R° — R be of class C?, and suppose z solves the
sdde

n(0) + /0 flz(u—m),2(u)) du

t
[ (et 7). w() W), > 0
0
n(t), —T1<t<0,7:=71Vm,

x(t) =

(1)
where the coefficients f, g : R — R are of class C?2, and
n € C(|—r,0], R) is of bounded variation.
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lary 3 — cont’d

)se & > 0. Then a.s.



Corollary 3 — cont’d

Suppose o > 0. Then a.s.

dip(z(t — 0), 2(t))

gi( (t —0),2(t)) Ljo.s (t) dn(t — )

SZ( (t —=9),2(t))1500)(t)

X |f(z(t—0—m),z(t—0)) dt
+g(x(t — 6 — ), x(t — 8)) dW(t — §)]

i g—i(x(t —0),z(t)) f(x(t — ), z(t)) dt



Corollary 3 — cont’d

oy

+ 5, (@t = 0),2(0)g(z(t — ), 2(t)) AW (1)
£ (0t 0)a(0) (e~ 5 — ). alt - 6)
X 1[5700) (t)Dt_(;I‘(t) dt
1 0% 2
+ 58—33%(9[;(zﬁ —0),2(t))g(x(t — 0 — 1), x(t — 8)) 1js5,00)(t) dt
5 (olt = 8). (0 (olt — ). 2(0))" dt, ¢>0

2)
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Proof of Corollary 3

Suppose t > 6. Apply Theorem 2 with ¢ := (21, x2),
X = x,s1 = —0, s = 0, where z solves the sdde (I).

For 0 < t < 9, result follows from classical 1t6 formula
because n Is BV. O
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In the second term on the right hand side of (2), the

(F3)i>0-adapted factor g—w(x(t — 6),z(t)) anticipates
L1

the differential dW (t — 9).
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Lemma 1

Fix a partition point t; in . Then for a.a. w € (), the
function

ti,a) x C([-7,0,R) > (t,n) — y(t,w;ti,n) € R

IS tame: That is, there exists a deterministic function F'
R"™ x R x R" x R — R which is continuous in the time
variable R", of class C? in all space variables R* R", R',
and fixed numbers ty,to, ...t < t, S1,82,...,5, < t,
i, o, - - ., py € |—7,0] such that a.s.
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L emma 1 — cont’d

y(t§ b 77) — F(tv W(t)v W(tl)v W(tQ)v Tty
W (tk), 51,82, S, n(pa)s n(pa), - - ()

forall n € C([—,0], R). In particular, for a.a. w €
and eacht € [t;, a|, the map

C([_Tv 0]7 R) >N y(tawatun) S

is C* (in the Fréchet sense), and
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L emma 1 — cont’d

Dy(t,w;t;,n)(€) =Y OnF(t, W(t,w), W(t1,w),...,

m=1

W (tr,w), 81, ., Sy n(Hi),
(), () € ()

forall n,¢ € C([-7,0],R). 0,,F is the partial derivative
of F' with respect to the variable n(ji.,).
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L emma 1 — cont’d

Dy(t,w;t;,n)(€) = Y OnF(t, W(t,w), W(t,w), ...,

m=1

W (tr,w), 81, ., Sy n(Hi),
(), () € ()

forall n,¢ € C([-7,0],R). 0,,F is the partial derivative
of F' with respect to the variable n(ji.,).

Proof of Lemma 1: By induction, forward steps along par-
tition intervals |0, t1], (1, t2],---. O
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Warning!

Lemma 1 is false if the Euler approximation y Is replaced
by the exact solution x of the sdde (1):
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Warning!
Lemma 1 is false if the Euler approximation y Is replaced

by the exact solution x of the sdde (1):
x(t,w;0,n) is highly irregular in n!
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Warning!

Lemma 1 is false if the Euler approximation y Is replaced
by the exact solution x of the sdde (I):

x(t,w;0,n) is highly irregular in n!

This dictates telescoping argument is wrt Euler
approximation y and not the solution x of (1)
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Lemma 2

Assume that f, g are C7 and let  := {to,t1,--- ,t,} be
a partition of |0, a]. For each 1 < ¢ < n, define the
process A' : [—7,0] x Q — R by

Ai D= ZUtz'(' ;ti—hxti—l( " 0777))
— ytz( ;ti—laxti_l( . 0777))

Denote
r(u) = x(u;0,n), y(u) = y(u;0,n)
foru € |[—7,al. Then
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L emma 2 — cont’d

Wh ere NUMERICSOF STOCHASTIC SYSTEMSWITH MEMORY - p.45/9"



