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Abstract: We examine the dynamic formation of networks by self-interested individual s who can
form and sever links. We assume that agentsare initially unconnected, that the cost of forming a
first link exceeds its benefits, and that indirect links are valuable. We show that if agents are non-
myopic then it is possible for a network shaped like a circle to form.
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1. Introduction

There have been several recent papers andyzing which network gructures will arise in
dynamic models of network formation where self-interested individuals can form and sever links;
see Watts[2001], Jackson and Watts [1998], and Balaand Goyal [2000]. These papersall assume
that agents are myopic, which is a common assumption in situations where agents have limited
information about the payoffsand incentivesof others. Unfortunately, myopic agentscaneasily end
up stuck in inefficient network structures. Consider a situation where agents are initially
unconnected and wherethe cost of forming afirst link exceeds its benefits but thereafter additional
links are valuable. Myopicagentswill become stuck in the empty network even though they would
all be better off in a connected network because no one wantsto form the first link. One solution
to this problemisto allow random mutations where at some time alink may randomly form to seed
the network formation process; see Jackson and Watts [1998] for details. An alternative solution
isto allow agents to be forward looking; thissolution makes sensein contexts where individuals
who care about the futureare well-informed about the payoffsand incentives of others. Such agents
may add the first link in anticipation of where the network formation process will lead. This
forward-looking approach is the focus of the current paper.

Jackson and Wolinsky [1996] have developed a number of models for the static study of
network stability and efficiency. (Duttaand Mutuswami [1997] have looked at thisrelationship in
further detail.) We consider a dynamic version of Jackson and Wolinsky’s [1996] connections
model and show that if the cost of forming afirst link exceeds its benefits and if agents are non-
myopicthenitispossiblefor anetwork shaped likeacircletoform. Afte thecirclehasformed all
agents receive a positive payoff and thus everyone is better off than in the myopic case where no

links form. Asin Aumanmn and Myerson [1988] we assume that agents meet in a specific order



called the order of play. The drcle network will only form if the order of play allowsthecircleto
form quickly and if the discounted future payoff from being amember of thecircle network islarge
enough. As the number of players increases, it becomes more likely that the discounted future
payoff islarge and thus it becomes more likely that there exists a meeting order (order of play) for
which the formation of acircle network is supported as a subgame perfect equilibrium.

The paper proceedsasfollows. In Section 2 we provide the definitions comprising the basic

model. In Section 3 we present the non-myapic network formation results.

2. Model
Networks

Therearen agents,{1,2,...,n}, who can form links or tieswith each other. A patternof links
between agents is represented as a network of graph. We represent a direct connection between
agentsi andjingraphgasij g. Payoffsare represented as in Jackson and Wolinsky’s [1996]
connections model. Agent i receives payoff u(g) from being a member of network g, where this

payoff equals

u(g) = Y8 - ) ¢ 1)

J#i jiijeg

Herec>0 representsthe cost of maintaining adirect connection, t(ij) representsthe number of direct
links in the shortest path between agentsi and j, and '™ represents the payoff i gets from being
connected to agent j by t(ij) links. If there is no path between i and j then we let ' = 0. We
assumethat O< <1, so that agents value closer connections more than distant connections.

Networ k Dynamics




The playersareinitially unconnected; they meet over time and have the opportunity to form
and sever links with each other. In each period, two playersi and j meet; we represent thisas i:j.
If playersi and j are unlinked, then they can formadirect link with each other if both players agree.
At the sametime any player can sever any of hisexisting ties with the restriction that no player can
simultaneously form and sever alink (i.e., player i can either form alink with player j or sever any
of hisexisting links but he cannot do both). Asin Aumann and Myeson [1988], the players meet
in a specific order called the order of play. After every pair of players has met, then the order of
play starts over.

We assume that agents are forward seeking and that each agent discounts the future at rate
0 d 1. If agentiknowsthat in periods (t, t+1, t+2,...) he will be a member of networks (g,, .1
O.2---), FESpectively, then at the beginning of period t, agent i's non-myopic payoff, u;', will equal

the summation of his discounted myopic payoffs

t

u, = ui(gt) + d'ui(gnl) + dz'ui(gt+2) T

where u,(g) is defined by equation 1.

3. Non-Myopic Results

Watts[2001] showsthat if agentsare myopic (d=0) andif c> , then nolinkswill form even
though all players may be better off in a connected network. However, we show, in Proposition 1,
that if the agents are non-myopic then the agents may agree to form anetwork which is shaped like
acircle. We aso show that as the number of agents increases it becomes easier for such acircle
network to form.