Lemma 2 — cont’d

(t;4+s)Vti—1 o
+ Ll /LuJ a—i(az(v — T1), :C(U))
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a2-cont’d

(ti+s)Vti_1
/ /LuJa—xZZCU—Tl )

X f(z(v—7),2(v)) dvdu
(ti+s)Vti—q af

- /t 1 /LUJ a332( (v : 71)7 x(v))
x g(z(v — 1), x(v)) dW (v) du




a2-cont’d

(ti—|—8)\/ti_1 U 82f

X g(z(v — 1 — 1), z(v — 7))
X 117 00) (V) Dy—r, x(v) dv du



a2-cont’d

1 (ti—l—S)\/ti_l u 82f
s):= 5 /til /Luj a—x%(x(v —71),z(v))

X g(x(v — 7 —Ty), (v — 7'1))2

X 117, 00) (V) dv du




L emma 2 — cont’d

; 1 (ti—|—8)\/ti_1 Uu an
Ny(s) : = 5 /til /M a—f%(x(v —71),2(v))

X g(x(v — 71 — To),x(V — 71))2

X 1i7 00y (V) dv du

(ti+s)Vti_1 U
AE(S) . = %/t“Jr /L 0°f (a:(v = 71),:1:(?)))

x g(z(v — 1), x(v))2 dv du
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L emma 2 — cont’d

o= [ [ 2t - mato)

: Xf( (U—Tl—TQ),LU(U—TQ))
X 1[72 OO)(U) dv dW(u)

(t;4+-8)Vti_s
—I—/t / gﬂi( (U—TQ),.CIZ'(U))
X () div — ) AW (1)
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a2-cont’d

L = /ti(tfswm 1/L 29 — (z(v — m), z(v))

u | 85131

(5)

X g(z(v — 27), z(v — 7)) X
X 1iry.00) (V) AW (0 — T2) dW (u)



L emma 2 — cont’d

A7(s) - = /t<t:+S>Vti1/ gjl( (v —T2), 2(v))

X g(z(v — 27), z(v — 7)) X
X 1iry.00) (V) AW (0 — T2) dW (u)

: (ti—i—S)\/ti_l u 829
Ag(s) = _

X g(z(v — 273), z(v — 73)) X
X Liry 00) (V) Dy—r,z(v) dv dW (u)

NUMERICSOF STOCHASTIC SYSTEMSWITH MEMORY - p.51/9¢



a2-cont’d

1 /‘(ti—FS)\/til /u 829
) = — —(z(v — 1), x(v)
) 2 ti—1 |u] VT ax%( ( ) )

X g(z(v —27m), x(v — 7'2))2><
X 1, .00) (V) dv dW (u)




L emma 2 — cont’d

; 1 (ti—|—8)\/ti_1 u 829

x g(z(v — 27), x(v — 7‘2))2><
X 1, 00y (V) dv dW (u)

. (ti+s)Vti_1 u 82
M) =5 [ [ Gl =)
x g(z(v —7), 2(v))” dv dW (u)

forall s € [—7,0].
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ontion

From now on all positive constants
will be denoted by the sameletter C
e.g.

1



Lemma 3

Suppose f,g € C7. Then for any p > 1 there is a
positive constant C' .= C(p, a, f, g) such that

sup  E|Dyy(t;o,n)|*”

o—T7<u,t<a

<CQA+Enl&+ sup E|Dym|%):

O'TSO'
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Lemma 3

Suppose f,g € C7. Then for any p > 1 there is a
positive constant C' .= C(p, a, f, g) such that

sup  E|Dyy(t;o,n)|*”

o—T7<u,t<a

<CQA+Enl&+ sup E|Dym|%):

O'TSO'

sup E|D,Dy(t;o,n)(&)|*

o—17<u,t<a
1€]lco <1

1/2
<C(1+En|?+ sup E|Dal*)"

o—17<s<0

foralln € L*(Q,C([-7,0], R); F,) with finite RHS.
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Lemma 4

Suppose f,g € C?. Then foranyp > 1,0 € [0, al,

sup  E|DyDyy(t; o,n)*

o—7<u,w,t<a

<COA+E|n|f+ suwp E|Da|”

o—7<s<0

-+ Sup EHD&DSQT]Hg)

0—7<81,52<0

for all n € L*(Q,C([-7,0],R);F,) with RHS finite.
C :=C(p,a, f,g) > 0 independent of t € o — T, al, o, n.
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Lemma 4

Suppose f,g € C?. Then foranyp > 1,0 € [0, al,

sup  E|DyDyy(t; o,n)*

o—7<u,w,t<a

<COA+E|n|f+ suwp E|Da|”

o—7<s<0

-+ Sup EHD&DSQT]Hg)