Notice that the agents will only form a network which generates a positive payoff for each
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network member, since any agent who receives a negative payoff would be better off if he severed
someor all of histies. The circle network guarantees that each agent receives a positive payoff, as
long astheinequalities of Proposition 1 hold. Note also that the circle network may not bethe only
network which generatesa positive payoff for each member. However, we choose to focus on the
circle network because of its simplicity and its symmetry; after the circle has formed, each agent

receives the same payoff.

Proposition 1 Assumec> , and assumeniseven.® If inequalities (i) and (ii) hold true then there
existsan order of play for which theformation of acircle network is supported as asubgame perfect

equilibrium.

(i) ()< (—)(2 -y 5y - (E__zgugwﬂ)

r=nfi+l
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wherea=n/4andb=(n/4- 1) if nisdivisibleby 4 and a= b= (n/4 - %5) if nisnot divisible by 4.

Remark: Asthenumber of playersincreases, it becomeseasier to meet condition (i) and the second
inequality of condition (ii). Thusit becomesmorelikely that there existsan order of play for which

theformation of acircle network issupported as asubgame perfect equilibrium. (Assuming that the

The case where nis odd is similar, and is omitted for the sake of brevity.
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second inequality of condition (ii) holds and that players val ue the future enough then the left hand

side of condition (ii) is negative and thus the first inequality of condition (ii) holds true.)

Proof of Proposition 1

Assumec> andassumeniseven. Let each agent be assigned anumber randomly, and let
the order of play equal® (1:2, 2:3, 1:4, 3:5, 4:6,...,n:1, 2:4, 2:5, ..., (n-1):(n-3)). We show that a
subgame perfect equilibrium exists where all players adopt the Grim Strategy.

The Grim Strategy isdefined asfollows. Each agent agreesto link with thefirst two players
he meets, and each agent never severs alink as long as all other players cooperate (Cooperate
meansthat an agent linkswith the first two players he meetsand never severstheseties.) However,
If player i deviates, thenas punishment every playerj i seversall tiesinthe next period and refuses
to form any new linksfor therest of the game. Thusif player i deviates, his payoff will beOQin all
future periods.

To show that the Grim Strategy is subgame perfect wefirst show that the Grim Strategy will
deter playersfrom refusing to cooperate, then we check that the Grim Strategy will deter punishers
from defecting on the punishment.

If agent 2 adopts the Grim Strategy his payoff will be

u (GS) = (8-¢) + d(28-2c) + d>(28 + 8% - 20) +...

(@ dm 4 ) (20 - 2c + 202 +..4282  + 82)

*The name of the agentsis not important to the proof, it is only important that the order of
play have the correct pattern, namely that the circle forms as quickly as possible. Since the
agents are assigned a number randomly, theorder (1:2, 2:3,...,n:1) isidentical to the order
(2:3, 3:5,...,(n-1):2,...,(n-2):n, n:1). The pairs(2:4, 2:5,...,(n-1):(n-3)) can be in any order.
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Player 2 will only adopt the Grim Strategy if his payoff is positive, u,'(GS)>0, which implies that

%_3 4 I
-8) < a?8> (Y axe + L 527
=0 1+d

must hold true.

Itiseasy to check that if everyoneadoptsthe Grim Strategy then uZI(GS) = m_in u,.ti(GS ),
wheret; isthe period in which player i should form hisfirst link. Therefore, if everyone adoptsthe
Grim Strategy then u(GS) u,'(GS)>0 for al i. Thus each agent is better off adopting the Grim
Strategy than he would be if he refused al links.

Next we must make sure that no player i wantsto deviate in any period. Wewill start with
player 2. Assume player 2 deviatesin period 1. The only way for player 2 todeviate, isfor player
2 to refuse to link with player 1, which will generate a payoff of Ofor player 2. Since u,}(GS)>0,
player 2 will not deviate in the first period.

Next assume player 2 devigesin period 2. If player 2 deviates by severing his link with
player 1 and refusing to link with player 3, then his payoff from deviating will be 0. (If player 2
deviates by keeping his link with player 1 and refusing to link with player 3, his payoff from

deviating will be ( -¢)<0.) If instead player 2 follows the Grim Strategy his payoff will be

uj(GS) = (206-2¢) + d(26 + 8% - 20¢) +...
r_4 n

£ (@ dv ) (26 - 2¢ + 202 4.+ 282+ 82)

which is larger than u,’(GS)>0. Therefore player 2 will not deviatein period 2. Similar analysis
showsthat player 2will not deviateinperiodt {3,...,(n-1)} by severing both of hislinks. If player

2 deviatesin period t  {3,...,(n-1)} by seveing one link then it is easy to show that u,(GS) -



u,(cheat) u,(GS) >0, where u,'(cheat) is player 2's payoff from deviating. Therefore player 2
will not deviatein periodt {3,...,(n-1)}.

Next we check that player 2 will not want to deviate after the circle has formed. If player
2deviatesinperiodt n, hewill doso by either severing alink or adding alink. (If player 2 deviaes
by severing both ties his payoff from deviating will be 0 while his payoff from following GS is
strictly positive.) First assume player 2 deviates by severing one link and thus changes the graph
fromacircletoaline. Hispayoff from deviating and severing oretiewill equal ( -c+ 2+ 3+.+

™). If instead player 2 follows the Grim Strategy his payoff will equal (1+d+df+...)(2 -2c+2 2
+2 3+.+2 "2+ "2 Player 2 will not deviateif his payoff from deviating is smaller than his
payoff from playing GS, which impliesthat

c’i nd-1

1— 2
252- 5 .
d (r2=2 ' )

1+

c.Ar ni2-1 1l
d)(z_;ﬁ’— ENE

A A
Second we check that player 2 will not deviate by adding alink. Player 2's payoff from deviating
will belargest if headdsalink to player n (the player who isdirectly acrossfrom himinthecircle).
If player 2 linksto n hispayoff will equal (3 -3c+4 2+4 3+..+4 ") if nisdivisible by 4 and will
equal (3 -3c+4 2+ 4 3+..+ 4 442 ™A if nisnot divisible by 4. Thus player 2 will not
deviateif his payoff from deviating is smaller than his payoff from playing GS, which implies that

nid-1

2 Kb 2
_ i g _ _
2> (F - ) G (l_d)gg(ﬁ+ﬁ < (¢ )

tmd

wherea=n/4andb=(n/4- 1) if nisdivisibleby 4 anda=b = (n/4 - %) if nisnot divisible by 4.

Next consider playeri 2. If playeri deviatesinperiodt t by severing all of histiesthen



hispayoff from deviaionis0; while hispayoff from playing the Grim Strategy isu'(GS)  u,'(GS)
> 0. Thereforei will notdeviate by severing al of histies. Alternatively, player i could deviate by
severing onetie and keeping his other tie; then u'(GS) - u'(cheat) u,'(GS)>O0foradlt {s,...,(n-
1)} where sisthe period in which i should form his second link. Thus i will not deviate in any
periodt (n-1). We also know that i will not deviate in aperiod, t n, after the circle has formed,
sincei’sgain from deviation will equal 2's gain from deviation and we have already shown that 2
will not deviate.

Next we check that the GrimStrategy will deter punishersfrom defecting on the punishment.
Assume player i deviates in period t, we will show that player | has no incentive to defect from
punishment. If everyone el se playsthe Grim Strategy, thenin period t+1, all remaining playerswill
sever their existing ties. So if player j wishes to deviate from punishment then he will refuse to
sever some of histies. If player j was not linked to player i in period t, then all of j’stieswill be
broken by the remaining agents in period t+1. So agent j has no incentive to deviate from
punishment. (Agent j receives apayoff of 0 whether he deviates from punishment or not.) If agent
jislinked to agent i in period t thenitis possiblethat if j doesnot sever thistiethat it will survive.
However since everyone el se playsthe Grim Strategy it will bethe only tiethat survives. Agentj’s
payoff from such alink equals ( -¢) (1+d+d”) < 0. Thus agent j is better off if he does not deviate
from punishment in period t+1 since then he receives a payoff of 0. Similar analysis shows agent

J will not deviate from punishment in periods later than t+1.

Remark: Proposition 1 saysthatevenif c> , itispossiblefor acirde network to form, aslong as
theinequality givenin Proposition 1 holds, and the order of play takesacertain form. Namely, the
order of play must be such that the circle forms as quickly as possible, which will minimize the
number of periods an agent receives apayoff of ( -c). If theorder of play issuch that it takes more
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than n periods for the circle to form, then the inequality given in Proposition 1 may not be enough

to ensure that the circle network will form.

References

Aumann, R.J. and R.B. Myerson, 1988. "Endogenous Formation of Links between Players and of
Coalitions: An Application of the Shapley Vaue" in A. Roth (ed) The Shapley Value, New
York: Cambridge University Press.

Bala, V. and S. Goyal, 2000. "A Non-Cooperative Model of Network Formation”, Econometrica,
68, 1181-1229.

Dutta, B. and S. Mutuswami, 1997. "Stable Networks," Journal of Economic Theory, 76, 322-344.

Jackson, M.O. and A. Watts, 1998. "The Evolution of Socid and Economic Networks," Mimeo:
Vanderbilt University.

Jackson, M.O. and A. Wolinsky, 1996. "A Strategic Model of Social and Economic Networks,"
Journal of Economic Theory, 71, 44-74.

Waitts, A., 2001. “A Dynamic Model of Network Formation,” Games and EconomicBehavior, 34,
331-341.



	Southern Illinois University Carbondale
	OpenSIUC
	4-2001

	Non-Myopic Formation of Circle Networks
	Alison Watts
	Recommended Citation