0—7<81,52<0

for all n € L*(Q,C([-7,0],R);F,) with RHS finite.
C :=C(p,a, f,g) > 0 independent of t € o — T, al, o, n.
Similar estimate for E|D,, D, Dy(t; o,n)(&)|?".
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Proof of Theorem 1

FIXt € [O’,CL]. Let m .= {O = tg,t1,09, - , T, = CL} be a
partition of |0, a|. W.l.0.g, assume that 0 = 0, t = ¢,,.
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Proof of Theorem 1

FIXt € [O’,CL]. Let m .= {O = tg,t1,09, - , T, = CL} be a
partition of |0, a|. W.l.0.g, assume that 0 = 0, t = ¢,,.

By telescoping and the Markov property for the
segments z; and v, ([Mo.1], [Mo.2]), write:
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FiX t € [O’,a]. Let m .= {O = tg,t1,t2,- - , 1, = a} be a
partition of [0, a|. W.l.0.g, assume that o = 0, t = ¢,,.

By telescoping and the Markov property for the
segments z; and v, ([Mo.1], [Mo.2]), write:

Egb(z(tn; 0, 77)) — Eqb(y(tn; 0, 77))
— Egb(y(tn; try Tp, (5 0, 77))) — E¢(y(tn5 0, 77))

— Z {E¢(y(tna tiy xti( -3 b1, thz’—l( 50, 77))))

_E¢(y(tn§ ti, yti( L1, xti—l( 5 0, 77)))) }
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Proof of Theorem 1 — cont’d

n 1
— ZE/ D(¢Oy)(tn,tz,>\ajtz(7t2—17xtz_1(707n))
| 0

(1= Nyt (-5 timt, e, (+50,m))) dA
' [thz( 5 bi-1, xti—l( o0 77))
— Y, ( 5 ti-1, xtz’—l( " Oa 77))] .
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Proof of Theorem 1 — cont’d

For simplicity, denote each random measure

{ (QS y)(tnatu)\mt( ti—1, T4, 1( 50777))
+(1 = Ny, (-5 tic1, e, (- Oﬂ?)))} (ds)

by
D(¢oy)i(A, ds)

for each \ € [0, 1].
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Proof of Theorem 1 — cont’d

Thus, by Fubini’s theorem,

E(¢($(tna 0, 77)) — E¢<y(tn§ 0, 77))

n

:SN:S: /01 /iED(cboy)i()\,ds)Aé-(s) d.

j=1 i=1
(3)
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Proof of Theorem 1 — cont’d

Thus, by Fubini’s theorem,

E(¢($(tn, 0, 77)) — E¢(y(tn§ 0, 77))

n

:SN:S: /01 /iED(cboy)i(A,ds)Aé-(s) d.

j=1 i=1
(3)

Estimate each of the 10 terms

n 1 O '
> / / E{D(¢oy)i(\, ds)Ai(s)} dX,j =1,2,...,10
’L:1 O —T

on RHS of (3), for any fixed A € [0, 1].
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Proof of Theorem 1 — cont’d

Let j = 10. Fix A € [0, 1]. Since the Skorohod integral is
the adjoint of the Malliavin derivative, a computation via
Lemma 2 (Dy tame) gives:

- — / E D(¢oy)i(A ds)ANy(s)

=

0
_ / ED¢(y(tn, ti, )\ZL’ti R (1 — )\)ytz)

X Dy(tn; ti, Ay, + (1 — Ny, ) (ds)Aj(s)
(4)
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of Theorem 1 —cont’d

: Q)



Proof of Theorem 1 — cont’d

(5)

where

1
X(u) = 5DuD(y(tasti. Azy, + (1= Ny,

X /Lu 99 (z(v — ), 2(v))g(z(v — ), x(v))2 dv,
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Proof of Theorem 1 — cont’d

ti
yi = / EX () Dy(tn: ti A + (1 — M) (€) du
ti—1

()
where
X(u) = %Dquﬁ(y(tn; ti, Az, + (1 = Nyy,)
U 829 5
X /Luj a—x%(x(v — 1), 2(v))g(z(v — 1), x(v))" dv,

and £* € L*>(|—7,0],R) is given by
fu(s) — 1[ti—1,(tz"|‘3)\/ti—1)(u)’ S € [—7_, O], U & [O,CL],
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of Theorem 1 — cont’d



Proof of Theorem 1 — cont’d

Yy = /ti EZ(u)DyDy(tn; ti, Ay, + (1 — Ny, ) (£") du
(5)

where
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Proof of Theorem 1 —cont’d

By the linearization of (I1) and Gronwall’s lemma, we get

sup sup E|Dy(t;o,n)(E)|* < C  (6)
§€L|<|)§||(C[>;;f],R) oc—17<t<a

for every p > 1.
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Using (similar) moment estimates on the solution, the
Euler approximation and its Fréchet and Malliavin
derivatives:

VY| < C(1+ Elnll&) & — tim1)? (7)

Y5| < C(1+ E|nlle)(t — tiza)? ),

Positive constants C' are independent of » and the
partition {¢,to, -+ ,t,}.
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Proof of Theorem 1 — cont’d

Putting things together:

Z]fo — Z/o /_E{D(¢Oy)i()\ad5)/\zio(3)}d>‘

<C(+Elnlg) > (ti—ti1)?

1=1

n

+CA+ Elnlle) > (ti —ti)’

1=1
< C(1+ Elnlle)|x].
(9)
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Proof of Theorem 1 — cont’d

Develop estimates similar to (9) for the 9 cases
7=1,2,3,456,7,8,9. 0
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10NS cover:

onlinear R%valued sdde’s with several delays.



EXtensions
Extensions cover:

= Nonlinear R%-valued sdde’s with several delays.
= Quasitame memory dependence.
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EXtensions
Extensions cover:

= Nonlinear R%valued sdde’s with several delays.

= Quasitame memory dependence.

= Mixed history dependence: discrete and quasitame.
= Multidimensional Brownian motion.
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EXtensions
Extensions cover:

= Nonlinear R%-valued sdde’s with several delays.
= Quasitame memory dependence.
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EXtensions
Extensions cover:

= Nonlinear R%valued sdde’s with several delays.

= Quasitame memory dependence.

= Mixed history dependence: discrete and quasitame.
= Multidimensional Brownian motion.
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Extensions—Notation

Let W (¢) := (Wi(t), Wa(t),--- ,W,(t))t > 0, be
m~dimensional standard Brownian motion on a filtered
probability space (2, F, (F;)i>0, P).
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Let W (¢) := (Wi(t), Wa(t),--- ,W,(t))t > 0, be
m~dimensional standard Brownian motion on a filtered
probability space (2, F, (F;)i>0, P).

Consider a finite number of delays {7} : 1 < i < k1 },
1 <j< kgl,l <[ < m}, with maximum delay
T —maX{Tl,TQ 1 <i<k,1<j<ky,1<I<

m}. We will designate the memory in our sfde by a
collection of tame projections
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Extensions—-cont’d

Hl (= O([—T, Rd) — Rdl’ HQvl - (O — Rdz,z

' (n) == (n(r),n(d), -+ ,n(m™)),

: 1,0 2,1 ka1l
1_“2’[(77) - = (77(7_2 )7 77(7—2 )7 - 777(7_2 | ))
for all n € C', and quasitame projections

Hé (' — Rdg, Hg’l . O — R%u

where = kld, d(f — ]fgd, dg)l — kg’ld, d%,l — kg)ld are
Integer multiples of d, for 1 <[ < m.
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Extensions—-cont’d

The quasitame projections are of the form:

) = (| oln)(s)ds. [ adlunls)id(s) ds,

—T —T

. / o (1(s))iak (s) ds)

—T
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Extensions—cont’d

24(n) = ( / o2 ({312 (s) ds, / o2(n(s))1d(s) ds,

—T —T

. / o2, (n(s)ii, (s) ds)

—T

for all n € C. The functions o}, 07, 1, i are smooth.
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Extensions—cont’d

Let
f:R'"xRhxR% - RY g :R"xR®!x R%1 — R

be functions of class C"' in the first variable and C;} in all
Space variables.
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Extensions—cont’d
Consider the sfde
da(t) = f(t, 11 (), I} (24)) dt
+ Zgz(t, 1> (z), Hg’l(:ct)) dW,(t), o <t < a,

[=1
(111)
with initial path

t, =n € H([—-7,0],R%).
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Extensions—-cont’d

Letm :={t_,., - ,to,t1,t0, -+ ,t,} DE a partition of
|—7, a] with mesh |r|. The Euler approximations y of x
are given by

dy(t) :f(LtLHl(yu) Iy (yy))) dt

+Zgz LI (1), T (y14)) AW (2),

o<t<a,
%
with initial path

Yy =1 € Hl’oo([—T, 0], Rd).
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Under sufficient regularity hypotheses on the coefficients
of (111), one gets weak convergence of order 1 for the
Euler approximations y in (IV) to the exact solution z.
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Theorem 4

Let¢ : R — R be of class C}. In the sfde (111), let f, g,

1 <1 < m, be C" in the time variable and C} in all space
variables. Let x(-; o,n) be the unique solution of (111)

with initial processn € H*([—,0], R%).
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Theorem 4

Let¢ : R — R be of class C}. In the sfde (111), let f, g,
1 <1 < m, be C" in the time variable and C} in all space
variables. Let x(-; o,n) be the unique solution of (111)

with initial process n € H%* ([—7,0], R"). Denote by

y(-; a,n) the Euler approximation to x(-; o, n) defined by
(IV). Let n™ be the piecewise-linear approximation of .
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Theorem 4

Let¢ : R — R be of class C}. In the sfde (111), let f, g,
1 <1 < m, be C" in the time variable and C} in all space
variables. Let x(-; o,n) be the unique solution of (111)
with initial process n € H%* ([—7,0], R"). Denote by
y(-; a,n) the Euler approximation to x(-; o, n) defined by
(IV). Let n™ be the piecewise-linear approximation of .

Then there Is a positive constant C' and a positive integer
g such that

(Eo(x(t;o0,n) — Eg(y(t;0,n™))| < C(1+ Elnll{ )]
forall n € H>([-7,0],R"), allt € [0 — 7, a, and all

o € [0,al.
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Theorem 4 — cont’d

The constant C' may depend on a, g and the test function
¢, but is independent of w,n, t € |0 — 7,a] and
o € |0,al.
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Theorem 4 — cont’d

The constant C' may depend on a, g and the test function
¢, but is independent of w,n, t € |0 — 7,a] and
g€ [0,a.

\ery similar to that of Theorem 1: Main difference Is a
straightforward application of the classical 1to formula
combined with the tame It0 formula. O
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Lemmab

Lety : R x R° — R be of class C' in the time-variable

and C7 in the three space variables x1, x5, 3. Suppose x

solves the sfde (111) (for d = 1) with coefficients
satisfying the hypotheses of Theorem 4. Assume that
h, . are smooth functions. Let o > 0. Then:

NUMERICSOF STOCHASTIC SYSTEMSWITH MEMORY - p.89/9"



Lemmab

Lety : R x R° — R be of class C' in the time-variable

and C7 in the three space variables x1, x5, 3. Suppose x

solves the sfde (111) (for d = 1) with coefficients
satisfying the hypotheses of Theorem 4. Assume that
h, . are smooth functions. Let o > 0. Then:

0

dip (¢, x(t — 0), x(t), / h(z(t + s))u(s) ds)

-5
_ oY
- Ot

0

O (4. a(t — 8), 2(0), / Bzt + 5))u(s) ds) dt

—0
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L emma 5—contd

o (tat = 8).2(0). [ halt+ )l ds) Lo (6)

- dn(t —90)

o (bt = 8),(0), [ alt + 9)is) ds) s 1)

X [f(t — 6, 11" (wy—s), IT; (24—5)) dt

+ f: gl(t — 5, HQ’I(.It_(s), H?]’l(xt_(;)) dVVl(t — 5)]
+ g—;i (t, x(t—9),x(t), / h(x(t+ s))u(s) ds) X

—0



Lemma 5 — cont’d

< (L, T (2,), Hcll(l’t)) dt +- Zgz(t, I (2,), H?/l(wt)) AW, (t)]
+ g—;i(t x(t—9),x(t), /5 h(z(t + s))p(s) ds) x

% (e (£)2(0) — ha(t — )u(—5) — / () (u — 1) )

t—o

82(‘;03;2 (¢, 2(t = 0), z(1), / h(z(t + s))p(s) ds) x

)

X Z gi(t — &, 1% (zy—5), TI2 (34—5)) Li5,00) (1) Ds—sx(t) dt

=1



Lemma 5 — cont’d

0

5 (ta(t = 0),2(0), | h(alt+ () ds)
XY gt — 6,11 (we—s), T2 (24-5)) Lis,o0) (£) dt
; ;g_% ot =8),2(0), | hlalt+9)n(s)ds)

X Z gl(t7 H2,l(xt)7 Hg,l(xt))z dta

[=1

forallt > 0.
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Appropriate generalizations of Lemma 5 hold for higher
dimensional versions of the sfde (I11) (d > 1).
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Weak convergence of the Euler scheme for a class of
SFDE’s with smooth coefficients:

b(/i z(u+ s) du(s)>
0</ix(u T ) du(s))

v a finite measure on |—r,0l and b,0 : R — R
sufficiently smooth real-valued functions- due
Independently to Cléement, Kohatsu-Higa and Lamberton
[CK-HL]. Uses duality techniques.
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THE VERY END
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